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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we discussed learning node embeddings in a graph.
v These node embeddings can be used for node classification

tasks.
Ø Fake accounts problem
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we discussed learning node embeddings in a graph.
v These node embeddings can be used for node classification

tasks.
Ø Fake accounts problem

v We can use these node embeddings to construct edge-level, 
subgraph-level, or graph-level tasks.
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Edge Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One can construct a feature vectors 𝒛 !,# corresponding to 
edges (𝑣! , 𝑣#) by integrating pairs of node embeddings 𝒛! and 
𝒛#, to perform edge-level tasks.

v There area few approaches to integrate pair of features 𝒛! and 
𝒛# to construct feature vectors 𝒛 !,# : 𝑉×𝑉 → ℝ$.
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Edge Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One can construct a feature vectors 𝒛 !,# corresponding to 
edges (𝑣! , 𝑣#) by integrating pairs of node embeddings 𝒛! and 
𝒛#, to perform edge-level tasks.

v There area few approaches to integrate pair of features 𝒛! and 
𝒛# to construct feature vectors 𝒛 !,# : 𝑉×𝑉 → ℝ$.

Ø Hadamard product 

Ø Average

Ø

Ø

<latexit sha1_base64="xPv/TjoWyAkWGQfLNkh5fHP5TRE="></latexit>

z(i,j) = zi � zj
<latexit sha1_base64="tb94wQ7oNZ5m4reIK4KpG4HzimI="></latexit>

z(i,j) =
1

2
(zi + zj)

<latexit sha1_base64="9P21i7oZBx11RKlOt85+MGiOM1M="></latexit>

z(i,j) = (zi � zj)� (zi � zj)

<latexit sha1_base64="Poxg3CoOPa/IGNldluO8b//HGLY="></latexit>

z(i,j) = |zi � zj |
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Subgraph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD
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Subgraph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can define a dummy node for constructing subgraph-level 
embeddings.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="IovS4wossGBpXhw00RTZRksFMFI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdemHC7OxmZpZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqz0MOo+dYslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCa/9CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ady6N7g==</latexit>vx
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Subgraph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can define a dummy node for constructing subgraph-level 
embeddings.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="IovS4wossGBpXhw00RTZRksFMFI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdemHC7OxmZpZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqz0MOo+dYslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCa/9CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ady6N7g==</latexit>vx
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Subgraph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can define a dummy node for constructing subgraph-level 
embeddings.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="nS04Z4Euk1wwJEDwLWozOGTPAEA=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUpQBYwVLIxFog+pjSLHcVurjhPZTkWJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+Z+Z0KlYrF40NOEehEeCjZgBGsj+bbdD2Ieqmlkruxp5j/6dtWpOXOgVeIWpAoFmr791Q9jkkZUaMKxUj3XSbSXYakZ4XRW6aeKJpiM8ZD2DBU4osrL5sln6MwoIRrE0hyh0Vz9vZHhSOXhzGSE9Ugte7n4n9dL9eDay5hIUk0FWTw0SDnSMcprQCGTlGg+NQQTyUxWREZYYqJNWRVTgrv85VXSvqi5l7X6fb3auCnqKMMJnMI5uHAFDbiDJrSAwASe4RXerMx6sd6tj8VoySp2juEPrM8fbXmUMA==</latexit>zx

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="XW1tqwE8UscHkkU7cB2lR8LuRW8=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUpQBYwVLIxFog+pjSLHcVtTx45sp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W6W19Y3NrfJ2ZWd3b//APjxqK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj29zvTIhUVPAHPU2IH6MhpwOKkTZSYNv9ULBITWNzZU+z4DGwq27NncNZJV5BqlCgGdhf/UjgNCZcY4aU6nluov0MSU0xI7NKP1UkQXiMhqRnKEcxUX42Tz5zzowSOQMhzeHamau/NzIUqzycmYyRHqllLxf/83qpHlz7GeVJqgnHi4cGKXO0cPIanIhKgjWbGoKwpCarg0dIIqxNWRVTgrf85VXSvqh5l7X6fb3auCnqKMMJnMI5eHAFDbiDJrQAwwSe4RXerMx6sd6tj8VoySp2juEPrM8fWEGUIg==</latexit>zj

