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Representation Learning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lecture, we used non-parametric approaches to 
extract features from graphs.

v These features were then fed to a machine learning model to 
perform various tasks.
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Representation Learning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lecture, we used non-parametric approaches to 
extract features from graphs.

v These features were then fed to a machine learning model to 
perform various tasks.

v In this lecture, we discuss methods to discover the 
representation rather than hand-designing them.

v These approaches are referred to as representation learning.
v Learned representations perform better than the hand-

designed features in the downstream learning tasks.
v In this lecture, we discuss learning feature representations for 

nodes.
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Node feature vectors 𝒛!, also called a node embedding, are 
low-dimensional vectors that represent the node on a low-
dimensional space.

v This node embedding codifies the node’s local structure and 
global position within the graph with a vector of real values  
𝒛! ∈ ℝ".
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v Node feature vectors 𝒛!, also called a node embedding, are 
low-dimensional vectors that represent the node on a low-
dimensional space.

v This node embedding codifies the node’s local structure and 
global position within the graph with a vector of real values  
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v With an appropriate latent representation, the distance 
between two node embeddings 𝒛! and 𝒛# should preserve the 
relation between the corresponding nodes 𝑣! and 𝑣#.

v These feature representations are used as inputs to different 
machine learning models to perform different tasks.
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v With an appropriate latent representation, the distance 
between two node embeddings 𝒛! and 𝒛# should preserve the 
relation between the corresponding nodes 𝑣! and 𝑣#.

v These feature representations are used as inputs to different 
machine learning models to perform different tasks.

Ø Node classification
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One approach to construct a graph embedding is through 
concatenating node embeddings
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One approach to construct a graph embedding is through 
concatenating node embeddings

v This graph embedding can be used to perform graph-level 
machine learning tasks.
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One approach to construct a graph embedding is through 
concatenating node embeddings

v This graph embedding can be used to perform graph-level 
machine learning tasks.

<latexit sha1_base64="kSBhtSJcn74eMSP9/yJfGoYvP+Q="></latexit>. . .
<latexit sha1_base64="ARvTEJNHM+YYRq7qbEAi2GvXBB0="></latexit>z1

<latexit sha1_base64="GpDm/4t12H0nqK4eUXGhj5pW5Kg="></latexit>z|V |

<latexit sha1_base64="DQQB+mQlSWniSJ7SUfVuvIqp1+o="></latexit>zi

<latexit sha1_base64="SImIVEp3xy95fK+GeNn/JaCluag="></latexit>

Z

<latexit sha1_base64="xp1AvqhaT1yO++QfsqBAz2Od4EE="></latexit>

Z :

2

66664

2

66664

z11
...
...

z1D

3

77775

· · ·
...
...
· · ·

2

66664

z|V |1
...
...

z|V |D

3

77775

3

77775

<latexit sha1_base64="Ni4vmCBWo2vt+qvsvovlxEtiZro=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqhJUAWMFC2OR6ENqo8hxnNaqY0e2g9SmEX+FhQGEWPkfbPwbnLYDtJxk+XT3ffL5goRRpR3n21pZXVvf2Cxtlbd3dvf27YPDlhKpxKSJBROyEyBFGOWkqalmpJNIguKAkXYwvC389iORigr+oEcJ8WLU5zSiGGkj+fZxLxAsVKPYXNk497NJa5L7dsWpOlPAZeLOSQXM0fDtr14ocBoTrjFDSnVdJ9FehqSmmJG83EsVSRAeoj7pGspRTJSXTdPn8MwoIYyENIdrOFV/b2QoVkVAMxkjPVCLXiH+53VTHV17GeVJqgnHs4eilEEtYFEFDKkkWLORIQhLarJCPEASYW0KK5sS3MUvL5PWRdW9rNbua5X6zbyOEjgBp+AcuOAK1MEdaIAmwGAMnsEreLOerBfr3fqYja5Y850j8AfW5w/chpYm</latexit>z|V |

Graph
Embedding



12

Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One approach to construct a graph embedding is through 
concatenating node embeddings

v This graph embedding can be used to perform graph-level 
machine learning tasks.
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Graph
Embedding

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f
<latexit sha1_base64="ZTT1+0PtMh/ErDX3kzMp7m9ZNxo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRom6EohuXFewD2lAmk2k7dDKJMxOhhn6JGxeKuPVT3Pk3TtMstPXAvRzOuZe5c/yYM6Ud59taWV1b39gsbBW3d3b3Svb+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vhm5rcfqVQsEvd6ElMvxEPBBoxgbaS+XWpUOle9hwQHWTvt22Wn6mRAy8TNSRlyNPr2Vy+ISBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzQ6fohOjBGgQSVNCo0z9vZHiUKlJ6JvJEOuRWvRm4n9eN9GDSy9lIk40FWT+0CDhSEdolgIKmKRE84khmEhmbkVkhCUm2mRVNCG4i19eJq2zqnterd3VyvXrPI4CHMExVMCFC6jDLTSgCQQSeIZXeLOerBfr3fqYj65Y+c4h/IH1+QPPRJKO</latexit>

P (X = )

<latexit sha1_base64="ZTT1+0PtMh/ErDX3kzMp7m9ZNxo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRom6EohuXFewD2lAmk2k7dDKJMxOhhn6JGxeKuPVT3Pk3TtMstPXAvRzOuZe5c/yYM6Ud59taWV1b39gsbBW3d3b3Svb+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vhm5rcfqVQsEvd6ElMvxEPBBoxgbaS+XWpUOle9hwQHWTvt22Wn6mRAy8TNSRlyNPr2Vy+ISBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzQ6fohOjBGgQSVNCo0z9vZHiUKlJ6JvJEOuRWvRm4n9eN9GDSy9lIk40FWT+0CDhSEdolgIKmKRE84khmEhmbkVkhCUm2mRVNCG4i19eJq2zqnterd3VyvXrPI4CHMExVMCFC6jDLTSgCQQSeIZXeLOerBfr3fqYj65Y+c4h/IH1+QPPRJKO</latexit>

P (X = )
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One approach to construct a graph embedding is through 
concatenating node embeddings

v This graph embedding can be used to perform graph-level 
machine learning tasks.

v This, however, is not the best approach to perform this.

<latexit sha1_base64="xp1AvqhaT1yO++QfsqBAz2Od4EE="></latexit>

Z :

2

66664

2

66664

z11
...
...

z1D

3

77775

· · ·
...
...
· · ·

2

66664

z|V |1
...
...

z|V |D

3

77775

3

77775

<latexit sha1_base64="Ni4vmCBWo2vt+qvsvovlxEtiZro=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqhJUAWMFC2OR6ENqo8hxnNaqY0e2g9SmEX+FhQGEWPkfbPwbnLYDtJxk+XT3ffL5goRRpR3n21pZXVvf2Cxtlbd3dvf27YPDlhKpxKSJBROyEyBFGOWkqalmpJNIguKAkXYwvC389iORigr+oEcJ8WLU5zSiGGkj+fZxLxAsVKPYXNk497NJa5L7dsWpOlPAZeLOSQXM0fDtr14ocBoTrjFDSnVdJ9FehqSmmJG83EsVSRAeoj7pGspRTJSXTdPn8MwoIYyENIdrOFV/b2QoVkVAMxkjPVCLXiH+53VTHV17GeVJqgnHs4eilEEtYFEFDKkkWLORIQhLarJCPEASYW0KK5sS3MUvL5PWRdW9rNbua5X6zbyOEjgBp+AcuOAK1MEdaIAmwGAMnsEreLOerBfr3fqYja5Y850j8AfW5w/chpYm</latexit>z|V |

Graph
Embedding
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One standard approach to representation learning is through 
the encoder-decoder architecture. 

v Encoder is a map 𝑓$: 𝒙 → 𝒛 that projects a data point 𝒙 to a 
latent space 𝒁 ⊂ ℝ".

v Through this mapping, 𝒙 is converted to a low-dimensional 
embedding vector 𝒛 ∈ ℝ".

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="eGdb9/dE3+alAVd5BB8SVl5SnoE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8lk0jY0kwxJRqlD/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJYs60cd1vp7Cyura+UdwsbW3v7O6V9w9aWiaK0CaRXKpOgDXlTNCmYYbTTqwojgJO28H4OvPbD1RpJsWdmcTUj/BQsAEj2FjpvhdIHupJZK/0adovV9yqOwNaJl5OKpCj0S9/9UJJkogKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupQJHVPvpLPUUnVglRAOp7BEGzdTfGymOdBbNTkbYjPSil4n/ed3EDC79lIk4MVSQ+UODhCMjUVYBCpmixPCJJZgoZrMiMsIKE2OLKtkSvMUvL5PWWdU7r9Zua5X6VV5HEY7gGE7Bgwuoww00oAkEFDzDK7w5j86L8+58zEcLTr5zCH/gfP4AWUSTFA==</latexit>z<latexit sha1_base64="QxSLA0pMkyrS0e2r/1woIBiWHWM=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcEQmaHWZgwO7uZ6TWQDX/hxYPGePVvvPk3DrAHBSvppFLVne4uP5bCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbmd+84lrIyL1gJOYd0M6UCIQjKKVHjvIx+gH6XjaK5bcsjsHWSVeRkqQodYrfnX6EUtCrpBJakzbc2PsplSjYJJPC53E8JiyER3wtqWKhtx00/nFU3JmlT4JIm1LIZmrvydSGhozCX3bGVIcmmVvJv7ntRMMrrupUHGCXLHFoiCRBCMye5/0heYM5cQSyrSwtxI2pJoytCEVbAje8surpHFR9i7LlftKqXqTxZGHEziFc/DgCqpwBzWoAwMFz/AKb45xXpx352PRmnOymWP4A+fzBynKkUA=</latexit>x
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One standard approach to representation learning is through 
the encoder-decoder architecture. 

v Encoder is a map 𝑓$: 𝒙 → 𝒛 that projects a data point 𝒙 to a 
latent space 𝒁 ⊂ ℝ".

v Through this mapping, 𝒙 is converted to a low-dimensional 
embedding vector 𝒛 ∈ ℝ".

v Decoder is a map 𝑓%: 𝒛 → 𝒙, that reconstructs data point 𝒙 from 
its latent representation 𝒛.

