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Random Walk Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lecture, we discussed learning node 
embedding based on reconstruction goals that are a function 
of the adjacency matrix.

v All these measures of node-node similarity were 
deterministic.

v In this lecture, we discuss stochastic similarity measures.

v These measures are defined through the notion of random 
walk over the graph.
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Random Walk
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v Consider a walker standing on a node of the graph.
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Random Walk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Consider a walker standing on a node of the graph.
v At this node, walker selects one of the edges connected to that 

node at random and traverses it.
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Random Walk
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v Consider a walker standing on a node of the graph.
v At this node, walker selects one of the edges connected to that 

node at random and traverses it.
v The walker repeats this for 𝑇 steps.
v This is called a length-𝑇 random walk.
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v A random walk can select any edges in the next step, including 
the one it just traversed.
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Random Walk Strategies
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v A random walk can select any edges in the next step, including 
the one it just traversed.
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Random Walk Strategies

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A random walk can select any edges in the next step, including 
the one it just traversed.

v A random walker can use different strategies to walk on graph.
Ø It can select the next edge uniformly at random.
Ø It can select different paths with different probability.
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Random Walk Embedding
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v We can use the random walk as an indicator of node 
similarity to learn node embeddings.

v We indicate the similarity of two nodes based on the notion of 
co-occurrence.
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v We can use the random walk as an indicator of node 
similarity to learn node embeddings.

v We indicate the similarity of two nodes based on the notion of 
co-occurrence.

v The neighborhood for each node 𝑣! is defined by a random 
walk rooted at that node

where 𝑅 is the random walk strategy and 𝑣! is the root node.
v If two nodes co-occur on a random walk, that means they are 

similar to each other.
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Random Walk
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Random Walk
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<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

2 6 5 9 <latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11
<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

22 3 7 3
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="KofS2mJYGi18fWojSLSsBSa2Go4="></latexit>

N (1)
R (v2) = {{v2, v6, v5, v9, v11, v13}}

<latexit sha1_base64="zfKM8aCOQiBcNnxg98hdcnbn6cg="></latexit>

N (2)
R (v2) = {{v2, v3, v7, v12, v3, v2}}
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v To that end, we perform multiple random walks of different 
length 𝑇 starting at each node on the graph.

8

3

7

2

6

4

9

5

1

<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

2 6 5 9 <latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11
<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

22 3 7 3
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

82 9 5 6 7

<latexit sha1_base64="KofS2mJYGi18fWojSLSsBSa2Go4="></latexit>

N (1)
R (v2) = {{v2, v6, v5, v9, v11, v13}}

<latexit sha1_base64="zfKM8aCOQiBcNnxg98hdcnbn6cg="></latexit>

N (2)
R (v2) = {{v2, v3, v7, v12, v3, v2}}

<latexit sha1_base64="sBZeHhz2fWCfMKcsLnOo4wAi3oM="></latexit>

N (3)
R (v2) = {{v2, v9, v5, v6, v7, v8}}
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v To that end, we perform multiple random walks of different 
length 𝑇 starting at each node on the graph.
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<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

2 6 5 9 <latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11
<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

22 3 7 3
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

82 9 5 6 7
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v To that end, we perform multiple random walks of different 
length 𝑇 starting at each node on the graph.

v These random walks then capture local neighborhood of 
each node and the topology of the graph.
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<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

2 6 5 9 <latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11
<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

22 3 7 3
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

82 9 5 6 7

83 7 8 4

93 2 5 6 5

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

13 9 5
<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11
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v To that end, we perform multiple random walks of different 
length 𝑇 starting at each node on the graph.

v These random walks then capture local neighborhood of 
each node and the topology of the graph.

v By performing random walks rooted at different nodes, we 
decompose the graph into a set of random walks.
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<latexit sha1_base64="DVkM2dD43drUBT+HySYjCkWhndg="></latexit>

10
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

<latexit sha1_base64="oqdVLucnUTQ/RdzrWly5PoAEBWg="></latexit>

14

2 6 5 9 <latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11
<latexit sha1_base64="alkK/CZZlq+vXN1KAmnz/Xk2mso="></latexit>

13

22 3 7 3
<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

82 9 5 6 7

83 7 8 4

93 2 5 6 5

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12

13 9 5
<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="IdIdeLUH18DC4PHLFOa3F2o1ufA="></latexit>

12
<latexit sha1_base64="3sx1lsk02FJ/AyqQ8fHW3i7h7MY="></latexit>

11
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v In the previous lecture, we discussed deterministic node-
node similarity measures.

v These functions were defined as a deterministic function of the 
adjacency matrix 𝑨.
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Random Walk Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lecture, we discussed deterministic node-
node similarity measures.

v These functions were defined as a deterministic function of the 
adjacency matrix 𝑨.

v In this lecture, our measure of similarity is defined by the 
statistics of Random Walk.
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v In the previous lecture, we discussed deterministic node-
node similarity measures.

v These functions were defined as a deterministic function of the 
adjacency matrix 𝑨.

v In this lecture, our measure of similarity is defined by the 
statistics of Random Walk.

v The likelihood of observing node 𝑣* on a random walk 
conditioned on the nodes visited before 𝑣* is 

<latexit sha1_base64="0iBNU17rnpCTCcCdI6Ab3iCDZ78=">AAACDXicbVDLTgIxFO3gC/E16tJNI5pAgmTGEHVJdOMSE3kkzEg6pUCl80h7h4SM/IAbf8WNC41x696df2N5LBQ8SZPTc+697T1eJLgCy/o2UkvLK6tr6fXMxubW9o65u1dTYSwpq9JQhLLhEcUED1gVOAjWiCQjvidY3etfjf36gEnFw+AWhhFzfdINeIdTAlpqmUdRbtC6f3CSwV2Ss/OjAnbaIagCHt/hRCvOKN8ys1bRmgAvEntGsmiGSsv80lNo7LMAqCBKNW0rAjchEjgVbJRxYsUiQvuky5qaBsRnyk0m24zwsVbauBNKfQLAE/V3R0J8pYa+pyt9Aj01743F/7xmDJ0LN+FBFAML6PShTiwwhHgcDW5zySiIoSaESq7/immPSEJBB5jRIdjzKy+S2mnRPiuWbkrZ8uUsjjQ6QIcoh2x0jsroGlVQFVH0iJ7RK3oznowX4934mJamjFnPPvoD4/MH7f6aMw==</latexit>

p(vj |{v(1), . . . , v(t�1)})