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj

<latexit sha1_base64="IovS4wossGBpXhw00RTZRksFMFI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdemHC7OxmZpZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqz0MOo+dYslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCa/9CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ady6N7g==</latexit>vx
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Subgraph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can define a dummy node for constructing subgraph-level 
embeddings.

v Learn node embedding for the nodes 𝑣! ∈ 𝑉 and use the 
learned embedding for the dummy node to represent the 
subgraph.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="XW1tqwE8UscHkkU7cB2lR8LuRW8=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUpQBYwVLIxFog+pjSLHcVtTx45sp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W6W19Y3NrfJ2ZWd3b//APjxqK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj29zvTIhUVPAHPU2IH6MhpwOKkTZSYNv9ULBITWNzZU+z4DGwq27NncNZJV5BqlCgGdhf/UjgNCZcY4aU6nluov0MSU0xI7NKP1UkQXiMhqRnKEcxUX42Tz5zzowSOQMhzeHamau/NzIUqzycmYyRHqllLxf/83qpHlz7GeVJqgnHi4cGKXO0cPIanIhKgjWbGoKwpCarg0dIIqxNWRVTgrf85VXSvqh5l7X6fb3auCnqKMMJnMI5eHAFDbiDJrQAwwSe4RXerMx6sd6tj8VoySp2juEPrM8fWEGUIg==</latexit>zj

<latexit sha1_base64="IovS4wossGBpXhw00RTZRksFMFI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdemHC7OxmZpZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqz0MOo+dYslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCa/9CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ady6N7g==</latexit>vx

<latexit sha1_base64="UcegO321+G9pbYi84pW70dUClEk="></latexit>zx
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Graph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can define a dummy node for constructing subgraph-level 
embeddings.

v Learn node embedding for the nodes 𝑣! ∈ 𝑉 and use the 
learned embedding for the dummy node to represent the 
subgraph.

v This idea can be extended to the whole graph.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="IovS4wossGBpXhw00RTZRksFMFI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdemHC7OxmZpZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqz0MOo+dYslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCa/9CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ady6N7g==</latexit>vx
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Graph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can define a dummy node for constructing subgraph-level 
embeddings.

v Learn node embedding for the nodes 𝑣! ∈ 𝑉 and use the 
learned embedding for the dummy node to represent the 
subgraph.

v This idea can be extended to the whole graph.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="IovS4wossGBpXhw00RTZRksFMFI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdemHC7OxmZpZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqz0MOo+dYslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCa/9CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ady6N7g==</latexit>vx
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Graph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can define a dummy node for constructing subgraph-level 
embeddings.

v Learn node embedding for the nodes 𝑣! ∈ 𝑉 and use the 
learned embedding for the dummy node to represent the 
subgraph.

v This idea can be extended to the whole graph.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="IovS4wossGBpXhw00RTZRksFMFI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdemHC7OxmZpZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqz0MOo+dYslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCa/9CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ady6N7g==</latexit>vx

<latexit sha1_base64="UcegO321+G9pbYi84pW70dUClEk="></latexit>zx
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Graph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, we can use node embeddings to construct a 
graph embedding.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi
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Graph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, we can use node embeddings to construct a 
graph embedding.

<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="XW1tqwE8UscHkkU7cB2lR8LuRW8=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUpQBYwVLIxFog+pjSLHcVtTx45sp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W6W19Y3NrfJ2ZWd3b//APjxqK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj29zvTIhUVPAHPU2IH6MhpwOKkTZSYNv9ULBITWNzZU+z4DGwq27NncNZJV5BqlCgGdhf/UjgNCZcY4aU6nluov0MSU0xI7NKP1UkQXiMhqRnKEcxUX42Tz5zzowSOQMhzeHamau/NzIUqzycmYyRHqllLxf/83qpHlz7GeVJqgnHi4cGKXO0cPIanIhKgjWbGoKwpCarg0dIIqxNWRVTgrf85VXSvqh5l7X6fb3auCnqKMMJnMI5eHAFDbiDJrQAwwSe4RXerMx6sd6tj8VoySp2juEPrM8fWEGUIg==</latexit>zj

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
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Graph Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, we can use node embeddings to construct a 
graph embedding.

v This graph embedding can be used to perform graph-level
machine learning tasks.