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="eGdb9/dE3+alAVd5BB8SVl5SnoE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8lk0jY0kwxJRqlD/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJYs60cd1vp7Cyura+UdwsbW3v7O6V9w9aWiaK0CaRXKpOgDXlTNCmYYbTTqwojgJO28H4OvPbD1RpJsWdmcTUj/BQsAEj2FjpvhdIHupJZK/0adovV9yqOwNaJl5OKpCj0S9/9UJJkogKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupQJHVPvpLPUUnVglRAOp7BEGzdTfGymOdBbNTkbYjPSil4n/ed3EDC79lIk4MVSQ+UODhCMjUVYBCpmixPCJJZgoZrMiMsIKE2OLKtkSvMUvL5PWWdU7r9Zua5X6VV5HEY7gGE7Bgwuoww00oAkEFDzDK7w5j86L8+58zEcLTr5zCH/gfP4AWUSTFA==</latexit>z<latexit sha1_base64="QxSLA0pMkyrS0e2r/1woIBiWHWM=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcEQmaHWZgwO7uZ6TWQDX/hxYPGePVvvPk3DrAHBSvppFLVne4uP5bCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbmd+84lrIyL1gJOYd0M6UCIQjKKVHjvIx+gH6XjaK5bcsjsHWSVeRkqQodYrfnX6EUtCrpBJakzbc2PsplSjYJJPC53E8JiyER3wtqWKhtx00/nFU3JmlT4JIm1LIZmrvydSGhozCX3bGVIcmmVvJv7ntRMMrrupUHGCXLHFoiCRBCMye5/0heYM5cQSyrSwtxI2pJoytCEVbAje8surpHFR9i7LlftKqXqTxZGHEziFc/DgCqpwBzWoAwMFz/AKb45xXpx352PRmnOymWP4A+fzBynKkUA=</latexit>x

<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="RfHzltUo3zC2ZXQlDa5VTuwAaTs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0oWy2m3bpZhN2J6Ul5J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfXzS1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOM7+d+Z8KU5rF8glnC/IgMJQ85JWCkvm17IwKZB2wKQZhN87xvV52aswBeJ25BqqhAs29/eYOYphGTQAXRuuc6CfgZUcCpYHnFSzVLCB2TIesZKknEtJ8tLs/xhVEGOIyVKQl4of6eyEik9SwKTGdEYKRXvbn4n9dLIbz1My6TFJiky0VhKjDEeB4DHnDFKIiZIYQqbm7FdEQUoWDCqpgQ3NWX10n7quZe1+qP9WrjroijjM7QObpELrpBDfSAmqiFKJqgZ/SK3qzMerHerY9la8kqZk7RH1ifP4KilD4=</latexit>

x̂<latexit sha1_base64="eGdb9/dE3+alAVd5BB8SVl5SnoE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8lk0jY0kwxJRqlD/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJYs60cd1vp7Cyura+UdwsbW3v7O6V9w9aWiaK0CaRXKpOgDXlTNCmYYbTTqwojgJO28H4OvPbD1RpJsWdmcTUj/BQsAEj2FjpvhdIHupJZK/0adovV9yqOwNaJl5OKpCj0S9/9UJJkogKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupQJHVPvpLPUUnVglRAOp7BEGzdTfGymOdBbNTkbYjPSil4n/ed3EDC79lIk4MVSQ+UODhCMjUVYBCpmixPCJJZgoZrMiMsIKE2OLKtkSvMUvL5PWWdU7r9Zua5X6VV5HEY7gGE7Bgwuoww00oAkEFDzDK7w5j86L8+58zEcLTr5zCH/gfP4AWUSTFA==</latexit>z
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v An encoder-decoder architecture trains 𝑓$ and 𝑓%
simultaneously such that the encoder maps 𝒙 to 𝒛 and the 
decoder uses feature vector 𝒛 to reconstruct the original 𝒙

<latexit sha1_base64="qTN3xkG1AJZDM1dU6NmyvBHXnGI=">AAACDnicbVDJSgNBEO1xjXEb9ehlMASSS5iRoF6EoBePEcwCSRh6OjVJk56F7hpJGPIFXvwVLx4U8erZm39jZwE18UHB470qqup5seAKbfvLWFldW9/YzGxlt3d29/bNg8O6ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPrid+4B6l4FN7hKIZOQHsh9zmjqCXXzLf7FNM2whA9Px2Ox5e+2y34LhR+tGLRNXN2yZ7CWibOnOTIHFXX/Gx3I5YEECITVKmWY8fYSalEzgSMs+1EQUzZgPagpWlIA1CddPrO2MprpWv5kdQVojVVf0+kNFBqFHi6M6DYV4veRPzPayXoX3RSHsYJQshmi/xEWBhZk2ysLpfAUIw0oUxyfavF+lRShjrBrA7BWXx5mdRPS85ZqXxbzlWu5nFkyDE5IQXikHNSITekSmqEkQfyRF7Iq/FoPBtvxvusdcWYzxyRPzA+vgHaxZyb</latexit>

x̂ = fd(fe(x))

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="eGdb9/dE3+alAVd5BB8SVl5SnoE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8lk0jY0kwxJRqlD/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJYs60cd1vp7Cyura+UdwsbW3v7O6V9w9aWiaK0CaRXKpOgDXlTNCmYYbTTqwojgJO28H4OvPbD1RpJsWdmcTUj/BQsAEj2FjpvhdIHupJZK/0adovV9yqOwNaJl5OKpCj0S9/9UJJkogKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupQJHVPvpLPUUnVglRAOp7BEGzdTfGymOdBbNTkbYjPSil4n/ed3EDC79lIk4MVSQ+UODhCMjUVYBCpmixPCJJZgoZrMiMsIKE2OLKtkSvMUvL5PWWdU7r9Zua5X6VV5HEY7gGE7Bgwuoww00oAkEFDzDK7w5j86L8+58zEcLTr5zCH/gfP4AWUSTFA==</latexit>z<latexit sha1_base64="QxSLA0pMkyrS0e2r/1woIBiWHWM=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcEQmaHWZgwO7uZ6TWQDX/hxYPGePVvvPk3DrAHBSvppFLVne4uP5bCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbmd+84lrIyL1gJOYd0M6UCIQjKKVHjvIx+gH6XjaK5bcsjsHWSVeRkqQodYrfnX6EUtCrpBJakzbc2PsplSjYJJPC53E8JiyER3wtqWKhtx00/nFU3JmlT4JIm1LIZmrvydSGhozCX3bGVIcmmVvJv7ntRMMrrupUHGCXLHFoiCRBCMye5/0heYM5cQSyrSwtxI2pJoytCEVbAje8surpHFR9i7LlftKqXqTxZGHEziFc/DgCqpwBzWoAwMFz/AKb45xXpx352PRmnOymWP4A+fzBynKkUA=</latexit>x

<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="RfHzltUo3zC2ZXQlDa5VTuwAaTs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0oWy2m3bpZhN2J6Ul5J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfXzS1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOM7+d+Z8KU5rF8glnC/IgMJQ85JWCkvm17IwKZB2wKQZhN87xvV52aswBeJ25BqqhAs29/eYOYphGTQAXRuuc6CfgZUcCpYHnFSzVLCB2TIesZKknEtJ8tLs/xhVEGOIyVKQl4of6eyEik9SwKTGdEYKRXvbn4n9dLIbz1My6TFJiky0VhKjDEeB4DHnDFKIiZIYQqbm7FdEQUoWDCqpgQ3NWX10n7quZe1+qP9WrjroijjM7QObpELrpBDfSAmqiFKJqgZ/SK3qzMerHerY9la8kqZk7RH1ifP4KilD4=</latexit>

x̂
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v An encoder-decoder architecture trains 𝑓$ and 𝑓%
simultaneously such that the encoder maps 𝒙 to 𝒛 and the 
decoder uses feature vector 𝒛 to reconstruct the original 𝒙

v The objective of this architecture is to reconstruct +𝒙 as similar 
as possible to 𝒙.

v This objective can be formulated as minimizing a loss function 
that measures this closeness

<latexit sha1_base64="qTN3xkG1AJZDM1dU6NmyvBHXnGI=">AAACDnicbVDJSgNBEO1xjXEb9ehlMASSS5iRoF6EoBePEcwCSRh6OjVJk56F7hpJGPIFXvwVLx4U8erZm39jZwE18UHB470qqup5seAKbfvLWFldW9/YzGxlt3d29/bNg8O6ihLJoMYiEcmmRxUIHkINOQpoxhJo4AloeIPrid+4B6l4FN7hKIZOQHsh9zmjqCXXzLf7FNM2whA9Px2Ox5e+2y34LhR+tGLRNXN2yZ7CWibOnOTIHFXX/Gx3I5YEECITVKmWY8fYSalEzgSMs+1EQUzZgPagpWlIA1CddPrO2MprpWv5kdQVojVVf0+kNFBqFHi6M6DYV4veRPzPayXoX3RSHsYJQshmi/xEWBhZk2ysLpfAUIw0oUxyfavF+lRShjrBrA7BWXx5mdRPS85ZqXxbzlWu5nFkyDE5IQXikHNSITekSmqEkQfyRF7Iq/FoPBtvxvusdcWYzxyRPzA+vgHaxZyb</latexit>

x̂ = fd(fe(x))