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj
<latexit sha1_base64="fkeBe5kM1VKup5lmJn/FqiAaE30=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLx4jmAckMcxOZpMhs7PLTG8gLPkILx4U8er3ePNvnCR70MSChqKqm+4uP5bCoOt+O2vrG5tb27md/O7e/sFh4ei4YaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3c385phrIyL1iJOYd0M6UCIQjKKVmuOntORdTHuFolt25yCrxMtIETLUeoWvTj9iScgVMkmNaXtujN2UahRM8mm+kxgeUzaiA962VNGQm246P3dKzq3SJ0GkbSkkc/X3REpDYyahbztDikOz7M3E/7x2gsFNNxUqTpArtlgUJJJgRGa/k77QnKGcWEKZFvZWwoZUU4Y2obwNwVt+eZU0LsveVbnyUClWb7M4cnAKZ1ACD66hCvdQgzowGMEzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlrqPFw==</latexit>

v(1)
<latexit sha1_base64="WIXthgPrXyygMflk+s2evYcvdg0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB7VqyabYNzSZLki2UpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7utydUaSbFo5nG1I/wULCQEWys1J48peXq5axfLLkVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDor9BJNY0zGeEi7lgocUe2ni3Nn6MIqAxRKZUsYtFB/T6Q40noaBbYzwmakV725+J/XTUx446dMxImhgiwXhQlHRqL572jAFCWGTy3BRDF7KyIjrDAxNqGCDcFbfXmdtKoV76pSe6iV6rdZHHk4g3MogwfXUId7aEATCIzhGV7hzYmdF+fd+Vi25pxs5hT+wPn8AZhAjxg=</latexit>

v(2) <latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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v In the previous lecture, we discussed deterministic node-
node similarity measures.

v These functions were defined as a deterministic function of the 
adjacency matrix 𝑨.

v In this lecture, our measure of similarity is defined by the 
statistics of Random Walk.

v The likelihood of observing node 𝑣* on a random walk 
conditioned on the nodes visited before 𝑣* is 

v We want to learn an embedding 𝒛! for each node 𝑣!
v We can reformulate the problem as estimating the probability

<latexit sha1_base64="0iBNU17rnpCTCcCdI6Ab3iCDZ78=">AAACDXicbVDLTgIxFO3gC/E16tJNI5pAgmTGEHVJdOMSE3kkzEg6pUCl80h7h4SM/IAbf8WNC41x696df2N5LBQ8SZPTc+697T1eJLgCy/o2UkvLK6tr6fXMxubW9o65u1dTYSwpq9JQhLLhEcUED1gVOAjWiCQjvidY3etfjf36gEnFw+AWhhFzfdINeIdTAlpqmUdRbtC6f3CSwV2Ss/OjAnbaIagCHt/hRCvOKN8ys1bRmgAvEntGsmiGSsv80lNo7LMAqCBKNW0rAjchEjgVbJRxYsUiQvuky5qaBsRnyk0m24zwsVbauBNKfQLAE/V3R0J8pYa+pyt9Aj01743F/7xmDJ0LN+FBFAML6PShTiwwhHgcDW5zySiIoSaESq7/immPSEJBB5jRIdjzKy+S2mnRPiuWbkrZ8uUsjjQ6QIcoh2x0jsroGlVQFVH0iJ7RK3oznowX4934mJamjFnPPvoD4/MH7f6aMw==</latexit>

p(vj |{v(1), . . . , v(t�1)})

<latexit sha1_base64="8wIanHyzCYA6zc9A6+b/GPMx4GQ=">AAACJ3icbVBLSwMxEM7WV62vqkcvwSK0oGVXinqSohePFewDurVk07SNzT5IZgt13X/jxb/iRVARPfpPzLY9aOtAmI/vm5nMfE4guALT/DJSC4tLyyvp1cza+sbmVnZ7p6b8UFJWpb7wZcMhignusSpwEKwRSEZcR7C6M7hM9PqQScV97wZGAWu5pOfxLqcENNXOngf5YfvuwY5sxxcdNXJ1iu7j2yhvFeJDbHd8UDrNinCkZTsutLM5s2iOA88DawpyaBqVdvZVj6ShyzyggijVtMwAWhGRwKlgccYOFQsIHZAea2roEZepVjS+M8YHmungri/18wCP2d8dEXFVsqWudAn01ayWkP9pzRC6Z62Ie0EIzKOTj7qhwODjxDTc4ZJRECMNCJVc74ppn0hCQVub0SZYsyfPg9px0Toplq5LufLF1I402kP7KI8sdIrK6ApVUBVR9Iie0Rt6N56MF+PD+JyUpoxpzy76E8b3D454plU=</latexit>

p(vj |{z(1), . . . , z(t�1)})
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v As walk grows, computing this conditional probability 
becomes unfeasible.

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj
<latexit sha1_base64="fkeBe5kM1VKup5lmJn/FqiAaE30=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLx4jmAckMcxOZpMhs7PLTG8gLPkILx4U8er3ePNvnCR70MSChqKqm+4uP5bCoOt+O2vrG5tb27md/O7e/sFh4ei4YaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3c385phrIyL1iJOYd0M6UCIQjKKVmuOntORdTHuFolt25yCrxMtIETLUeoWvTj9iScgVMkmNaXtujN2UahRM8mm+kxgeUzaiA962VNGQm246P3dKzq3SJ0GkbSkkc/X3REpDYyahbztDikOz7M3E/7x2gsFNNxUqTpArtlgUJJJgRGa/k77QnKGcWEKZFvZWwoZUU4Y2obwNwVt+eZU0LsveVbnyUClWb7M4cnAKZ1ACD66hCvdQgzowGMEzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlrqPFw==</latexit>

v(1)
<latexit sha1_base64="WIXthgPrXyygMflk+s2evYcvdg0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB7VqyabYNzSZLki2UpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7utydUaSbFo5nG1I/wULCQEWys1J48peXq5axfLLkVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDor9BJNY0zGeEi7lgocUe2ni3Nn6MIqAxRKZUsYtFB/T6Q40noaBbYzwmakV725+J/XTUx446dMxImhgiwXhQlHRqL572jAFCWGTy3BRDF7KyIjrDAxNqGCDcFbfXmdtKoV76pSe6iV6rdZHHk4g3MogwfXUId7aEATCIzhGV7hzYmdF+fd+Vi25pxs5hT+wPn8AZhAjxg=</latexit>

v(2) <latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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v As walk grows, computing this conditional probability 
becomes unfeasible.

v To make this objective tractable, we only condition the 
neighbor node on the root node.