<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="XW1tqwE8UscHkkU7cB2lR8LuRW8=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUpQBYwVLIxFog+pjSLHcVtTx45sp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W6W19Y3NrfJ2ZWd3b//APjxqK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj29zvTIhUVPAHPU2IH6MhpwOKkTZSYNv9ULBITWNzZU+z4DGwq27NncNZJV5BqlCgGdhf/UjgNCZcY4aU6nluov0MSU0xI7NKP1UkQXiMhqRnKEcxUX42Tz5zzowSOQMhzeHamau/NzIUqzycmYyRHqllLxf/83qpHlz7GeVJqgnHi4cGKXO0cPIanIhKgjWbGoKwpCarg0dIIqxNWRVTgrf85VXSvqh5l7X6fb3auCnqKMMJnMI5eHAFDbiDJrQAwwSe4RXerMx6sd6tj8VoySp2juEPrM8fWEGUIg==</latexit>zj

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G

<latexit sha1_base64="+oKe43j1ICDdfYc3GAGVqrXmqK8=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdSMUXeiygn1AE8JkMmmHTiZhZlKoIb/hxl9x40IRl7ryb5y0WWjrgWEO59zLvff4CaNSWda3UVlaXlldq67XNja3tnfM3b2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3RdeF3x0RIGvN7NUmIG6EBpyHFSGnJMy3Hj1kgJ5H+sofcu7l0ZBp52dijDuWwk8/51DPrVsOaAi4SuyR1UKLlmZ9OEOM0IlxhhqTs21ai3AwJRTEjec1JJUkQHqEB6WvKUUSkm00vy+GRVgIYxkI/ruBU/d2RoUgWy+nKCKmhnPcK8T+vn6rwws0oT1JFOJ4NClMGVQyLmGBABcGKTTRBWFC9K8RDJBBWOsyaDsGeP3mRdE4a9lnj9O603rwq46iCA3AIjoENzkET3IIWaAMMHsEzeAVvxpPxYrwbH7PSilH27IM/ML5+AA7xojg=</latexit>

zG =
X

vi2V

zi
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can construct graph representation using anonymous 
walks.

v Consider a random walk
<latexit sha1_base64="cC4ZraPl4B8QR6IZ75hKVpMnTgI=">AAACE3icbZBNS8MwGMfT+TbnW9Wjl+AQNpHRjqFehKEXjxPcC6x1pFm2haVpSdLJKP0OXvwqXjwo4tWLN7+N6daDTp8Q+OX/PE+S5++FjEplWV9Gbml5ZXUtv17Y2Nza3jF391oyiAQmTRywQHQ8JAmjnDQVVYx0QkGQ7zHS9sZXab49IULSgN+qaUhcHw05HVCMlJZ65vH9hRM78eQuLtnl5ASmUE3B6QdKzs/jcuLo1TOLVsWaBfwLdgZFkEWjZ37qS3DkE64wQ1J2bStUboyEopiRpOBEkoQIj9GQdDVy5BPpxrOZEniklT4cBEJvruBM/dkRI1/Kqe/pSh+pkVzMpeJ/uW6kBuduTHkYKcLx/KFBxKAKYGoQ7FNBsGJTDQgLqv8K8QgJhJW2saBNsBdH/gutasU+rdRuasX6ZWZHHhyAQ1ACNjgDdXANGqAJMHgAT+AFvBqPxrPxZrzPS3NG1rMPfoXx8Q1EbpyL</latexit>

w = {{v(1), v(2), . . . , v(k)}}
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can construct graph representation using anonymous 
walks.

v Consider a random walk

v The anonymous walk corresponding to 𝑤 is 

where

with 𝑝𝑜𝑠(𝑤, 𝑣 ! ) the set of all positions of 𝑣 ! occurring in 𝑤.

<latexit sha1_base64="cC4ZraPl4B8QR6IZ75hKVpMnTgI=">AAACE3icbZBNS8MwGMfT+TbnW9Wjl+AQNpHRjqFehKEXjxPcC6x1pFm2haVpSdLJKP0OXvwqXjwo4tWLN7+N6daDTp8Q+OX/PE+S5++FjEplWV9Gbml5ZXUtv17Y2Nza3jF391oyiAQmTRywQHQ8JAmjnDQVVYx0QkGQ7zHS9sZXab49IULSgN+qaUhcHw05HVCMlJZ65vH9hRM78eQuLtnl5ASmUE3B6QdKzs/jcuLo1TOLVsWaBfwLdgZFkEWjZ37qS3DkE64wQ1J2bStUboyEopiRpOBEkoQIj9GQdDVy5BPpxrOZEniklT4cBEJvruBM/dkRI1/Kqe/pSh+pkVzMpeJ/uW6kBuduTHkYKcLx/KFBxKAKYGoQ7FNBsGJTDQgLqv8K8QgJhJW2saBNsBdH/gutasU+rdRuasX6ZWZHHhyAQ1ACNjgDdXANGqAJMHgAT+AFvBqPxrPxZrzPS3NG1rMPfoXx8Q1EbpyL</latexit>