<latexit sha1_base64="VCz8ky2U4RoNN7qwno2mN5X6oDs="></latexit>

L(x, x̂) = L (x, fd (fe(x)))

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="eGdb9/dE3+alAVd5BB8SVl5SnoE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8lk0jY0kwxJRqlD/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJYs60cd1vp7Cyura+UdwsbW3v7O6V9w9aWiaK0CaRXKpOgDXlTNCmYYbTTqwojgJO28H4OvPbD1RpJsWdmcTUj/BQsAEj2FjpvhdIHupJZK/0adovV9yqOwNaJl5OKpCj0S9/9UJJkogKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupQJHVPvpLPUUnVglRAOp7BEGzdTfGymOdBbNTkbYjPSil4n/ed3EDC79lIk4MVSQ+UODhCMjUVYBCpmixPCJJZgoZrMiMsIKE2OLKtkSvMUvL5PWWdU7r9Zua5X6VV5HEY7gGE7Bgwuoww00oAkEFDzDK7w5j86L8+58zEcLTr5zCH/gfP4AWUSTFA==</latexit>z<latexit sha1_base64="QxSLA0pMkyrS0e2r/1woIBiWHWM=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcEQmaHWZgwO7uZ6TWQDX/hxYPGePVvvPk3DrAHBSvppFLVne4uP5bCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbmd+84lrIyL1gJOYd0M6UCIQjKKVHjvIx+gH6XjaK5bcsjsHWSVeRkqQodYrfnX6EUtCrpBJakzbc2PsplSjYJJPC53E8JiyER3wtqWKhtx00/nFU3JmlT4JIm1LIZmrvydSGhozCX3bGVIcmmVvJv7ntRMMrrupUHGCXLHFoiCRBCMye5/0heYM5cQSyrSwtxI2pJoytCEVbAje8surpHFR9i7LlftKqXqTxZGHEziFc/DgCqpwBzWoAwMFz/AKb45xXpx352PRmnOymWP4A+fzBynKkUA=</latexit>x

<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="RfHzltUo3zC2ZXQlDa5VTuwAaTs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0oWy2m3bpZhN2J6Ul5J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfXzS1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOM7+d+Z8KU5rF8glnC/IgMJQ85JWCkvm17IwKZB2wKQZhN87xvV52aswBeJ25BqqhAs29/eYOYphGTQAXRuuc6CfgZUcCpYHnFSzVLCB2TIesZKknEtJ8tLs/xhVEGOIyVKQl4of6eyEik9SwKTGdEYKRXvbn4n9dLIbz1My6TFJiky0VhKjDEeB4DHnDFKIiZIYQqbm7FdEQUoWDCqpgQ3NWX10n7quZe1+qP9WrjroijjM7QObpELrpBDfSAmqiFKJqgZ/SK3qzMerHerY9la8kqZk7RH1ifP4KilD4=</latexit>

x̂
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We formulate learning the node embeddings as an encoder 
decoder problem. 

v In this setting
Ø The encoder 𝑓$: 𝑉 → ℝ", is a function parameterized by 𝜃$

that maps a node 𝑣! ∈ V to embedding vector 𝒛! ∈ ℝ".

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We formulate learning the node embeddings as an encoder 
decoder problem. 

v In this setting
Ø The encoder 𝑓$: 𝑉 → ℝ", is a function parameterized by 𝜃$

that maps a node 𝑣! ∈ V to embedding vector 𝒛! ∈ ℝ".
Ø The decoder 𝑓%: ℝ"×ℝ" → ℝ&, is a function parameterized by 
𝜃% that reconstructs the local structure of the node given its 
embedding.

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To establish the framework, we need to define the following 
elements

Ø Encoder

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
<latexit sha1_base64="l8Z8l7xQoWh076h1iIAZYiPto34="></latexit>

arg min
✓e,✓d

L(S, Ŝ)
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To establish the framework, we need to define the following 
elements

Ø Encoder
Ø Decoder

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
<latexit sha1_base64="l8Z8l7xQoWh076h1iIAZYiPto34="></latexit>

arg min
✓e,✓d

L(S, Ŝ)
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To establish the framework, we need to define the following 
elements

Ø Encoder
Ø Decoder
Ø Measure of similarity

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
<latexit sha1_base64="0ZNhrDFX4TzJ/L9gCEjSC4T7lwg="></latexit>

arg min
✓e,✓d

L(S, Ŝ)
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Encoder-Decoder Approach

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To establish the framework, we need to define the following 
elements

Ø Encoder
Ø Decoder
Ø Measure of similarity
Ø Objective function

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
<latexit sha1_base64="Z522B1xvWM/b2RM22eA0NevdbsM="></latexit>

arg min
✓e,✓d

L(S, Ŝ)
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We rely on shallow embedding method to learn node 
representations.

v In this method, the encoder 𝑓$ is an embedding look up that 
only takes the node index 𝑖 as input and returns an embedding 
𝒛! ∈ ℝ" for the node.

v Given node 𝑣!
<latexit sha1_base64="MjO87gq9BqAxbZ0GKT20/7sKmys=">AAACDHicbVDLSgNBEJz1GeMr6tHLYhDiJexKUEGEoBePEcwDkrDMTnqTIbMPZnoDcckHePFXvHhQxKsf4M2/cTbZgyY2DFNUVdPd5UaCK7Ssb2NpeWV1bT23kd/c2t7ZLeztN1QYSwZ1FopQtlyqQPAA6shRQCuSQH1XQNMd3qR6cwRS8TC4x3EEXZ/2A+5xRlFTTqHYcUPRU2Nff8nDxOFXngOlkcMvOzgApA6c5LXLKlvTMheBnYEiyarmFL46vZDFPgTIBFWqbVsRdhMqkTMBk3wnVhBRNqR9aGsYUB9UN5keMzGPNdMzvVDqF6A5ZX93JNRX6b7a6VMcqHktJf/T2jF6F92EB1GMELDZIC8WJoZmmozZ4xIYirEGlEmudzXZgErKUOeXhmDPn7wIGqdl+6xcuasUq9dZHDlySI5IidjknFTJLamROmHkkTyTV/JmPBkvxrvxMbMuGVnPAflTxucPmwybUA==</latexit>

zi = fe(vi; ✓e)
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We rely on shallow embedding method to learn node 
representations.

v In this method, the encoder 𝑓$ is an embedding look up that 
only takes the node index 𝑖 as input and returns an embedding 
𝒛! ∈ ℝ" for the node.

v Given node 𝑣!

v Given the set of graph nodes 𝑉, encoder 𝑓$ returns an 
embedding dictionary 𝐙 ∈ ℝ|(|×"

<latexit sha1_base64="MjO87gq9BqAxbZ0GKT20/7sKmys=">AAACDHicbVDLSgNBEJz1GeMr6tHLYhDiJexKUEGEoBePEcwDkrDMTnqTIbMPZnoDcckHePFXvHhQxKsf4M2/cTbZgyY2DFNUVdPd5UaCK7Ssb2NpeWV1bT23kd/c2t7ZLeztN1QYSwZ1FopQtlyqQPAA6shRQCuSQH1XQNMd3qR6cwRS8TC4x3EEXZ/2A+5xRlFTTqHYcUPRU2Nff8nDxOFXngOlkcMvOzgApA6c5LXLKlvTMheBnYEiyarmFL46vZDFPgTIBFWqbVsRdhMqkTMBk3wnVhBRNqR9aGsYUB9UN5keMzGPNdMzvVDqF6A5ZX93JNRX6b7a6VMcqHktJf/T2jF6F92EB1GMELDZIC8WJoZmmozZ4xIYirEGlEmudzXZgErKUOeXhmDPn7wIGqdl+6xcuasUq9dZHDlySI5IidjknFTJLamROmHkkTyTV/JmPBkvxrvxMbMuGVnPAflTxucPmwybUA==</latexit>

zi = fe(vi; ✓e)

<latexit sha1_base64="qiyVyriQBATc9Mu0mUdNUCze4pU=">AAACA3icbVDJSgNBEO2JW4zbqDe9DAYhXsKMBBVECHrxGMEsmIShp1OTNOlZ6K4RwxDw4q948aCIV3/Cm39jZzlo4oOCx3tVVNXzYsEV2va3kVlYXFpeya7m1tY3NrfM7Z2aihLJoMoiEcmGRxUIHkIVOQpoxBJo4Amoe/2rkV+/B6l4FN7iIIZ2QLsh9zmjqCXX3GshPKDnp3fDC9+FQu28hT1A6sKRa+btoj2GNU+cKcmTKSqu+dXqRCwJIEQmqFJNx46xnVKJnAkY5lqJgpiyPu1CU9OQBqDa6fiHoXWolY7lR1JXiNZY/T2R0kCpQeDpzoBiT816I/E/r5mgf9ZOeRgnCCGbLPITYWFkjQKxOlwCQzHQhDLJ9a0W61FJGerYcjoEZ/bleVI7LjonxdJNKV++nMaRJfvkgBSIQ05JmVyTCqkSRh7JM3klb8aT8WK8Gx+T1owxndklf2B8/gCGx5dy</latexit>

Z = fe(V ; ✓e)
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Encoder 𝑓$ is a dictionary look up that given node index, 
returns

where 𝒆(!) ∈ 0,1 ( is an indicator vector for node 𝑣!.