<latexit sha1_base64="Yttgrxv4kfC4x2zwsWk+MiRgvNk=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVoNyWRoi6LblxWsA9oY5hMJu3YSSbMTAo1ZuXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HuPG1EipGl+a4Wl5ZXVteJ6aWNza3tH391rCxZzhFuIUca7LhSYkhC3JJEUdyOOYeBS3HFHl5nfGWMuCAtv5CTCdgAHIfEJglJJjn4YVcbO3UPfZdQTk0B9yX3qkNukYlXTqqOXzZo5hbFIrJyUQY6mo3/1PYbiAIcSUShEzzIjaSeQS4IoTkv9WOAIohEc4J6iIQywsJPpGalxrBTP8BlXL5TGVP3dkcBAZDuqygDKoZj3MvE/rxdL/9xOSBjFEodoNsiPqSGZkWVieIRjJOlEEYg4UbsaaAg5RFIlV1IhWPMnL5L2Sc06rdWv6+XGRR5HERyAI1ABFjgDDXAFmqAFEHgEz+AVvGlP2ov2rn3MSgta3rMP/kD7/AE65Jj3</latexit>

p(vj |z(1)
i )

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj
<latexit sha1_base64="fkeBe5kM1VKup5lmJn/FqiAaE30=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLx4jmAckMcxOZpMhs7PLTG8gLPkILx4U8er3ePNvnCR70MSChqKqm+4uP5bCoOt+O2vrG5tb27md/O7e/sFh4ei4YaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3c385phrIyL1iJOYd0M6UCIQjKKVmuOntORdTHuFolt25yCrxMtIETLUeoWvTj9iScgVMkmNaXtujN2UahRM8mm+kxgeUzaiA962VNGQm246P3dKzq3SJ0GkbSkkc/X3REpDYyahbztDikOz7M3E/7x2gsFNNxUqTpArtlgUJJJgRGa/k77QnKGcWEKZFvZWwoZUU4Y2obwNwVt+eZU0LsveVbnyUClWb7M4cnAKZ1ACD66hCvdQgzowGMEzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlrqPFw==</latexit>

v(1)
<latexit sha1_base64="WIXthgPrXyygMflk+s2evYcvdg0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB7VqyabYNzSZLki2UpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7utydUaSbFo5nG1I/wULCQEWys1J48peXq5axfLLkVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDor9BJNY0zGeEi7lgocUe2ni3Nn6MIqAxRKZUsYtFB/T6Q40noaBbYzwmakV725+J/XTUx446dMxImhgiwXhQlHRqL572jAFCWGTy3BRDF7KyIjrDAxNqGCDcFbfXmdtKoV76pSe6iV6rdZHHk4g3MogwfXUId7aEATCIzhGV7hzYmdF+fd+Vi25pxs5hT+wPn8AZhAjxg=</latexit>

v(2) <latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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v As walk grows, computing this conditional probability 
becomes unfeasible.

v To make this objective tractable, we only condition the 
neighbor node on the root node.

v The similarity measure is the neighborhood 𝑁+(𝑣!) defined by 
the random walks. 

v The resulting measure of similarity is stochastic and asymmetric.

v The objective is to learn the probability of co-occurrence of 
two nodes on a random-walk starting from one of them.

v For node 𝑣!, we want to maximize the probability of observing 
a neighborhood 𝑁+ 𝑣! given embedding 𝒛!.

<latexit sha1_base64="Yttgrxv4kfC4x2zwsWk+MiRgvNk=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVoNyWRoi6LblxWsA9oY5hMJu3YSSbMTAo1ZuXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HuPG1EipGl+a4Wl5ZXVteJ6aWNza3tH391rCxZzhFuIUca7LhSYkhC3JJEUdyOOYeBS3HFHl5nfGWMuCAtv5CTCdgAHIfEJglJJjn4YVcbO3UPfZdQTk0B9yX3qkNukYlXTqqOXzZo5hbFIrJyUQY6mo3/1PYbiAIcSUShEzzIjaSeQS4IoTkv9WOAIohEc4J6iIQywsJPpGalxrBTP8BlXL5TGVP3dkcBAZDuqygDKoZj3MvE/rxdL/9xOSBjFEodoNsiPqSGZkWVieIRjJOlEEYg4UbsaaAg5RFIlV1IhWPMnL5L2Sc06rdWv6+XGRR5HERyAI1ABFjgDDXAFmqAFEHgEz+AVvGlP2ov2rn3MSgta3rMP/kD7/AE65Jj3</latexit>

p(vj |z(1)
i )

<latexit sha1_base64="1/q7StDNgptI510Pogc44x5uEJo=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGVpUpQBYwVLEyoIPqQ2ihyHKe16sSR7VQqoQsLv8LCAEKs/AMbf4PTZoCWI1k+Oude3XuPFzMqlWV9GwuLS8srq4W14vrG5ta2ubPblDwRmDQwZ1y0PSQJoxFpKKoYaceCoNBjpOUNLjO/NSRCUh7dqVFMnBD1IhpQjJSWXPMgLl+7t+WhS48fuh5nvhyF+kvvx1pxzZJVsSaA88TOSQnkqLvmV9fnOAlJpDBDUnZsK1ZOioSimJFxsZtIEiM8QD3S0TRCIZFOOrliDI+04sOAC/0iBSfq744UhTLbTleGSPXlrJeJ/3mdRAXnTkqjOFEkwtNBQcKg4jCLBPpUEKzYSBOEBdW7QtxHAmGlgyvqEOzZk+dJ86Rin1aqN9VS7SKPowD2wSEoAxucgRq4AnXQABg8gmfwCt6MJ+PFeDc+pqULRt6zB/7A+PwBKvWYZA==</latexit>

p(NR(vi)|zi)
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v With the conditional independence assumption, we factorize 
the likelihood as

v The decoder reconstructs the statistics of the set of random 
walk neighbors 𝑁+(𝑣!) for all nodes 𝑣! ∈ 𝑉 on the graph.

<latexit sha1_base64="hYphE7e4Kl7Pi425tBA1SYfnhB8="></latexit>

p(NR(vi)|zi) =
Y

vj2NR(vi)

p(vj |zi)
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Encoder-Decoder Framework

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v With the conditional independence assumption, we factorize 
the likelihood as

v The decoder reconstructs the statistics of the set of random 
walk neighbors 𝑁+(𝑣!) for all nodes 𝑣! ∈ 𝑉 on the graph.

v To that end, the decoder takes a pair of node embeddings 𝑧!
and 𝒛* as input and returns the probability of co-occurrence of 
nodes 𝑣! and 𝑣* on a random walk rooted at 𝑣!.