w = {{v(1), v(2), . . . , v(k)}}

<latexit sha1_base64="L/LCe9oaCLITBRb6Fri+DKWulk0=">AAACHHicbZBNS8MwGMdTX+d8q3r0EhzCBjLaOdSLMPTicYJ7gbWONEu3sDQtSToYpR/Ei1/FiwdFvHgQ/DZm3QTd/EPgx/95niTP34sYlcqyvoyl5ZXVtfXcRn5za3tn19zbb8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG15P6q0REZKG/E6NI+IGqM+pTzFS2uqap+jSSZzEL47uk6JdSksncMqVjJ1eqOSPNdSWkzpp1yxYZSsTXAR7BgUwU71rfuh7cBwQrjBDUnZsK1JugoSimJE078SSRAgPUZ90NHIUEOkm2XIpPNZOD/qh0IcrmLm/JxIUSDkOPN0ZIDWQ87WJ+V+tEyv/wk0oj2JFOJ4+5McMqhBOkoI9KghWbKwBYUH1XyEeIIGw0nnmdQj2/MqL0KyU7bNy9bZaqF3N4siBQ3AEisAG56AGbkAdNAAGD+AJvIBX49F4Nt6M92nrkjGbOQB/ZHx+AyVsnvQ=</latexit>

a = {{f(v(1)), f(v(2)), . . . , f(v(k))}}

<latexit sha1_base64="EYBFAGd0ZQHHlCzwuR/+TAe6eyk=">AAACHnicbVDJSgNBEO1xjXGLevTSGIQEJMxIXC5C0IvHCGaBTAw9nZ6kSU/P0F0TCUO+xIu/4sWDIoIn/Rs7y8EkPih4vFdFVT0vElyDbf9YS8srq2vrqY305tb2zm5mb7+qw1hRVqGhCFXdI5oJLlkFOAhWjxQjgSdYzevdjPxanynNQ3kPg4g1A9KR3OeUgJFamTPfFcyHXP8hyfH80FW804X8lRtwiaNQT8zHEzzrtzJZu2CPgReJMyVZNEW5lfly2yGNAyaBCqJ1w7EjaCZEAaeCDdNurFlEaI90WMNQSQKmm8n4vSE+Nkob+6EyJQGP1b8TCQm0HgSe6QwIdPW8NxL/8xox+JfNhMsoBibpZJEfCwwhHmWF21wxCmJgCKGKm1sx7RJFKJhE0yYEZ/7lRVI9LTjnheJdMVu6nsaRQofoCOWQgy5QCd2iMqogip7QC3pD79az9Wp9WJ+T1iVrOnOAZmB9/wI6+aHu</latexit>

f
⇣
v(i)

⌘
= min pos

⇣
w, v(i)

⌘
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

42 3 7 8
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="Bfs9RHD8D9S2oKDTqkdHxnp8BXU="></latexit>

w = {{v2, v3, v7, v12, v8, v4}}
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

42 3 7 8
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="Bfs9RHD8D9S2oKDTqkdHxnp8BXU="></latexit>

w = {{v2, v3, v7, v12, v8, v4}}

1        2        3        4        5       6
<latexit sha1_base64="cVCCMk73Zy0nvsnXtM6Sv3SBRro="></latexit>

a = {{v(1), v(2), v(3), v(4), v(5), v(6)}}
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

52 9 5 2 6
<latexit sha1_base64="Z8ZLeQNmVe2mpUSsqpSCxmpn51U="></latexit>

w = {{v2, v9, v5, v2, v6, v5}}
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Anonymous Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

52 9 5 2 6

1        2        3        1        4       3
<latexit sha1_base64="zDevAjNU46q0eieOErcsL/MPGIA="></latexit>

a = {{v(1), v(2), v(3), v(1), v(4), v(3)}}

<latexit sha1_base64="Z8ZLeQNmVe2mpUSsqpSCxmpn51U="></latexit>

w = {{v2, v9, v5, v2, v6, v5}}
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<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14
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1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14
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<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