<latexit sha1_base64="nXZnbhCbHCsLGhotenoukUQZuX4=">AAACGHicbVDJTgJBEO3BDXFDPXqZSEzwgjOGqBcTohePmMgSAUlPUwMdepZ01xhxMp/hxV/x4kFjvHLzb2yWA4Iv6fTLe1WpqueEgiu0rB8jtbS8srqWXs9sbG5t72R396oqiCSDCgtEIOsOVSC4DxXkKKAeSqCeI6Dm9K9Hfu0RpOKBf4eDEFoe7frc5YyiltrZk6YTiI4aePqLn5M2v2wiPKHjxvfJrAXJQ5znx0k7m7MK1hjmIrGnJEemKLezw2YnYJEHPjJBlWrYVoitmErkTECSaUYKQsr6tAsNTX3qgWrF48MS80grHdMNpH4+mmN1tiOmnhotqCs9ij01743E/7xGhO5FK+Z+GCH4bDLIjYSJgTlKyexwCQzFQBPKJNe7mqxHJWWos8zoEOz5kxdJ9bRgnxWKt8Vc6WoaR5ockEOSJzY5JyVyQ8qkQhh5IW/kg3war8a78WV8T0pTxrRnn/yBMfwFUFuhzw==</latexit>

zi = Ze(i)

<latexit sha1_base64="/M0L40rKytBpFn1jj5RMhP6pxtM="></latexit>

Ze(i) =

2

6666664

2

6666664

z11
...

...
z1D

3

7777775

· · ·
...

...
· · ·

2

6666664

z|V |1
...

...
z|V |D

3

7777775

3

7777775

2

6666664

0
...
1
...
0

3

7777775
=

2

6666664

zi1
...

...
ziD

3

7777775
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Encoder 𝑓$ is a dictionary look up that given node index, 
returns

where 𝒆(!) ∈ 0,1 ( is an indicator vector for node 𝑣!.

<latexit sha1_base64="nXZnbhCbHCsLGhotenoukUQZuX4=">AAACGHicbVDJTgJBEO3BDXFDPXqZSEzwgjOGqBcTohePmMgSAUlPUwMdepZ01xhxMp/hxV/x4kFjvHLzb2yWA4Iv6fTLe1WpqueEgiu0rB8jtbS8srqWXs9sbG5t72R396oqiCSDCgtEIOsOVSC4DxXkKKAeSqCeI6Dm9K9Hfu0RpOKBf4eDEFoe7frc5YyiltrZk6YTiI4aePqLn5M2v2wiPKHjxvfJrAXJQ5znx0k7m7MK1hjmIrGnJEemKLezw2YnYJEHPjJBlWrYVoitmErkTECSaUYKQsr6tAsNTX3qgWrF48MS80grHdMNpH4+mmN1tiOmnhotqCs9ij01743E/7xGhO5FK+Z+GCH4bDLIjYSJgTlKyexwCQzFQBPKJNe7mqxHJWWos8zoEOz5kxdJ9bRgnxWKt8Vc6WoaR5ockEOSJzY5JyVyQ8qkQhh5IW/kg3war8a78WV8T0pTxrRnn/yBMfwFUFuhzw==</latexit>

zi = Ze(i)

<latexit sha1_base64="/M0L40rKytBpFn1jj5RMhP6pxtM="></latexit>

Ze(i) =

2

6666664

2

6666664

z11
...

...
z1D

3

7777775

· · ·
...

...
· · ·

2

6666664

z|V |1
...

...
z|V |D

3

7777775

3

7777775

2

6666664

0
...
1
...
0

3

7777775
=

2

6666664

zi1
...

...
ziD

3

7777775
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Encoder 𝑓$ is a dictionary look up that given node index, 
returns

where 𝒆(!) ∈ 0,1 ( is an indicator vector for node 𝑣!.

<latexit sha1_base64="nXZnbhCbHCsLGhotenoukUQZuX4=">AAACGHicbVDJTgJBEO3BDXFDPXqZSEzwgjOGqBcTohePmMgSAUlPUwMdepZ01xhxMp/hxV/x4kFjvHLzb2yWA4Iv6fTLe1WpqueEgiu0rB8jtbS8srqWXs9sbG5t72R396oqiCSDCgtEIOsOVSC4DxXkKKAeSqCeI6Dm9K9Hfu0RpOKBf4eDEFoe7frc5YyiltrZk6YTiI4aePqLn5M2v2wiPKHjxvfJrAXJQ5znx0k7m7MK1hjmIrGnJEemKLezw2YnYJEHPjJBlWrYVoitmErkTECSaUYKQsr6tAsNTX3qgWrF48MS80grHdMNpH4+mmN1tiOmnhotqCs9ij01743E/7xGhO5FK+Z+GCH4bDLIjYSJgTlKyexwCQzFQBPKJNe7mqxHJWWos8zoEOz5kxdJ9bRgnxWKt8Vc6WoaR5ockEOSJzY5JyVyQ8qkQhh5IW/kg3war8a78WV8T0pTxrRnn/yBMfwFUFuhzw==</latexit>

zi = Ze(i)

<latexit sha1_base64="/M0L40rKytBpFn1jj5RMhP6pxtM="></latexit>

Ze(i) =

2

6666664

2

6666664

z11
...

...
z1D

3

7777775

· · ·
...

...
· · ·

2

6666664

z|V |1
...

...
z|V |D

3

7777775

3

7777775

2

6666664

0
...
1
...
0

3

7777775
=

2

6666664

zi1
...

...
ziD

3

7777775
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Encoder 𝑓$ is a dictionary look up that given node index, 
returns

where 𝒆(!) ∈ 0,1 ( is an indicator vector for node 𝑣!.

v Therefore, embedding 𝒁 is learned as model parameter for 
the encoder 

<latexit sha1_base64="XQz8o3IDayunGhlQVQpOsYoKsXA=">AAAB/HicbVBNS8NAEN3Ur1q/qj16CRbBU0mkqBeh6MVjBfuBTSib7aRdutmE3YlYQv0rXjwo4tUf4s1/4/bjoK0PBh7vzTAzL0gE1+g431ZuZXVtfSO/Wdja3tndK+4fNHWcKgYNFotYtQOqQXAJDeQooJ0ooFEgoBUMryd+6wGU5rG8w1ECfkT7koecUTRSt1jyEB4xCLP78aWHA0DahW6x7FScKexl4s5JmcxR7xa/vF7M0ggkMkG17rhOgn5GFXImYFzwUg0JZUPah46hkkag/Wx6/Ng+NkrPDmNlSqI9VX9PZDTSehQFpjOiONCL3kT8z+ukGF74GZdJiiDZbFGYChtje5KE3eMKGIqRIZQpbm612YAqytDkVTAhuIsvL5PmacU9q1Rvq+Xa1TyOPDkkR+SEuOSc1MgNqZMGYWREnskrebOerBfr3fqYteas+UyJ/IH1+QMvWJUg</latexit>

Z = ✓e

<latexit sha1_base64="nXZnbhCbHCsLGhotenoukUQZuX4=">AAACGHicbVDJTgJBEO3BDXFDPXqZSEzwgjOGqBcTohePmMgSAUlPUwMdepZ01xhxMp/hxV/x4kFjvHLzb2yWA4Iv6fTLe1WpqueEgiu0rB8jtbS8srqWXs9sbG5t72R396oqiCSDCgtEIOsOVSC4DxXkKKAeSqCeI6Dm9K9Hfu0RpOKBf4eDEFoe7frc5YyiltrZk6YTiI4aePqLn5M2v2wiPKHjxvfJrAXJQ5znx0k7m7MK1hjmIrGnJEemKLezw2YnYJEHPjJBlWrYVoitmErkTECSaUYKQsr6tAsNTX3qgWrF48MS80grHdMNpH4+mmN1tiOmnhotqCs9ij01743E/7xGhO5FK+Z+GCH4bDLIjYSJgTlKyexwCQzFQBPKJNe7mqxHJWWos8zoEOz5kxdJ9bRgnxWKt8Vc6WoaR5ockEOSJzY5JyVyQ8qkQhh5IW/kg3war8a78WV8T0pTxrRnn/yBMfwFUFuhzw==</latexit>

zi = Ze(i)

<latexit sha1_base64="/M0L40rKytBpFn1jj5RMhP6pxtM="></latexit>

Ze(i) =

2

6666664

2

6666664

z11
...

...
z1D

3

7777775

· · ·
...

...
· · ·

2

6666664

z|V |1
...

...
z|V |D

3

7777775

3

7777775

2

6666664

0
...
1
...
0

3

7777775
=

2

6666664

zi1
...

...
ziD

3

7777775
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v This type of encoder does not use the local structure or 
neighborhood of the node to yield an embedding.

v Adding this elements leads to . . . 

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
<latexit sha1_base64="Xvg+sXt48hE/zCCdddnKSSpicvI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1ISKeqy6sZlBfuAJpTJdNIOnTyYuRFLCG78FTcuFHHrV7jzb5y2EbT1wIUz59zL3Hu8WHAFlvVlFBYWl5ZXiqultfWNzS1ze6epokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8GvutOyYVj8JbGMXMDUg/5D6nBLTUNfccYPfg+elF5uBjB/8821nXLFsVawI8T+yclFGOetf8dHoRTQIWAhVEqY5txeCmRAKngmUlJ1EsJnRI+qyjaUgCptx0ckKGD7XSw34kdYWAJ+rviZQESo0CT3cGBAZq1huL/3mdBPxzN+VhnAAL6fQjPxEYIjzOA/e4ZBTESBNCJde7YjogklDQqZV0CPbsyfOkeVKxTyvVm2q5dpnHUUT76AAdIRudoRq6RnXUQBQ9oCf0gl6NR+PZeDPep60FI5/ZRX9gfHwD+o2XLQ==</latexit>

A , X

Graph 
Structure

<latexit sha1_base64="3CrxJReYfubUg7qnGLqL1fBGNP0="></latexit>

Z = fe (A; ✓e)

<latexit sha1_base64="vuV3boQKxZBH7+PHQDLEPJwDecM="></latexit>

fe : R|V |⇥|V | ! R|V |⇥D
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v This type of encoder does not use the local structure or 
neighborhood of the node to yield an embedding.

v It also does not use the node features.
v Adding these elements leads to . . . 