<latexit sha1_base64="hYphE7e4Kl7Pi425tBA1SYfnhB8="></latexit>

p(NR(vi)|zi) =
Y

vj2NR(vi)

p(vj |zi)

<latexit sha1_base64="g2KC7XdyQ6iopLjbQLPxp0+IAPQ=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VoQUoiRd2IRTcuK9gHtCVMJpN22smDmUmhxn6OG3/FjYgi3folTtosNPXCMIdzzuXee+yQUSENY6blVlbX1jfym4Wt7Z3dPX3/oCmCiGPSwAELeNtGgjDqk4akkpF2yAnybEZa9ug20VtjwgUN/Ac5CUnPQ32fuhQjqShLv3Ytp9S1A+aIiae++HFq0VOYYYblq7A0toZPWWfZ0otGxZgXXAZmCoogrbqlv3edAEce8SVmSIiOaYSyFyMuKWZkWuhGgoQIj1CfdBT0kUdEL54fOoUninGgG3D1fAnn7O+OGHki2U45PSQHIqsl5H9aJ5LuZS+mfhhJ4uPFIDdiUAYwSQ06lBMs2UQBhDlVu0I8QBxhqbItqBDM7MnLoHlWMc8r1ftqsXaTxpEHR+AYlIAJLkAN3IE6aAAMnsEr+ACf2ov2pn1ps4U1p6U9h+BPad8/bayoEQ==</latexit>

fd(zi, zj) = p(vj |zi)
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v Consider using the dot product between two embedding 
vectors 𝒛! and 𝒛* as the decoder.

v In this case, probability of observing 𝑣* on a random walk 
rooted at 𝑣! is 

<latexit sha1_base64="rpyl8ve7jJ57j+tM4oR4JEr+9K0=">AAACHnicbVDJSgNBEO1xjXGLevQyGIR4CTMSl4sQ9OIxQjZMxqGn05N00rPQXROM43yJF3/FiwdFBE/6N3YWUBMfNP14r4qqek7ImQTD+NLm5hcWl5ZTK+nVtfWNzczWdlUGkSC0QgIeiLqDJeXMpxVgwGk9FBR7Dqc1p3cx9Gt9KiQL/DIMQmp5uO0zlxEMSrIzR2Gub3fvm07AW3LgqS++S2x2cNZoAr0Fx42vk5vyD7fsmHUTO5M18sYI+iwxJySLJijZmY9mKyCRR30gHEvZMI0QrBgLYITTJN2MJA0x6eE2bSjqY49KKx6dl+j7SmnpbiDU80Efqb87YuzJ4e6q0sPQkdPeUPzPa0Tgnlox88MIqE/Gg9yI6xDow6z0FhOUAB8ogolgaleddLDABFSiaRWCOX3yLKke5s3jfOGqkC2eT+JIoV20h3LIRCeoiC5RCVUQQQ/oCb2gV+1Re9betPdx6Zw26dlBf6B9fgMSk6RW</latexit>

p(vj |zi) = [ZTZ]ij
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v Consider using the dot product between two embedding 
vectors 𝒛! and 𝒛* as the decoder.

v In this case, probability of observing 𝑣* on a random walk 
rooted at 𝑣! is 

v The dot product 𝒛!𝒛*, is not necessarily a probability value and 
may not lie between 0 and 1.

v Also, the vector 𝒁,𝒁 ! may not represent a probability vector 
and does not necessarily sum to 1.

v To address this, we take advantage of the softmax function.

<latexit sha1_base64="rpyl8ve7jJ57j+tM4oR4JEr+9K0=">AAACHnicbVDJSgNBEO1xjXGLevQyGIR4CTMSl4sQ9OIxQjZMxqGn05N00rPQXROM43yJF3/FiwdFBE/6N3YWUBMfNP14r4qqek7ImQTD+NLm5hcWl5ZTK+nVtfWNzczWdlUGkSC0QgIeiLqDJeXMpxVgwGk9FBR7Dqc1p3cx9Gt9KiQL/DIMQmp5uO0zlxEMSrIzR2Gub3fvm07AW3LgqS++S2x2cNZoAr0Fx42vk5vyD7fsmHUTO5M18sYI+iwxJySLJijZmY9mKyCRR30gHEvZMI0QrBgLYITTJN2MJA0x6eE2bSjqY49KKx6dl+j7SmnpbiDU80Efqb87YuzJ4e6q0sPQkdPeUPzPa0Tgnlox88MIqE/Gg9yI6xDow6z0FhOUAB8ogolgaleddLDABFSiaRWCOX3yLKke5s3jfOGqkC2eT+JIoV20h3LIRCeoiC5RCVUQQQ/oCb2gV+1Re9betPdx6Zw26dlBf6B9fgMSk6RW</latexit>

p(vj |zi) = [ZTZ]ij
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Softmax
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v A softmax function takes a vector of real values as input and 
returns a vector of probability values, with higher probability 
assigned to the higher value.

where softmax:ℝ- → 0, 1 - with 𝐶 total number of possible 
outcomes.

v Note that 

and 

v We refer to the inputs 𝒙 of the softmax function as logits.

<latexit sha1_base64="AQynGTcDCTKCjSx0LN+E0jHxo9I="></latexit>

softmax(x) :=

"
exp(x1)PC
c=1 exp(xc)

, . . . ,
exp(xC)PC
c=1 exp(xc)

#

<latexit sha1_base64="JauaxBrjuU712dlN99UJj5wZ9yk=">AAACEnicbVBNS8NAFNz4bf2qevSyWIR6KYkU9Sh68ahgtdCWsNm+2KWbbNx9EUvob/DiX/HiQRGvnrz5b9y0OWjrwMIwM4+3b4JECoOu++3MzM7NLywuLZdWVtfWN8qbW9dGpZpDgyupdDNgBqSIoYECJTQTDSwKJNwE/bPcv7kHbYSKr3CQQCdit7EIBWdoJb+879K2hDvaVglohkrHLILMqBAj9jCsPuz7fBzw/HLFrbkj0GniFaRCClz45a92V/E0ghi5ZMa0PDfBTsY0Ci5hWGqnBhLG++wWWpbmi00nG500pHtW6dJQaftipCP190TGImMGUWCTEcOemfRy8T+vlWJ43MlEnKQIMR8vClNJUdG8H9oVGjjKgSWMa2H/SnmPacbRtliyJXiTJ0+T64Oad1irX9YrJ6dFHUtkh+ySKvHIETkh5+SCNAgnj+SZvJI358l5cd6dj3F0xilmtskfOJ8/d16dWQ==</latexit>