84 8 7
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="NEbhwNlio0+JlV/2lX+W9intpkE="></latexit>

w = {{v12, v4, v8, v12, v7, v8}}
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5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

84 8 7
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

1        2        3        1        4       3

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="NEbhwNlio0+JlV/2lX+W9intpkE="></latexit>

w = {{v12, v4, v8, v12, v7, v8}}
<latexit sha1_base64="zDevAjNU46q0eieOErcsL/MPGIA="></latexit>

a = {{v(1), v(2), v(3), v(1), v(4), v(3)}}
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1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

84 8 7
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="NEbhwNlio0+JlV/2lX+W9intpkE="></latexit>

w = {{v12, v4, v8, v12, v7, v8}}

52 9 5 2 6
<latexit sha1_base64="Z8ZLeQNmVe2mpUSsqpSCxmpn51U="></latexit>

w = {{v2, v9, v5, v2, v6, v5}}
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v Different random walks may correspond to the same
anonymous walk.
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<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

84 8 7
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

1        2        3        1        4       3

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="NEbhwNlio0+JlV/2lX+W9intpkE="></latexit>

w = {{v12, v4, v8, v12, v7, v8}}
<latexit sha1_base64="zDevAjNU46q0eieOErcsL/MPGIA="></latexit>

a = {{v(1), v(2), v(3), v(1), v(4), v(3)}}

52 9 5 2 6

1        2        3        1        4       3
<latexit sha1_base64="zDevAjNU46q0eieOErcsL/MPGIA="></latexit>

a = {{v(1), v(2), v(3), v(1), v(4), v(3)}}

<latexit sha1_base64="Z8ZLeQNmVe2mpUSsqpSCxmpn51U="></latexit>

w = {{v2, v9, v5, v2, v6, v5}}
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v We use the notion of anonymous walk to learn graph 
embeddings.

v There are two approaches to construct graph representations 
with anonymous walks

Ø Feature-based graph embedding

Ø Data-driven graph embedding
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v We use the notion of anonymous walk to learn graph 
embeddings.

v There are two approaches to construct graph representations 
with anonymous walks

Ø Feature-based graph embedding

Ø Data-driven graph embedding

v Consider the random walk

v The probability of observing random walk 𝑤 on graph 𝐺 can be 
defined using the notion of the transition probability matrix.

<latexit sha1_base64="uonWEdklvQIDp++WIUZcXeRISyI="></latexit>

w = {{vi, vj , vk, . . . }}
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v Let 𝑷 denote transition probability matrix on graph 𝐺. In 
index notation

v Let the probability of observing a random walk 𝑤 on graph 𝐺
is the product of the transition probabilities 

corresponding to the edges traversed by the random walker.

<latexit sha1_base64="BS1XIocYjKsWeu+Wv4qvn49e+Kw=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmkqBuh6sZlBfuANoTJdNJOO3kwMxFKyMKNv+LGhSJu/Qh3/o3TNgttPXDhzDn3MvceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vfDP12w9USBaF92oSUyfAg5D5jGClJdcsN9yUoVF22fMFJunV/JWlfXeUuWbFqlozoGVi56QCORqu+dXrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeMB7Woa4oBKJ50dkaFjrfSRHwldoUIz9fdEigMpJ4GnOwOshnLRm4r/ed1E+RdOysI4UTQk84/8hCMVoWkiqM8EJYpPNMFEML0rIkOs01A6t5IOwV48eZm0Tqv2WbV2V6vUr/M4ilCGIzgBG86hDrfQgCYQeIRneIU348l4Md6Nj3lrwchnDuEPjM8fzqCYOQ==</latexit>