<latexit sha1_base64="DEpu21iDLMzJYWVdHDLjuh7fAuw=">AAACR3icbZBLSwMxFIUz9VXra9Slm2ARXJUZKSquioq4rGIf0GlLJs20oZkHyR2lTOffuXHrzr/gxoUiLk0fC217IfBxzr3cm+NGgiuwrDcjs7S8srqWXc9tbG5t75i7e1UVxpKyCg1FKOsuUUzwgFWAg2D1SDLiu4LV3P7VyK89Mql4GDzAIGJNn3QD7nFKQEtts+W12YXjE+i5bnKftpJhdegA95nSkE5ooY1vUkfybg+IlOHT4pbrtG3mrYI1LjwP9hTyaFrltvnqdEIa+ywAKohSDduKoJkQCZwKluacWLGI0D7psobGgOg9zWScQ4qPtNLBXij1CwCP1b8TCfGVGviu7hzdq2a9kbjIa8TgnTcTHkQxsIBOFnmxwBDiUai4wyWjIAYaCJVc34ppj0hCQUef0yHYs1+eh+pJwT4tFO+K+dLlNI4sOkCH6BjZ6AyV0C0qowqi6Bm9o0/0ZbwYH8a38TNpzRjTmX30rzLGLzKRtaI=</latexit>

fe : R|V |⇥|V | ⇥ R|V |⇥F ! R|V |⇥D

<latexit sha1_base64="sriri9ptX6aFlRiCKv0Lrw5RS8Y=">AAACGXicbZDLSgMxFIYzXmu9VV26CRZBQcqMFBVEqLpxWcFqsS1DJj1jQzMXkjNiGeY13Pgqblwo4lJXvo3pDbz9EPjyn3NIzu/FUmi07U9rYnJqemY2N5efX1hcWi6srF7qKFEcajySkap7TIMUIdRQoIR6rIAFnoQrr3var1/dgtIiCi+wF0MrYDeh8AVnaCy3YDcR7tDz0+vsyHdha3w9znbomOvZoeEOIHNh2y0U7ZI9EP0LzgiKZKSqW3hvtiOeBBAil0zrhmPH2EqZQsElZPlmoiFmvMtuoGEwZAHoVjrYLKObxmlTP1LmhEgH7veJlAVa9wLPdAYMO/p3rW/+V2sk6B+0UhHGCULIhw/5iaQY0X5MtC0UcJQ9A4wrYf5KeYcpxtGEmTchOL9X/guXuyVnr1Q+LxcrJ6M4cmSdbJAt4pB9UiFnpEpqhJN78kieyYv1YD1Zr9bbsHXCGs2skR+yPr4Avgmgvw==</latexit>

Z = fe(A,X; ✓e)

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
<latexit sha1_base64="Xvg+sXt48hE/zCCdddnKSSpicvI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1ISKeqy6sZlBfuAJpTJdNIOnTyYuRFLCG78FTcuFHHrV7jzb5y2EbT1wIUz59zL3Hu8WHAFlvVlFBYWl5ZXiqultfWNzS1ze6epokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8GvutOyYVj8JbGMXMDUg/5D6nBLTUNfccYPfg+elF5uBjB/8821nXLFsVawI8T+yclFGOetf8dHoRTQIWAhVEqY5txeCmRAKngmUlJ1EsJnRI+qyjaUgCptx0ckKGD7XSw34kdYWAJ+rviZQESo0CT3cGBAZq1huL/3mdBPxzN+VhnAAL6fQjPxEYIjzOA/e4ZBTESBNCJde7YjogklDQqZV0CPbsyfOkeVKxTyvVm2q5dpnHUUT76AAdIRudoRq6RnXUQBQ9oCf0gl6NR+PZeDPep60FI5/ZRX9gfHwD+o2XLQ==</latexit>

A , X

Graph 
Structure

<latexit sha1_base64="bedpjkHwleiT/jPNeOHQPIAWHnM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi6rHoxWMF+wFNKJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6LrfVmltfWNzq7xd2dnd2z+wD49aOskUgyZLRKI6IdUguIQmchTQSRXQOBTQDkd3M789BqV5Ih9xkkIQ04HkEWcUjdSzbX9IMfcRnjCM8s502rOrbs2dw1klXkGqpECjZ3/5/YRlMUhkgmrd9dwUg5wq5EzAtOJnGlLKRnQAXUMljUEH+fzyqXNmlL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrYkLwll9eJa2LmndVu3y4rNZvizjK5IScknPikWtSJ/ekQZqEkTF5Jq/kzcqtF+vd+li0lqxi5pj8gfX5A1HilB4=</latexit>

X̂
<latexit sha1_base64="n622WvveiXd+lXHrelG1EBFQeic=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mkqMeiF48V7Ae0oWw2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8kixiBJtcis6H4bBac+vuHGiVeAWpQYHWsPo1CGOSCioN4Vjrvucmxs+wMoxwOqsMUk0TTCZ4RPuWSiyo9rP5rTN0ZpUQRbGyJQ2aq78nMiy0norAdgpsxnrZy8X/vH5qohs/YzJJDZVksShKOTIxyh9HIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdK5rHtX9cZDo9a8LeIowwmcwgV4cA1NuIcWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+hNo37</latexit>

f 0
d

Node
Attributes
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Encoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v This type of encoder does not use the local structure or 
neighborhood of the node to yield an embedding.

v It also does not use the node features.
v Adding these elements leads to Graph Neural Network (GNN) 

architectures.

<latexit sha1_base64="DEpu21iDLMzJYWVdHDLjuh7fAuw=">AAACR3icbZBLSwMxFIUz9VXra9Slm2ARXJUZKSquioq4rGIf0GlLJs20oZkHyR2lTOffuXHrzr/gxoUiLk0fC217IfBxzr3cm+NGgiuwrDcjs7S8srqWXc9tbG5t75i7e1UVxpKyCg1FKOsuUUzwgFWAg2D1SDLiu4LV3P7VyK89Mql4GDzAIGJNn3QD7nFKQEtts+W12YXjE+i5bnKftpJhdegA95nSkE5ooY1vUkfybg+IlOHT4pbrtG3mrYI1LjwP9hTyaFrltvnqdEIa+ywAKohSDduKoJkQCZwKluacWLGI0D7psobGgOg9zWScQ4qPtNLBXij1CwCP1b8TCfGVGviu7hzdq2a9kbjIa8TgnTcTHkQxsIBOFnmxwBDiUai4wyWjIAYaCJVc34ppj0hCQUef0yHYs1+eh+pJwT4tFO+K+dLlNI4sOkCH6BjZ6AyV0C0qowqi6Bm9o0/0ZbwYH8a38TNpzRjTmX30rzLGLzKRtaI=</latexit>

fe : R|V |⇥|V | ⇥ R|V |⇥F ! R|V |⇥D

<latexit sha1_base64="sriri9ptX6aFlRiCKv0Lrw5RS8Y=">AAACGXicbZDLSgMxFIYzXmu9VV26CRZBQcqMFBVEqLpxWcFqsS1DJj1jQzMXkjNiGeY13Pgqblwo4lJXvo3pDbz9EPjyn3NIzu/FUmi07U9rYnJqemY2N5efX1hcWi6srF7qKFEcajySkap7TIMUIdRQoIR6rIAFnoQrr3var1/dgtIiCi+wF0MrYDeh8AVnaCy3YDcR7tDz0+vsyHdha3w9znbomOvZoeEOIHNh2y0U7ZI9EP0LzgiKZKSqW3hvtiOeBBAil0zrhmPH2EqZQsElZPlmoiFmvMtuoGEwZAHoVjrYLKObxmlTP1LmhEgH7veJlAVa9wLPdAYMO/p3rW/+V2sk6B+0UhHGCULIhw/5iaQY0X5MtC0UcJQ9A4wrYf5KeYcpxtGEmTchOL9X/guXuyVnr1Q+LxcrJ6M4cmSdbJAt4pB9UiFnpEpqhJN78kieyYv1YD1Zr9bbsHXCGs2skR+yPr4Avgmgvw==</latexit>

Z = fe(A,X; ✓e)

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z
<latexit sha1_base64="q8Rw6m4tnYx+uFliL8whxdZpBt4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Qc0oWy2m3bpZhN2J8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGtzO/M2FK81g+wjRhfkSGkoecEjBS37a9EYHMA/YEQZg95Hnfrjo1Zw68StyCVFGBZt/+8gYxTSMmgQqidc91EvAzooBTwfKKl2qWEDomQ9YzVJKIaT+bX57jM6MMcBgrUxLwXP09kZFI62kUmM6IwEgvezPxP6+XQnjtZ1wmKTBJF4vCVGCI8SwGPOCKURBTQwhV3NyK6YgoQsGEVTEhuMsvr5L2Rc29rNXv69XGTRFHGZ2gU3SOXHSFGugONVELUTRBz+gVvVmZ9WK9Wx+L1pJVzByjP7A+fwBKRJQZ</latexit>