0  softmax(x)c  1

<latexit sha1_base64="07kV5+v3xEBF1dXmmaesAFA8Abw=">AAACIHicbVDLSgMxFM34rPVVdekmWIS6KTNS1I1QdONSwbZCpw6ZNNOGJpMhuSOWYT7Fjb/ixoUiutOvMVO78HUg5HDuudx7T5gIbsB1352Z2bn5hcXSUnl5ZXVtvbKx2TYq1ZS1qBJKX4XEMMFj1gIOgl0lmhEZCtYJR6dFvXPDtOEqvoRxwnqSDGIecUrASkHl0DepDDJ67OXXp9hXCdMElI6JZJlREUhym9f8UIm+GUv7Zbf5XmDdQaXq1t0J8F/iTUkVTXEeVN78vqKpZDFQQYzpem4CvYxo4FSwvOynhiWEjsiAdS0tFjC9bHJgjnet0seR0vbFgCfq946MSFPsZ52SwND8rhXif7VuCtFRL+NxkgKL6degKBUYFC7Swn2uGQUxtoRQze2umA6JJhRspmUbgvf75L+kvV/3DuqNi0a1eTKNo4S20Q6qIQ8doiY6Q+eohSi6Qw/oCT07986j8+K8fllnnGnPFvoB5+MTYy6kWw==</latexit>

CX

c=1

softmax(x)c = 1
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v To avoid requiring the decoder directly predict a probability 
vector, we pass 𝑑. into the softmax function.

v We use softmax function to return the probability of a length-
𝑇 random walk rooted at node 𝑣! on a graph 𝐺 visiting a node 
𝑣*.

v Therefore, the decoder is formulated as

v The length of the walk 𝑇 is usually in the interval 2 ≤ 𝑇 ≤ 10.

<latexit sha1_base64="O0K3ksOLo2pt44Wzm3Aao6jE3PA="></latexit>

pG,T (vj | zi) = fd (zi, zj) =
exp

�
zT
i zj

�
P

vk2V exp
�
zT
i zk

�
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ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given the stochastic definition of neighborhood 𝑁+(𝑣!) for node 
𝑣!, we want the decoder to assign high probability to true 
output 𝑣* ∈ 𝑁+(𝑣!) for the corresponding root node 𝑣!.

v For each root node 𝑣! ∈ 𝑉, our data is defined as the set of 𝑀
random walks.

v The objective is then to maximize conditional probability

v Alternatively, for all random walks rooted at 𝑣!

<latexit sha1_base64="UrZ5ONdy6QKvu0H6Hwz8ReKt3F4="></latexit>

D =
n
N (s)

R (vi) | 1  s  M
o

<latexit sha1_base64="/rFaKN0jax1KQNhBXAqueL3naj0="></latexit>

p
⇣
N (s)

R (vi) | zi

⌘
=

Y

vj2N(s)
R (vi)

p (vj | zi)

<latexit sha1_base64="9/38I9lSTWlRCE6OMT/5TT2lwWg="></latexit>

zi = argmax
Z

MX

s=1

X

vj2N(s)
R (vi)

log p (vj | zi)
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Objective

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can rewrite the objective for all nodes 𝑣! ∈ 𝑉 as minimizing 
the negative log likelihood

where conditional probability 𝑝(𝑣*|𝒛!) is estimated by the 
decoder

<latexit sha1_base64="H503ysUMlEWh5lorZzs2HvshCKA="></latexit>

L = �
X

vi2V

X

s

X

vj2N(s)
R (vi)

log p (vj | zi)

<latexit sha1_base64="O0K3ksOLo2pt44Wzm3Aao6jE3PA="></latexit>

pG,T (vj | zi) = fd (zi, zj) =
exp

�
zT
i zj

�
P

vk2V exp
�
zT
i zk

�
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Objective

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We plug in the probability computed by the decoder into the 
loss function and try to minimize it.

<latexit sha1_base64="MV9bANecbkfBlxfGhVnLzNFELBY="></latexit>

L = �
X

vi2V

X

s

X

vj2N(s)
R (vi)

log

 
exp

�
zT
i zj

�
P

vk2V exp
�
zT
i zk

�
!
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Objective

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We plug in the probability computed by the decoder into the 
loss function and try to minimize it.

v Computing conditional probability for all nodes is expensive as 
estimating the denominator for all nodes requires 𝑂 𝑉 /

computations.
v Based on the loss approximation method and random walk 

strategy, we can categorize random walk node embeddings as
Ø DeepWalk model
Ø node2vec model

<latexit sha1_base64="O42mJ8ZPqRxmQjQbIBVnDRkn/QY="></latexit>

L = �
X

vi2V

X

s

X

vj2N(s)
R (vi)

log

 
exp

�
zT
i zj

�
P

vk2V exp
�
zT
i zk

�
!
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Random Walk Embeddings

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v DeepWalk model

Ø performs unbiased random walks.

Ø Uses hierarchical softmax to approximate loss.

v Node2vec model

Ø Uses 2nd order biased random walks.

Ø The objective function is estimated using negative sampling.

v Negative sampling is a fast approximation method that instead 
of normalizing the probability using all nodes 𝑣0 ∈ 𝑉, it uses 
only few negative samples 𝑣0 ∈ 𝑉′ to approximate the 
objective.
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Negative Sampling

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The key idea is to reformulate conditional probability as a 
binary classification. Let

Ø 𝐷 = 1 be the event that the pair of nodes co-occur in the data 
𝒟, with the binary probability

Ø 𝐷 = 0 be the event that the pair of nodes do not co-occur, 
with the binary probability

v Instead of maximizing conditional probability 𝑝(𝑣*|𝑣!), we 
maximize 

for 𝑣* ∈ 𝑁+(𝑣!).