Pij =
Aij

dj

<latexit sha1_base64="nIpMuQ/XC8AZnFp5dTsi1qzdDX8=">AAACGHicbVBNS8NAEN3Ur1q/qh69LBahBamJFPUiFL14rGC10JSw2W7abTebsDtpKaE/w4t/xYsHRbx689+4rT1o64OBx3szzMzzY8E12PaXlVlaXlldy67nNja3tnfyu3v3OkoUZXUaiUg1fKKZ4JLVgYNgjVgxEvqCPfj964n/MGBK80jewShmrZB0JA84JWAkL38SF4elSzdWUdtLXcECKA48fowHXs9VvNOFksslHo5xzUs57o29fMEu21PgReLMSAHNUPPyn247oknIJFBBtG46dgytlCjgVLBxzk00iwntkw5rGipJyHQrnT42xkdGaeMgUqYk4Kn6eyIlodaj0DedIYGunvcm4n9eM4HgopVyGSfAJP1ZFCQCQ4QnKeE2V4yCGBlCqOLmVky7RBEKJsucCcGZf3mR3J+WnbNy5bZSqF7N4siiA3SIishB56iKblAN1RFFj+gZvaI368l6sd6tj5/WjDWb2Ud/YH1+A54jn4Y=</latexit>

p(w) =
Y

(vi,vj)2w

Pij

<latexit sha1_base64="uonWEdklvQIDp++WIUZcXeRISyI="></latexit>

w = {{vi, vj , vk, . . . }}



36

Anonymous Walk Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

Ø 𝑙 = 2

21
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Ø 𝑙 = 2

21
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Ø 𝑙 = 2

21

<latexit sha1_base64="QVNGOEZ3+8P/63B0Wrhh4cb9YYQ="></latexit>

a1 = {{1, 2, 1}}
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Ø 𝑙 = 2

3

21

<latexit sha1_base64="QVNGOEZ3+8P/63B0Wrhh4cb9YYQ="></latexit>

a1 = {{1, 2, 1}}
<latexit sha1_base64="HdLkKtBPmAh27NHYg2b0xWvx8eg="></latexit>

a2 = {{1, 2, 3}}
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v There are only a certain number of possible anonymous walks 
of given length 𝑙.

Ø 𝑙 = 2

3

21

<latexit sha1_base64="QVNGOEZ3+8P/63B0Wrhh4cb9YYQ="></latexit>

a1 = {{1, 2, 1}}

<latexit sha1_base64="eR0YNnocoWNb4o7eHv1HBbx3f6M="></latexit>

Al = {a1, a2}

<latexit sha1_base64="HdLkKtBPmAh27NHYg2b0xWvx8eg="></latexit>

a2 = {{1, 2, 3}}
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v There are only a certain number of possible anonymous walks 
of given length 𝑙.

v Different random walks may correspond to the same 
anonymous walk.

<latexit sha1_base64="NEbhwNlio0+JlV/2lX+W9intpkE="></latexit>

w = {{v12, v4, v8, v12, v7, v8}}

<latexit sha1_base64="Z8ZLeQNmVe2mpUSsqpSCxmpn51U="></latexit>

w = {{v2, v9, v5, v2, v6, v5}}
<latexit sha1_base64="4gRSj62iUymATItkyHppXBMs4zM="></latexit>

a = {{1, 2, 3, 1, 4, 3}}

<latexit sha1_base64="4gRSj62iUymATItkyHppXBMs4zM="></latexit>

a = {{1, 2, 3, 1, 4, 3}}
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v There are only a certain number of possible anonymous walks 
of given length 𝑙.

v Different random walks may correspond to the same 
anonymous walk.

v The probability of seeing an anonymous walk 𝑎! in graph 𝐺 is
<latexit sha1_base64="z/PFnEDWvyE5EEfTsUiC9myoLaI="></latexit>

p (ak) =
1

|V |
X

vi2V

X

w!ak

p (w)
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v There are only a certain number of possible anonymous walks 
of given length 𝑙.

v Different random walks may correspond to the same 
anonymous walk.

v The probability of seeing an anonymous walk 𝑎! in graph 𝐺 is

v We can use this and define anonymous walk embedding as 
the vector of probabilities of different walks on the graph

<latexit sha1_base64="z/PFnEDWvyE5EEfTsUiC9myoLaI="></latexit>

p (ak) =
1

|V |
X

vi2V

X

w!ak

p (w)

<latexit sha1_base64="s2OT3TUtvCXu2gOle84EtSUOj7M="></latexit>

�(G) = (p (a1) , p (a2) , . . . , p (aK))
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v This requires counting all the anonymous walks of type 𝑎- that 
initiate from node 𝑣!, for all nodes 𝑣! ∈ 𝑉 in the graph 𝐺.

v However, the number of the length-𝑙 anonymous walks grows 
exponentially with 𝑙.