Ŝ
<latexit sha1_base64="Xvg+sXt48hE/zCCdddnKSSpicvI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1ISKeqy6sZlBfuAJpTJdNIOnTyYuRFLCG78FTcuFHHrV7jzb5y2EbT1wIUz59zL3Hu8WHAFlvVlFBYWl5ZXiqultfWNzS1ze6epokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8GvutOyYVj8JbGMXMDUg/5D6nBLTUNfccYPfg+elF5uBjB/8821nXLFsVawI8T+yclFGOetf8dHoRTQIWAhVEqY5txeCmRAKngmUlJ1EsJnRI+qyjaUgCptx0ckKGD7XSw34kdYWAJ+rviZQESo0CT3cGBAZq1huL/3mdBPxzN+VhnAAL6fQjPxEYIjzOA/e4ZBTESBNCJde7YjogklDQqZV0CPbsyfOkeVKxTyvVm2q5dpnHUUT76AAdIRudoRq6RnXUQBQ9oCf0gl6NR+PZeDPep60FI5/ZRX9gfHwD+o2XLQ==</latexit>

A , X

Graph 
Structure

<latexit sha1_base64="bedpjkHwleiT/jPNeOHQPIAWHnM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi6rHoxWMF+wFNKJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6LrfVmltfWNzq7xd2dnd2z+wD49aOskUgyZLRKI6IdUguIQmchTQSRXQOBTQDkd3M789BqV5Ih9xkkIQ04HkEWcUjdSzbX9IMfcRnjCM8s502rOrbs2dw1klXkGqpECjZ3/5/YRlMUhkgmrd9dwUg5wq5EzAtOJnGlLKRnQAXUMljUEH+fzyqXNmlL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrYkLwll9eJa2LmndVu3y4rNZvizjK5IScknPikWtSJ/ekQZqEkTF5Jq/kzcqtF+vd+li0lqxi5pj8gfX5A1HilB4=</latexit>

X̂
<latexit sha1_base64="n622WvveiXd+lXHrelG1EBFQeic=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mkqMeiF48V7Ae0oWw2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8kixiBJtcis6H4bBac+vuHGiVeAWpQYHWsPo1CGOSCioN4Vjrvucmxs+wMoxwOqsMUk0TTCZ4RPuWSiyo9rP5rTN0ZpUQRbGyJQ2aq78nMiy0norAdgpsxnrZy8X/vH5qohs/YzJJDZVksShKOTIxyh9HIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdK5rHtX9cZDo9a8LeIowwmcwgV4cA1NuIcWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+hNo37</latexit>
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Similarity Measure

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The goal of the encoder decoder framework is to reconstruct 
node’s local structure and relationship to other nodes.

v This is done by reconstructing pairwise relationship of the 
nodes in the graph.

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi
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Similarity Measure

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The goal of the encoder decoder framework is to reconstruct 
node’s local structure and relationship to other nodes.

v This is done by reconstructing pairwise relationship of the 
nodes in the graph.

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi
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Similarity Measure

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The goal of the encoder decoder framework is to reconstruct 
node’s local structure and relationship to other nodes.

v This is done by reconstructing pairwise relationship of the 
nodes in the graph.

v Simplest approach would be to reconstruct the neighborhood.

<latexit sha1_base64="4mNktceV+SuItJoigojZpKB6hdE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPaxX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ICjcs=</latexit>

fe
<latexit sha1_base64="cTEZ2fZ01t6yx9W2seprjAn7U0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh6gf9ssVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFAfo3K</latexit>

fd

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi
<latexit sha1_base64="+gnawdfa2xBVFTpRiYGm0HCaWbA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKtgPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRrczvzWmSjMpHs0kpn6EB4KFjGBjpeZ9edxj571iya24c6BV4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE02mhm2gaYzLCA9qxVOCIaj+dXztFZ1bpo1AqW8Kgufp7IsWR1pMosJ0RNkO97M3E/7xOYsJrP2UiTgwVZLEoTDgyEs1eR32mKDF8YgkmitlbERlihYmxARVsCN7yy6ukeVHxLivVh2qpdpPFkYcTOIUyeHAFNbiDOjSAwBM8wyu8OdJ5cd6dj0VrzslmjuEPnM8fw5+OnA==</latexit>

N(vi)

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi
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Similarity Measure

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can reconstruct that by finding the corresponding row of 
the adjacency matrix 𝑨! for a node 𝑣!.
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<latexit sha1_base64="0krd51rS3KeemSQvBi23YN0329Q=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUpQBYwFFsYi0YfURJHjuK1Vx45sB1RFXVj4FRYGEGLlH9j4G5w2A7QcyfLROffq3nvChFGlHefbKi0tr6yuldcrG5tb2zv27l5biVRi0sKCCdkNkSKMctLSVDPSTSRBcchIJxxd537nnkhFBb/T44T4MRpw2qcYaSMF9qEXChapcWy+7HISxNCTdDDUSErxENhVp+ZMAReJW5AqKNAM7C8vEjiNCdeYIaV6rpNoP0NSU8zIpOKliiQIj9CA9AzlKCbKz6ZXTOCxUSLYF9I8ruFU/d2RoVjli5rKGOmhmvdy8T+vl+r+hZ9RnqSacDwb1E8Z1ALmkcCISoI1GxuCsKRmV4iHSCKsTXAVE4I7f/IiaZ/W3LNa/bZebVwVcZTBATgCJ8AF56ABbkATtAAGj+AZvII368l6sd6tj1lpySp69sEfWJ8/Zf2ZKQ==</latexit>

Am !

<latexit sha1_base64="+gnawdfa2xBVFTpRiYGm0HCaWbA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKtgPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRrczvzWmSjMpHs0kpn6EB4KFjGBjpeZ9edxj571iya24c6BV4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE02mhm2gaYzLCA9qxVOCIaj+dXztFZ1bpo1AqW8Kgufp7IsWR1pMosJ0RNkO97M3E/7xOYsJrP2UiTgwVZLEoTDgyEs1eR32mKDF8YgkmitlbERlihYmxARVsCN7yy6ukeVHxLivVh2qpdpPFkYcTOIUyeHAFNbiDOjSAwBM8wyu8OdJ5cd6dj0VrzslmjuEPnM8fw5+OnA==</latexit>

N(vi)

<latexit sha1_base64="v3dIciWNbTr0YeV/wP/nZjg8aM4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK9gOaUjbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuTaiFg94Djh3YgOlAgFo2gl30f+hEGYXU96oleuuFV3BrJMvJxUIEe9V/7y+zFLI66QSWpMx3MT7GZUo2CST0p+anhC2YgOeMdSRSNuutns5gk5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophlfdTKgkRa7YfFGYSoIxmQZA+kJzhnJsCWVa2FsJG1JNGdqYSjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGCTzDK7w5qfPivDsf89aCk88cwh84nz9X95Hl</latexit>

Ai

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi
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Similarity Measure

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can reconstruct that by finding the corresponding row of 
the adjacency matrix 𝑨! for a node 𝑣!.

v Likewise, we can set a transformation of the adjacency matrix 
or any node-node similarity measure 𝑺 discussed in the 
previous lectures as the framework’s reconstruction goal.
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<latexit sha1_base64="0krd51rS3KeemSQvBi23YN0329Q=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUpQBYwFFsYi0YfURJHjuK1Vx45sB1RFXVj4FRYGEGLlH9j4G5w2A7QcyfLROffq3nvChFGlHefbKi0tr6yuldcrG5tb2zv27l5biVRi0sKCCdkNkSKMctLSVDPSTSRBcchIJxxd537nnkhFBb/T44T4MRpw2qcYaSMF9qEXChapcWy+7HISxNCTdDDUSErxENhVp+ZMAReJW5AqKNAM7C8vEjiNCdeYIaV6rpNoP0NSU8zIpOKliiQIj9CA9AzlKCbKz6ZXTOCxUSLYF9I8ruFU/d2RoVjli5rKGOmhmvdy8T+vl+r+hZ9RnqSacDwb1E8Z1ALmkcCISoI1GxuCsKRmV4iHSCKsTXAVE4I7f/IiaZ/W3LNa/bZebVwVcZTBATgCJ8AF56ABbkATtAAGj+AZvII368l6sd6tj1lpySp69sEfWJ8/Zf2ZKQ==</latexit>

Am !

<latexit sha1_base64="+gnawdfa2xBVFTpRiYGm0HCaWbA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKtgPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRrczvzWmSjMpHs0kpn6EB4KFjGBjpeZ9edxj571iya24c6BV4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE02mhm2gaYzLCA9qxVOCIaj+dXztFZ1bpo1AqW8Kgufp7IsWR1pMosJ0RNkO97M3E/7xOYsJrP2UiTgwVZLEoTDgyEs1eR32mKDF8YgkmitlbERlihYmxARVsCN7yy6ukeVHxLivVh2qpdpPFkYcTOIUyeHAFNbiDOjSAwBM8wyu8OdJ5cd6dj0VrzslmjuEPnM8fw5+OnA==</latexit>

N(vi)

<latexit sha1_base64="v3dIciWNbTr0YeV/wP/nZjg8aM4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK9gOaUjbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuTaiFg94Djh3YgOlAgFo2gl30f+hEGYXU96oleuuFV3BrJMvJxUIEe9V/7y+zFLI66QSWpMx3MT7GZUo2CST0p+anhC2YgOeMdSRSNuutns5gk5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophlfdTKgkRa7YfFGYSoIxmQZA+kJzhnJsCWVa2FsJG1JNGdqYSjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGCTzDK7w5qfPivDsf89aCk88cwh84nz9X95Hl</latexit>

Ai

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi
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Decoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Decoder 𝑓% reconstructs the desired similarity measure 𝑺 for 
a neighborhood 𝑁(𝑣!) of node 𝑣! given its latent representation 
𝒛!.

v To reconstruct the matrix-based similarity measures, one 
popular choice for the decoder is to use the inner product of 
the embedding vectors of two nodes 𝑣! and 𝑣#.
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Decoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Decoder 𝑓% reconstructs the desired similarity measure 𝑺 for 
a neighborhood 𝑁(𝑣!) of node 𝑣! given its latent representation 
𝒛!.

v To reconstruct the matrix-based similarity measures, one 
popular choice for the decoder is to use the inner product of 
the embedding vectors of two nodes 𝑣! and 𝑣#.