<latexit sha1_base64="peVx2Eo7/8156K59LV0P3inKvpk=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCAhJ2JagXIagHjxHMA5JlmZ3MJmNmH8zMRkKST/HiQRGvfok3/8ZJsgeNFjQUVd10d3kxZ1JZ1peRWVldW9/Ibua2tnd298z8fkNGiSC0TiIeiZaHJeUspHXFFKetWFAceJw2vcH1zG8OqZAsCu/VKKZOgHsh8xnBSkuumY+LN5f2pDh02Qkaug+lkmsWrLI1B/pL7JQUIEXNNT873YgkAQ0V4VjKtm3FyhljoRjhdJrrJJLGmAxwj7Y1DXFApTOenz5Fx1rpIj8SukKF5urPiTEOpBwFnu4MsOrLZW8m/ue1E+VfOGMWxomiIVks8hOOVIRmOaAuE5QoPtIEE8H0rYj0scBE6bRyOgR7+eW/pHFats/KlbtKoXqVxpGFQziCIthwDlW4hRrUgcAjPMELvBoT49l4M94XrRkjnTmAXzA+vgHFlJJn</latexit>

p(D = 1|(vi, vj))

<latexit sha1_base64="peVx2Eo7/8156K59LV0P3inKvpk=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCAhJ2JagXIagHjxHMA5JlmZ3MJmNmH8zMRkKST/HiQRGvfok3/8ZJsgeNFjQUVd10d3kxZ1JZ1peRWVldW9/Ibua2tnd298z8fkNGiSC0TiIeiZaHJeUspHXFFKetWFAceJw2vcH1zG8OqZAsCu/VKKZOgHsh8xnBSkuumY+LN5f2pDh02Qkaug+lkmsWrLI1B/pL7JQUIEXNNT873YgkAQ0V4VjKtm3FyhljoRjhdJrrJJLGmAxwj7Y1DXFApTOenz5Fx1rpIj8SukKF5urPiTEOpBwFnu4MsOrLZW8m/ue1E+VfOGMWxomiIVks8hOOVIRmOaAuE5QoPtIEE8H0rYj0scBE6bRyOgR7+eW/pHFats/KlbtKoXqVxpGFQziCIthwDlW4hRrUgcAjPMELvBoT49l4M94XrRkjnTmAXzA+vgHFlJJn</latexit>

p(D = 1|(vi, vj))

<latexit sha1_base64="TVhs75GtJnnOU6klH78kiEnU4sw=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCAhJ2JagXIagHjxHMA5JlmZ3MJmNmH8zMRkKST/HiQRGvfok3/8ZJsgeNFjQUVd10d3kxZ1JZ1peRWVldW9/Ibua2tnd298z8fkNGiSC0TiIeiZaHJeUspHXFFKetWFAceJw2vcH1zG8OqZAsCu/VKKZOgHsh8xnBSkuumY+LN5fWpDh02Qkaug+lkmsWrLI1B/pL7JQUIEXNNT873YgkAQ0V4VjKtm3FyhljoRjhdJrrJJLGmAxwj7Y1DXFApTOenz5Fx1rpIj8SukKF5urPiTEOpBwFnu4MsOrLZW8m/ue1E+VfOGMWxomiIVks8hOOVIRmOaAuE5QoPtIEE8H0rYj0scBE6bRyOgR7+eW/pHFats/KlbtKoXqVxpGFQziCIthwDlW4hRrUgcAjPMELvBoT49l4M94XrRkjnTmAXzA+vgHEBJJm</latexit>

p(D = 0|(vi, vj))
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v To avoid a trivial solution, we rewrite this as

where 𝑉1 ⊂ 𝑉 is a subset of nodes that do not co-occur with 𝑣!.

v We refer to 𝑣0 ∈ 𝑉1 as noise nodes.

<latexit sha1_base64="qKffDpI5K2QIiYvX2s7jxBdYi14=">AAACHHicbVDLSgMxFM34rPVVdekmWMQWpMxoUTdCURcuK9gHtGXIZDJtnExmSDKFMvZD3Pgrblwo4saF4N+YtoNo64HA4ZxzubnHiRiVyjS/jLn5hcWl5cxKdnVtfWMzt7Vdl2EsMKnhkIWi6SBJGOWkpqhipBkJggKHkYbjX478Rp8ISUN+qwYR6QSoy6lHMVJasnPHUeHq3Lov9G16CPv2XbHYjkTo2knf9tuUw/rBcJQwfxJ+sWjn8mbJHAPOEisleZCiauc+2m6I44BwhRmSsmWZkeokSCiKGRlm27EkEcI+6pKWphwFRHaS8XFDuK8VF3qh0I8rOFZ/TyQokHIQODoZINWT095I/M9rxco76ySUR7EiHE8WeTGDKoSjpqBLBcGKDTRBWFD9V4h7SCCsdJ9ZXYI1ffIsqR+VrJNS+aacr1ykdWTALtgDBWCBU1AB16AKagCDB/AEXsCr8Wg8G2/G+yQ6Z6QzO+APjM9vooWfPA==</latexit>

p(D = 1|(vi, vj))
Y

vk2V 0

p(D = 0|(vi, vk))
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v To avoid a trivial solution, we rewrite this as

where 𝑉1 ⊂ 𝑉 is a subset of nodes that do not co-occur with 𝑣!.

v We refer to 𝑣0 ∈ 𝑉1 as noise nodes.

v We can represent the binary probabilities using a sigmoid 
function

<latexit sha1_base64="qKffDpI5K2QIiYvX2s7jxBdYi14=">AAACHHicbVDLSgMxFM34rPVVdekmWMQWpMxoUTdCURcuK9gHtGXIZDJtnExmSDKFMvZD3Pgrblwo4saF4N+YtoNo64HA4ZxzubnHiRiVyjS/jLn5hcWl5cxKdnVtfWMzt7Vdl2EsMKnhkIWi6SBJGOWkpqhipBkJggKHkYbjX478Rp8ISUN+qwYR6QSoy6lHMVJasnPHUeHq3Lov9G16CPv2XbHYjkTo2knf9tuUw/rBcJQwfxJ+sWjn8mbJHAPOEisleZCiauc+2m6I44BwhRmSsmWZkeokSCiKGRlm27EkEcI+6pKWphwFRHaS8XFDuK8VF3qh0I8rOFZ/TyQokHIQODoZINWT095I/M9rxco76ySUR7EiHE8WeTGDKoSjpqBLBcGKDTRBWFD9V4h7SCCsdJ9ZXYI1ffIsqR+VrJNS+aacr1ykdWTALtgDBWCBU1AB16AKagCDB/AEXsCr8Wg8G2/G+yQ6Z6QzO+APjM9vooWfPA==</latexit>

p(D = 1|(vi, vj))
Y

vk2V 0

p(D = 0|(vi, vk))