Ø 𝑙 = 3: 

1
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v This requires counting all the anonymous walks of type 𝑎- that 
initiate from node 𝑣!, for all nodes 𝑣! ∈ 𝑉 in the graph 𝐺.

v However, the number of the length-𝑙 anonymous walks grows 
exponentially with 𝑙.

Ø 𝑙 = 3:

1 2



46

Anonymous Walk Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v This requires counting all the anonymous walks of type 𝑎- that 
initiate from node 𝑣!, for all nodes 𝑣! ∈ 𝑉 in the graph 𝐺.

v However, the number of the length-𝑙 anonymous walks grows 
exponentially with 𝑙.

Ø 𝑙 = 3:

1 2

3

1
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v This requires counting all the anonymous walks of type 𝑎- that 
initiate from node 𝑣!, for all nodes 𝑣! ∈ 𝑉 in the graph 𝐺.

v However, the number of the length-𝑙 anonymous walks grows 
exponentially with 𝑙.

Ø 𝑙 = 3:

1 2

3

1
2

3

1

2

4
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v This requires counting all the anonymous walks of type 𝑎- that 
initiate from node 𝑣!, for all nodes 𝑣! ∈ 𝑉 in the graph 𝐺.

v However, the number of the length-𝑙 anonymous walks grows 
exponentially with 𝑙.

Ø 𝑙 = 3: There are 5 anonymous walks of length 3. 

1 2

3

1
2

3

1

2

4
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v This requires counting all the anonymous walks of type 𝑎- that 
initiate from node 𝑣!, for all nodes 𝑣! ∈ 𝑉 in the graph 𝐺.

v However, the number of the length-𝑙 anonymous walks grows 
exponentially with 𝑙.

Ø 𝑙 = 3: There are 5 anonymous walks of length 3. 

Ø 𝑙 = 12: There are 4,000,000 anonymous walks of length 12.
v Therefore, a more feasible approach would be to use a 

sampling method to approximate the probabilities 𝑝(𝑎-).

<latexit sha1_base64="swSDzFq5wmD4XkaSDNknf2K/HEA="></latexit>

Al=3 = {a1, a2, a3, a4, a5}



50

Anonymous Walk Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Let 𝐴. be the set of all possible length-𝑙 anonymous walks.

v Let 𝔻. be the true distribution over different length-𝑙
anonymous walks 𝑎-. 

v Let 𝔻.
/ be the empirical distribution over the set of i.i.d. 

anonymous walks 𝑋/ = (𝑋0, … , 𝑋/) randomly drawn from 𝔻.,

v We need to find the minimum number of samples 𝑚 such that 
𝔻.
/ is an accurate approximation of 𝔻..

<latexit sha1_base64="sEdqcnWJS1E0jT7WGhOr+V8ZyE4=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwCGFXgtoIURvBJoKJgWxY7k4myZDZ2WVmVgjL1jb+io2FIrZ+gZ1/4+RRaOKBgcM59zD3niDmTGnH+bZyC4tLyyv51cLa+sbmlr2901BRIgmtk4hHshmAopwJWtdMc9qMJYUw4PQ+GFyN/PsHKhWLxJ0exrQdQk+wLiOgjeTb+14Iuk+ApxeZz8+9FHy3hL1OpFUJg3/jZb5ddMrOGHieuFNSRFPUfPvLxEkSUqEJB6VarhPrdgpSM8JpVvASRWMgA+jRlqECQqra6fiUDB8apYO7kTRPaDxWfydSCJUahoGZHC2uZr2R+J/XSnT3rJ0yESeaCjL5qJtwrCM86gV3mKRE86EhQCQzu2LSBwlEm/YKpgR39uR50jguuyflym2lWL2c1pFHe+gAHSEXnaIqukY1VEcEPaJn9IrerCfrxXq3PiajOWua2UV/YH3+APxjmc8=</latexit>

Al = {a1, . . . , aK}

<latexit sha1_base64="ho8Hojbkl1nF4Zg7ha3VYFSFjiM="></latexit>

Dm(k) =
1

m

mX

X⇠Dl

1[X=ak]
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v To ensure that 𝔻.
/ accurately approximate 𝔻., we need to 

sample at least 𝑀 anonymous walks, where

<latexit sha1_base64="gjgxOu5dSN1bhUpTCJSvYT5dnJU="></latexit>

M =

⇠
2

"2
�
log

�
2K � 2

�
� log(�)

�⇡
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v To ensure that 𝔻.
/ accurately approximate 𝔻., we need to 

sample at least 𝑀 anonymous walks, where

v For length 𝑙 = 7, there are 𝐾 = 877 anonymous walks.