Ø The decoder 𝑓%: ℝ"×ℝ" → ℝ& uses inner product

to predict the node similarity ;𝑆!# of nodes 𝑣! and 𝑣#.

<latexit sha1_base64="0LxO3IExcxMrjro4c5AGbEB0nQA=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0WoICWRom6EohtxVaEvaGOYTCbt2MmDmYlQQ//JjT/iQhAXirj1H5y0WWjqhWEO55zLvfc4EaNCGsarVlhYXFpeKa6W1tY3Nrf07Z22CGOOSQuHLORdBwnCaEBakkpGuhEnyHcY6Tijy1Tv3BMuaBg05Tgilo8GAfUoRlJRtn7t2W6l74TMFWNffcnDxKZHMMfcHZ7nPbfNvMfWy0bVmBacB2YGyiCrhq0/990Qxz4JJGZIiJ5pRNJKEJcUMzIp9WNBIoRHaEB6CgbIJ8JKpjdP4IFiXOiFXL1Awin7uyNBvkiXU04fyaHIayn5n9aLpXdmJTSIYkkCPBvkxQzKEKYBQpdygiUbK4Awp2pXiIeIIyxVzCUVgpk/eR60j6vmSbV2UyvXL7I4imAP7IMKMMEpqIMr0AAtgMEjeAHv4EN70t60T+1rZi1oWc8u+FPa9w/VOq2D</latexit>

fd(zi, zj) = zT
i zj

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="XW1tqwE8UscHkkU7cB2lR8LuRW8=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUpQBYwVLIxFog+pjSLHcVtTx45sp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W6W19Y3NrfJ2ZWd3b//APjxqK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj29zvTIhUVPAHPU2IH6MhpwOKkTZSYNv9ULBITWNzZU+z4DGwq27NncNZJV5BqlCgGdhf/UjgNCZcY4aU6nluov0MSU0xI7NKP1UkQXiMhqRnKEcxUX42Tz5zzowSOQMhzeHamau/NzIUqzycmYyRHqllLxf/83qpHlz7GeVJqgnHi4cGKXO0cPIanIhKgjWbGoKwpCarg0dIIqxNWRVTgrf85VXSvqh5l7X6fb3auCnqKMMJnMI5eHAFDbiDJrQAwwSe4RXerMx6sd6tj8VoySp2juEPrM8fWEGUIg==</latexit>zj

<latexit sha1_base64="VYegSXrWFWGv9Msy7Nh/i0Rq2IE=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10W2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddK6qvrX1dpjrVK/y+MowhmcwyX4cAN1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP344j68=</latexit>'
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Decoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Some methods rely on distance to quantify the closeness of 
the node embeddings.
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Decoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Some methods rely on distance to quantify the closeness of 
the node embeddings.

Ø The decoder 𝑓%: ℝ"×ℝ" → ℝ& uses a distance function 𝑙

to measure closeness of nodes 𝑣! and 𝑣#.

v The distance between embedding vectors 𝒛! and 𝒛# is 
measured based on the nature of the underlying embedding 
space.

<latexit sha1_base64="jTD8WaONbGi1mnnJshSpFhK7SsI=">AAACQXicjVA7SwNBGNzzGeMrammzGIQEJNxJUBshaGMZwTwgF469vb1kzd6D3e+EeOSv2fgP7OxtLBSxtXEvSaGJhQPLDjPzsd+OGwuuwDSfjYXFpeWV1dxafn1jc2u7sLPbVFEiKWvQSESy7RLFBA9ZAzgI1o4lI4ErWMsdXGZ+645JxaPwBoYx6wakF3KfUwJacgpt3/FswXwo2W4kPDUM9JXejxx+hGeUW1vyXh/K5+If2bJTKJoVcww8T6wpKaIp6k7hyfYimgQsBCqIUh3LjKGbEgmcCjbK24liMaED0mMdTUMSMNVNxw2M8KFWPOxHUp8Q8Fj9OZGSQGXb6WRAoK9mvUz8y+sk4J91Ux7GCbCQTh7yE4Ehwlmd2OOSURBDTQiVXO+KaZ9IQkGXntclWLNfnifN44p1UqleV4u1i2kdObSPDlAJWegU1dAVqqMGougBvaA39G48Gq/Gh/E5iS4Y05k99AvG1zf0vrLn</latexit>

fd (zi, zj) = l(zi, zj)
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Decoder

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Some methods rely on distance to quantify the closeness of 
the node embeddings.

Ø The decoder 𝑓%: ℝ"×ℝ" → ℝ& uses a distance function 𝑙

to measure closeness of nodes 𝑣! and 𝑣#.

v The distance between embedding vectors 𝒛! and 𝒛# is 
measured based on the nature of the underlying embedding 
space.

v For probabilistic similarity measures, where the similarity is in 
the form 𝑝(𝑣#|𝑣!), the decoder should return a probability
using functions like a softmax function.

<latexit sha1_base64="jTD8WaONbGi1mnnJshSpFhK7SsI=">AAACQXicjVA7SwNBGNzzGeMrammzGIQEJNxJUBshaGMZwTwgF469vb1kzd6D3e+EeOSv2fgP7OxtLBSxtXEvSaGJhQPLDjPzsd+OGwuuwDSfjYXFpeWV1dxafn1jc2u7sLPbVFEiKWvQSESy7RLFBA9ZAzgI1o4lI4ErWMsdXGZ+645JxaPwBoYx6wakF3KfUwJacgpt3/FswXwo2W4kPDUM9JXejxx+hGeUW1vyXh/K5+If2bJTKJoVcww8T6wpKaIp6k7hyfYimgQsBCqIUh3LjKGbEgmcCjbK24liMaED0mMdTUMSMNVNxw2M8KFWPOxHUp8Q8Fj9OZGSQGXb6WRAoK9mvUz8y+sk4J91Ux7GCbCQTh7yE4Ehwlmd2OOSURBDTQiVXO+KaZ9IQkGXntclWLNfnifN44p1UqleV4u1i2kdObSPDlAJWegU1dAVqqMGougBvaA39G48Gq/Gh/E5iS4Y05k99AvG1zf0vrLn</latexit>

fd (zi, zj) = l(zi, zj)
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Objective function

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The encoder-decoder framework aims to 
Ø Learn embeddings 𝒁 of nodes 𝑉 using the encoder 𝑓$. 
Ø Reconstruct some user-defined notion of similarity 𝑺

between nodes using the decoder 𝑓%.
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Objective function

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The encoder-decoder framework aims to 
Ø Learn embeddings 𝒁 of nodes 𝑉 using the encoder 𝑓$. 
Ø Reconstruct some user-defined notion of similarity 𝑺

between nodes using the decoder 𝑓%.

v The optimization objective minimizes the discrepancy
between the reconstructed structure @𝑺 and the similarity 
measure 𝑺 over the set of edges 𝐸 in the graph 𝐺.
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Objective function

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The encoder-decoder framework aims to 
Ø Learn embeddings 𝒁 of nodes 𝑉 using the encoder 𝑓$. 
Ø Reconstruct some user-defined notion of similarity 𝑺

between nodes using the decoder 𝑓%.

v The optimization objective minimizes the discrepancy
between the reconstructed structure @𝑺 and the similarity 
measure 𝑺 over the set of edges 𝐸 in the graph 𝐺.

v Mathematically put,

with ℓ:ℝ×ℝ → ℝ.

<latexit sha1_base64="XjpUaXNJFR2Z8TN+gRYKCyQWqEQ="></latexit>

L(S, Ŝ) =
X

"2E

`(Sij , fd(vi, vj))
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Embedding Learning Methods

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Based on the choice of the objective function, decoder, and 
similarity, we can learn different node embeddings.

v Deterministic approaches to learn node embeddings are 
divided into following categories based on decoding:

Ø Distance-based methods
• Laplacian Eigenmaps
• Multi-dimensional Scaling (MDS)
• Non-Euclidean methods

Ø Outer product methods
• Graph Factorization
• GraRep
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Laplacian Eigenmap

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Laplacian Eigenmap or Spectral embedding is a classical 
approach to learn embeddings.

v This approach minimizes the distance between a data point 
with its neighbors in the embedding space.
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Laplacian Eigenmap

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Laplacian Eigenmap or Spectral embedding is a classical 
approach to learn embeddings.

v This approach minimizes the distance between a data point 
with its neighbors in the embedding space.

v This objective function can be formulated as

v Intuitively, when neighboring nodes 𝑣! and 𝑣# have embeddings 
𝑧! and 𝑧# that are distant from each other, loss function 
penalizes the optimization algorithm

<latexit sha1_base64="dqlYSV74nyoBUGGxNTx5Ykz57WQ="></latexit>

L(Z) =
X

i

X

j

Aijkzi � zjk22
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Laplacian Eigenmap

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In an encoder-decoder framework, we reformulate this as
• Decoder

• Loss function

v We can reformulate the decoder 𝑓% as

<latexit sha1_base64="v89HA18NGXC3Rg5fc4tRAfGqHnI="></latexit>

Ŝij = fd(zi, zj) = kzi � zjk22

<latexit sha1_base64="fc8nFwedT0MbnRTJibKQp8uwPkY="></latexit>

L(A, Ŝ) =
X

i

X

j

AijŜij

<latexit sha1_base64="zWo0j7B9SWU3C1rSJ1xNTL4RiGs="></latexit>

kzi � zjk22 =

q
(zi1 � zj1)