<latexit sha1_base64="WbXLraP94qGYYBrer2SKHjn9ygs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQIpZEiroRim5cVrAPaEKZTCft0JkkzEykJWTnxl9x40IRt/6CO//GaZuFth64cDjnXu69x4sYlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0waOGShaHtIEkYD0lBUMdKOBEHcY6TlDW8mfuuBCEnD4F6NI+Jy1A+oTzFSWuqah46kfY5Ko/KV4wuEEztN7BOHjKLS6aicds2iVbGmgIvEzkgRZKh3zS+nF+KYk0BhhqTs2Fak3AQJRTEjacGJJYkQHqI+6WgaIE6km0z/SOGxVnrQD4WuQMGp+nsiQVzKMfd0J0dqIOe9ifif14mVf+kmNIhiRQI8W+THDKoQTkKBPSoIVmysCcKC6lshHiAdh9LRFXQI9vzLi6R5VrHPK9W7arF2ncWRBwfgCJSADS5ADdyCOmgADB7BM3gFb8aT8WK8Gx+z1pyRzeyDPzA+fwBwDphn</latexit>

�(x) =
1

1 + exp(�x)
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v The objective is then to maximize
<latexit sha1_base64="NHsd6l+g87aWHBqebqRZMcu47pQ="></latexit>

p (D = 1 | (vi, vj))
Y

vk2V 0

p (D = 0 | (vi, vk))

<latexit sha1_base64="vJHZUFUpNA9TNKNtcLfuZJjtvxQ="></latexit>

p (D = 1 | (vi, vj))
Y

vk2V 0

[1� p (D = 1 | (vi, vk))]
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v The objective is then to maximize

v We use sigmoid to compute binary classification probabilities

<latexit sha1_base64="NHsd6l+g87aWHBqebqRZMcu47pQ="></latexit>

p (D = 1 | (vi, vj))
Y

vk2V 0

p (D = 0 | (vi, vk))

<latexit sha1_base64="vJHZUFUpNA9TNKNtcLfuZJjtvxQ="></latexit>

p (D = 1 | (vi, vj))
Y

vk2V 0

[1� p (D = 1 | (vi, vk))]

<latexit sha1_base64="T789fZ1Id9uye+U1DcsqVfbHG2I="></latexit>

log [p (D = 1 | (vi, vj))] +
X

vk2V 0

log [1� p (D = 1 | (vi, vk))]

<latexit sha1_base64="ce5Ie1gx9FZ7F1NBYwCtWEFxarw="></latexit>

p (D = 1 | (vi, vj)) = �(zT
i zj)
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v The objective is then to maximize

v We use sigmoid to compute binary classification probabilities

v Plugging this to the objective, we can rewrite is as the 
minimization of the loss function

<latexit sha1_base64="NHsd6l+g87aWHBqebqRZMcu47pQ="></latexit>

p (D = 1 | (vi, vj))
Y

vk2V 0

p (D = 0 | (vi, vk))

<latexit sha1_base64="vJHZUFUpNA9TNKNtcLfuZJjtvxQ="></latexit>

p (D = 1 | (vi, vj))
Y

vk2V 0

[1� p (D = 1 | (vi, vk))]

<latexit sha1_base64="T789fZ1Id9uye+U1DcsqVfbHG2I="></latexit>

log [p (D = 1 | (vi, vj))] +
X

vk2V 0

log [1� p (D = 1 | (vi, vk))]

<latexit sha1_base64="ce5Ie1gx9FZ7F1NBYwCtWEFxarw="></latexit>

p (D = 1 | (vi, vj)) = �(zT
i zj)

<latexit sha1_base64="ba5AquqxIRKsjGmEqmZ+WM8yo60="></latexit>

Li = � log(�(zT
i zj))�

X

vk2V 0

log(1� �(zT
i zk))
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v Since 

v We rewrite the objective as

<latexit sha1_base64="ik4jBR2bEFRkIUWmgh5cOirMT74=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKtoykaJuhKIblxXsBTpDyaSZNjRzIclIyzAv4cZXceNCEbeCO9/GtJ2Ftv4Q+PnOOZyc3404k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHd5M6q0HKiQLg3s1jqjj437APEaw0qhrnqKy7QlMEpQm6MSmowiWyqPj9GqBatg1i1bFmgouGpSZIshU75pfdi8ksU8DRTiWsoOsSDkJFooRTtOCHUsaYTLEfdrRNsA+lU4yvSqFR5r0oBcK/QIFp/T3RIJ9Kce+qzt9rAZyvjaB/9U6sfIunYQFUaxoQGaLvJhDFcJJRLDHBCWKj7XBRDD9V0gGWMehdJAFHQKaP3nRNM8q6LxSvasWa9dZHHlwAA5BCSBwAWrgFtRBAxDwCJ7BK3gznowX4934mLXmjGxmH/yR8fkDo+CdQg==</latexit>

1� 1

1 + exp(�x)
=

1

1 + exp(x)

<latexit sha1_base64="hRGmAcH/fxgGivbYEMsIbVzMhfQ="></latexit>

= � log(�(zT
i zj))�

X

vk2V 0

log �(�zT
i zk)

<latexit sha1_base64="ba5AquqxIRKsjGmEqmZ+WM8yo60="></latexit>

Li = � log(�(zT
i zj))�

X

vk2V 0

log(1� �(zT
i zk))
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v Since 

v We rewrite the objective as

v We can write the objective for all data as

where 𝑉′ is the set of noise nodes and sampled from  

<latexit sha1_base64="ik4jBR2bEFRkIUWmgh5cOirMT74=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKtoykaJuhKIblxXsBTpDyaSZNjRzIclIyzAv4cZXceNCEbeCO9/GtJ2Ftv4Q+PnOOZyc3404k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHd5M6q0HKiQLg3s1jqjj437APEaw0qhrnqKy7QlMEpQm6MSmowiWyqPj9GqBatg1i1bFmgouGpSZIshU75pfdi8ksU8DRTiWsoOsSDkJFooRTtOCHUsaYTLEfdrRNsA+lU4yvSqFR5r0oBcK/QIFp/T3RIJ9Kce+qzt9rAZyvjaB/9U6sfIunYQFUaxoQGaLvJhDFcJJRLDHBCWKj7XBRDD9V0gGWMehdJAFHQKaP3nRNM8q6LxSvasWa9dZHHlwAA5BCSBwAWrgFtRBAxDwCJ7BK3gznowX4934mLXmjGxmH/yR8fkDo+CdQg==</latexit>

1� 1

1 + exp(�x)
=

1

1 + exp(x)

<latexit sha1_base64="hRGmAcH/fxgGivbYEMsIbVzMhfQ="></latexit>

= � log(�(zT
i zj))�

X

vk2V 0

log �(�zT
i zk)

<latexit sha1_base64="ba5AquqxIRKsjGmEqmZ+WM8yo60="></latexit>

Li = � log(�(zT
i zj))�

X

vk2V 0

log(1� �(zT
i zk))