Ø 𝜖 = 0.5, 𝛿 = 0.05 M=4888
Ø 𝜖 = 0.1, 𝛿 = 0.01 M=122500

<latexit sha1_base64="gjgxOu5dSN1bhUpTCJSvYT5dnJU="></latexit>

M =

⇠
2

"2
�
log

�
2K � 2

�
� log(�)

�⇡
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v So far, we have studied feature-based approaches to 
represent anonymous walk embeddings for graphs. 

v An alternative approach is to use a data-driven approach to 
learn graph embeddings based on anonymous random walks.

v This approach learns graph embeddings based on the notion 
of co-occurring anonymous walks.

v Let 𝑊 be a set of 𝑇 random walks rooted at node 𝑣!

v By anonymizing this set, we get a new set 

<latexit sha1_base64="3h8ApNj5gvXxSPgveteoSFRgnwI="></latexit>

Wi = {w1, w2, . . . , wT }

<latexit sha1_base64="gnKQwJsdW05Naf7qJ7r7XeSUcvc="></latexit>

Na(vi) = {a1, a2, . . . , aT }
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v The multiset of anonymous walks 𝑁1(𝑣!) rooted at 𝑣! defines 
the notion of neighboring anonymous walks.

v Let’s define context walks as a sequence of anonymous walks 
co-occurring in a window of size 2Δ + 1 in 𝑁1(𝑣!).

v Let a target anonymous walk for each such window be the 
walk occurring in the middle of the sequence.

v Given the observed data, we predict the probability of a target 
walk for a set of context walks.

<latexit sha1_base64="/SnPysr/INW+yRkU7Y+xYlKCP6s="></latexit>

p (at | at��, . . . , at+�, G)
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v Given observed data 𝑁1(𝑣!), we maximize this probability.
v We want to learn anonymous walk embedding 

and graph embedding 

v Therefore, we maximize

v For a set of co-occurring anonymous walks rooted at 𝑣!, we 
maximize 

<latexit sha1_base64="fzqEJtF92XZ323fKhs5JWdVBssk=">AAACRXicbVA9SwNBEN2L3/ErammzGARFDXciaikqaKlgEiEXjrnNJi7Z+2B3Tojn/Tkbezv/gY2FIra6iSlikoFlHu+9YWafH0uh0bZfrdzE5NT0zOxcfn5hcWm5sLJa0VGiGC+zSEbq1gfNpQh5GQVKfhsrDoEvedVvn3X16j1XWkThDXZiXg+gFYqmYICG8gpuvAUePrp+JBu6E5iWPmReCl6Ke+45lwhZtkvdRoTatDGunQHXf/li2ysU7ZLdKzoKnD4okn5deYUXs4klAQ+RSdC65tgx1lNQKJjkWd5NNI+BtaHFawaGEHBdT3spZHTTMA3ajJR5IdIeOziRQqC71xlnAHinh7UuOU6rJdg8rqcijBPkIftb1EwkxYh2I6UNoThD2TEAmBLmVsruQAFDE3zehOAMf3kUVPZLzmHp4PqgeHLaj2OWrJMNskUcckROyCW5ImXCyBN5Ix/k03q23q0v6/vPmrP6M2vkX1k/vwbFtFY=</latexit>

p(at|zat�� , . . . , zat+� , zG)

<latexit sha1_base64="hviiiCkC44fq9UL79XHwhJpF+wk="></latexit>

Za 2 RK⇥da

<latexit sha1_base64="re9afR4PY1rFbkEGqkEWtZZjHds="></latexit>

zG 2 RdG

<latexit sha1_base64="vWg9YxyqJiot1MitCCbhI6w8FYw="></latexit>

T��Y

i=�

p
⇣
ait | zai

t��
, . . . , zai

t+�
, zG

⌘



56

Anonymous Walk Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Using softmax function, we define

where

where 𝑈 ∈ ℝ$!2$" and 𝑏 ∈ ℝ are some parameters.
v Therefore, taking the log, we maximize 
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v Edge-level embeddings

v Subgraph level embedding

v Graph level embedding

Ø Super node

Ø Summation

Ø Anonymous walk

v Anonymous walk embedding

Ø Feature based

Ø Data driven