<latexit sha1_base64="4467De++zthhxbPZcEYAyJIxIoI="></latexit>

L = �
X

vi2V

X

s

X

vj2N(s)
R (vi)

"
log(�(zT

i zj)) +
X

vk2V 0

log(�(�zT
i zk))

#

<latexit sha1_base64="A6KCjQiddkrbvSXnmksfr7+6EFI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2A7lKyabYNTXZDki2UpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2rjut1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlLOYtgwznHaloliEnHbC8f3c70yo0iyJn8xU0kDgYcwiRrCxkj/pj33NBJLV9mW/XHFr7gJonXg5qUCOZr/85Q8SkgoaG8Kx1j3PlSbIsDKMcDor+ammEpMxHtKepTEWVAfZ4uYZurDKAEWJshUbtFB/T2RYaD0Voe0U2Iz0qjcX//N6qYlug4zFMjU0JstFUcqRSdA8ADRgihLDp5Zgopi9FZERVpgYG1PJhuCtvrxO2lc177pWf6xXGnd5HEU4g3Ooggc30IAHaEILCEh4hld4c1LnxXl3PpatBSefOYU/cD5/AB4GkRc=</latexit>

vk ⇠ p(V )
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v Probability distribution 𝑝(𝑉) is a distribution over the set of 
nodes 𝑉.

v The node distribution 𝑝(𝑉) can either be 

Ø Uniform.

Ø Proportional to node degrees.
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Negative Sampling
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v Probability distribution 𝑝(𝑉) is a distribution over the set of 
nodes 𝑉.

v The node distribution 𝑝(𝑉) can either be 

Ø Uniform.

Ø Proportional to node degrees.

v We use 𝑘 negative sample nodes 𝑣2 ∼ 𝑝 𝑉 to normalize the 
conditional probability instead of normalizing against all nodes 
𝑣0 ∈ 𝑉 in the softmax function.

<latexit sha1_base64="uT6rCnkcCYLnyiijwt/82AHfmNU="></latexit>

L = �
X

vi2V

X

s

X

vj2N(s)
R (vi)

log

 
exp

�
zT
i zj

�
P

vk2V exp
�
zT
i zk

�
!
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v BFS is a classical local search strategy used for computing 
shortest distance between two nodes.
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Walk Strategy

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v BFS is a classical local search strategy used for computing 
shortest distance between two nodes.

v In this approach, we start from a node and label it 0.
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Walk Strategy

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v BFS is a classical local search strategy used for computing 
shortest distance between two nodes.

v In this approach, we start from a node and label it 0.
v Then we go through all neighbors of node 0 and label them 1.
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Walk Strategy

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v BFS is a classical local search strategy used for computing 
shortest distance between two nodes.

v In this approach, we start from a node and label it 0.
v Then we go through all neighbors of node 0 and label them 1.
v Then, we go through all unlabeled neighbors of nodes labeled 

1 and label them 2.
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Walk Strategy

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v BFS is a classical local search strategy used for computing 
shortest distance between two nodes.

v In this approach, we start from a node and label it 0.
v Then we go through all neighbors of node 0 and label them 1.
v Then, we go through all unlabeled neighbors of nodes labeled 

1 and label them 2.
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v BFS and DFS are two ends of local search spectrum.
v In node2vec approach, a biased random walk exploration 

strategy is used to interpolate between BFS-like and DFS-like 
search strategies.
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v BFS and DFS are two ends of local search spectrum.
v In node2vec approach, a biased random walk exploration 

strategy is used to interpolate between BFS-like and DFS-like 
search strategies.

v Consider a walker moving from a node 𝑣! to a neighbor 𝑣*.

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi
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Walk Strategy
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v Consider a walker moving from a node 𝑣! to a neighbor 𝑣*.

v In the next step, walker has the following choices:

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi
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Walk Strategy
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v Consider a walker moving from a node 𝑣! to a neighbor 𝑣*.

v In the next step, walker has the following choices:

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi
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v Consider a walker moving from a node 𝑣! to a neighbor 𝑣*.

v In the next step, walker has the following choices:
Ø Move away to node 𝑣0, where the distance between walker 

and node 𝑣! is 2.

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi
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Walk Strategy
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v Consider a walker moving from a node 𝑣! to a neighbor 𝑣*.

v In the next step, walker has the following choices:
Ø Move away to node 𝑣0, where the distance between walker 

and node 𝑣! is 2.

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi
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v Consider a walker moving from a node 𝑣! to a neighbor 𝑣*.

v In the next step, walker has the following choices:
Ø Move away to node 𝑣0, where the distance between walker 

and node 𝑣! is 2.
Ø Move to node 𝑣2 where the walker stays at distance 1 from 

node 𝑣!.

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi
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Walk Strategy
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v Consider a walker moving from a node 𝑣! to a neighbor 𝑣*.

v In the next step, walker has the following choices:
Ø Move away to node 𝑣0, where the distance between walker 

and node 𝑣! is 2.
Ø Move to node 𝑣2 where the walker stays at distance 1 from 

node 𝑣!.

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi



66

Walk Strategy

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Consider a walker moving from a node 𝑣! to a neighbor 𝑣*.

v In the next step, walker has the following choices:
Ø Move away to node 𝑣0, where the distance between walker 

and node 𝑣! is 2.
Ø Move to node 𝑣2 where the walker stays at distance 1 from 

node 𝑣!.
Ø Move back to node 𝑣!. then the distance between 𝑣! and 

walker is 0.

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi

<latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj
<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi
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v In the node2vec approach, a parameterized random walk 
strategy introduces search bias and guides the random walk.

v Use parameter 𝑝 to control probability of returning to the initial 
point.

v Use parameter 𝑞 to control probability of moving away from 
initial point.

v Using these, the walker has the following probability for 
choosing from the three directions

<latexit sha1_base64="FAKDQxQt1ZdNoDH4s/QYpsA4VNQ="></latexit>8
><

>:

1
p l (vx, vi) = 0

1 l (vx, vi) = 1
1
q l (vx, vi) = 2 <latexit sha1_base64="f5Bf/rcD5uk2O5E/lQ08uesloYo="></latexit>vj

<latexit sha1_base64="tJfB2raJcpvcphkp3SzKvube3fA="></latexit>vi
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v Random walk 
v Random walk embedding
v Random walk embedding with encoder-decoder approach
Ø Negative log likelihood objective
Ø Decoder

v Softmax
v DeepWalk
v Node2Vec
v Negative Sampling
v Breadth-first Search
v Biased Walk Strategy