2 + · · ·+ (zin � zjn)
2
�2

=z2
i1 + · · ·+ z2

in + z2
j1 + · · ·+ z2

jn

� 2zi1zj1 � · · ·� 2zinzjn

= kzik22 + kzjk22 � 2ziz
T
j
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Laplacian Eigenmap

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Plugging this in the loss equation, we get
<latexit sha1_base64="g/e/boXfITC0uf7tK/9PNK2bHLA="></latexit>

L(A, Ŝ) =
X

i

X

j

Aij

⇣
kzik22 + kzjk22 � 2ziz

T
j

⌘

=
X

i

X

j

Aij kzik22 +
X

i

X

j

Aij kzjk22 � 2
X

i

X

j

Aijziz
T
j

=
X

i

di kzik22 +
X

j

dj kzjk22 � 2
X

i

X

j

Aijziz
T
j

= 2ZTDZ� 2ZTAZ

= 2ZT (D�A)Z
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v Plugging this in the loss equation, we get

v Therefore

<latexit sha1_base64="g/e/boXfITC0uf7tK/9PNK2bHLA="></latexit>

L(A, Ŝ) =
X

i

X

j

Aij

⇣
kzik22 + kzjk22 � 2ziz

T
j

⌘

=
X

i

X

j

Aij kzik22 +
X

i

X

j

Aij kzjk22 � 2
X

i

X

j

Aijziz
T
j

=
X

i

di kzik22 +
X

j

dj kzjk22 � 2
X

i

X

j

Aijziz
T
j

= 2ZTDZ� 2ZTAZ

= 2ZT (D�A)Z

<latexit sha1_base64="F0hDYdRkIdUQp7vbvl2v1Y8bxmk=">AAACJ3icbVDLSsNAFJ34rPUVdelmsCi6KYkUdaMU3bjoQsGq2MQymU7s4GQSZm7EEvI3bvwVN4KK6NI/cVKL7wMD555zL3fuCRLBNTjOqzU0PDI6Nl6aKE9OTc/M2nPzxzpOFWVNGotYnQZEM8ElawIHwU4TxUgUCHYSXO4V/skVU5rH8gh6CfMjciF5yCkBI7XtHS8i0KVEZI181QN2DUGYneVreGV7HX/V50efRSP/prftilN1+sB/iTsgFTTAQdt+8DoxTSMmgQqidct1EvAzooBTwfKyl2qWEHpJLljLUEkipv2sf2eOl43SwWGszJOA++r3iYxEWveiwHQWV+nfXiH+57VSCLf8jMskBSbpx6IwFRhiXISGO1wxCqJnCKGKm79i2iWKUDDRlk0I7u+T/5Lj9aq7Ua0d1ir13UEcJbSIltAqctEmqqN9dICaiKIbdIce0ZN1a91bz9bLR+uQNZhZQD9gvb0D0zymkA==</latexit>

L(Z) = 2ZTLZ
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v Therefore, we rewrite the objective function as

v The reformulated objective function shows that Laplacian 
Eigenmap build upon the spectral clustering ideas to construct 
node embeddings.

v Similar to the spectral clustering, the solution for 𝒁 ⊂ ℝ" is the 
last 𝐷 eigenvectors with non-zero eigenvalues.

<latexit sha1_base64="mAC+rJyXgEcPMMFbPpMu+eTLN30="></latexit>

min ZTLZ

subject to ZTD
�!
1 = 0

ZTDZ = I

<latexit sha1_base64="hue+emS4FMjLBKOMQRZ9nWBAh7k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7IM+KJk004ZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx1IYdN1vp7C2vrG5Vdwu7ezu7R+UD4+aJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zJXea3nrg2IlKPOI15P6QjJQLBKFqp0wspjv0g7cwG5Ypbdecgq8TLSQVy1Aflr94wYknIFTJJjel6boz9lGoUTPJZqZcYHlM2oSPetVTRkJt+Ok88I2dWGZIg0vYpJHP190ZKQ2OmoW8ns4Rm2cvE/7xugsFNPxUqTpArtvgoSCTBiGTnk6HQnKGcWkKZFjYrYWOqKUNbUsmW4C2fvEqaF1Xvqnr5cFmp3eZ1FOEETuEcPLiGGtxDHRrAQMEzvMKbY5wX5935WIwWnHznGP7A+fwB0pGRBw==</latexit>

Z



53

Laplacian Eigenmap

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Therefore, we rewrite the objective function as

v The reformulated objective function shows that Laplacian 
Eigenmap build upon the spectral clustering ideas to construct 
node embeddings.

v Similar to the spectral clustering, the solution for 𝒁 ⊂ ℝ" is the 
last 𝐷 eigenvectors with non-zero eigenvalues.

v While we used adjacency matrix as similarity for the derivation, 
we can use any similarity matrix that has properties of the 
Laplacian 𝑳.

<latexit sha1_base64="mAC+rJyXgEcPMMFbPpMu+eTLN30="></latexit>

min ZTLZ

subject to ZTD
�!
1 = 0

ZTDZ = I

<latexit sha1_base64="hue+emS4FMjLBKOMQRZ9nWBAh7k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7IM+KJk004ZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx1IYdN1vp7C2vrG5Vdwu7ezu7R+UD4+aJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zJXea3nrg2IlKPOI15P6QjJQLBKFqp0wspjv0g7cwG5Ypbdecgq8TLSQVy1Aflr94wYknIFTJJjel6boz9lGoUTPJZqZcYHlM2oSPetVTRkJt+Ok88I2dWGZIg0vYpJHP190ZKQ2OmoW8ns4Rm2cvE/7xugsFNPxUqTpArtvgoSCTBiGTnk6HQnKGcWkKZFjYrYWOqKUNbUsmW4C2fvEqaF1Xvqnr5cFmp3eZ1FOEETuEcPLiGGtxDHRrAQMEzvMKbY5wX5935WIwWnHznGP7A+fwB0pGRBw==</latexit>

Z
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v Another node embedding approach based upon classical 
manifold learning methods is MDS.

v In this approach, the distance between the learned 
embeddings 𝑧! and 𝑧# preserves the dissimilarity between the 
corresponding nodes 𝑣! and 𝑣#.

v The node-node dissimilarity measure 𝑙 is user-defined

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj
<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z

<latexit sha1_base64="ujH/sypijX6iEIYA6TvhqnB//ig=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47g36pUrbtWdg6wSLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUrOrNInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdjeo3h</latexit>vk
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v Another node embedding approach based upon classical 
manifold learning methods is MDS.

v In this approach, the distance between the learned 
embeddings 𝑧! and 𝑧# preserves the dissimilarity between the 
corresponding nodes 𝑣! and 𝑣#.

v The node-node dissimilarity measure 𝑙 is user-defined
Ø Shortest path between two nodes.

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj
<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z

<latexit sha1_base64="ujH/sypijX6iEIYA6TvhqnB//ig=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47g36pUrbtWdg6wSLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUrOrNInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdjeo3h</latexit>vk
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v Another node embedding approach based upon classical 
manifold learning methods is MDS.

v In this approach, the distance between the learned 
embeddings 𝑧! and 𝑧# preserves the dissimilarity between the 
corresponding nodes 𝑣! and 𝑣#.

v The node-node dissimilarity measure 𝑙 is user-defined
Ø Shortest path between two nodes.

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="XW1tqwE8UscHkkU7cB2lR8LuRW8=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUpQBYwVLIxFog+pjSLHcVtTx45sp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W6W19Y3NrfJ2ZWd3b//APjxqK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj29zvTIhUVPAHPU2IH6MhpwOKkTZSYNv9ULBITWNzZU+z4DGwq27NncNZJV5BqlCgGdhf/UjgNCZcY4aU6nluov0MSU0xI7NKP1UkQXiMhqRnKEcxUX42Tz5zzowSOQMhzeHamau/NzIUqzycmYyRHqllLxf/83qpHlz7GeVJqgnHi4cGKXO0cPIanIhKgjWbGoKwpCarg0dIIqxNWRVTgrf85VXSvqh5l7X6fb3auCnqKMMJnMI5eHAFDbiDJrQAwwSe4RXerMx6sd6tj8VoySp2juEPrM8fWEGUIg==</latexit>zj

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
<latexit sha1_base64="JI/uCHiPPXFt94H8rhfKGSnxKYU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAd5EGYnvcmQ2dllplcMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Uw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9vZ37zEbQRkXrASQy9kA2VCARnaKV2F+EJ/SBtT/vFklt256CrxMtIiWSo9Ytf3UHEkxAUcsmM6XhujL2UaRRcwrTQTQzEjI/ZEDqWKhaC6aXzi6f0zCoDGkTalkI6V39PpCw0ZhL6tjNkODLL3kz8z+skGFz3UqHiBEHxxaIgkRQjOnufDoQGjnJiCeNa2FspHzHNONqQCjYEb/nlVdK4KHuX5cp9pVS9yeLIkxNySs6JR65IldyRGqkTThR5Jq/kzTHOi/PufCxac042c0z+wPn8AfwlkSI=</latexit>

Z

<latexit sha1_base64="QDTfxQxr47cIS5Xk4wotk9L0o38=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4088e+XXcazhxolbglqUOJlm9/DcKEZDEVmnCsVN91Uu3lWGpGOJ3VBpmiKSZjPKR9QwWOqfLyefIZOjNKiKJEmiM0mqu/N3IcqyKcmYyxHqllrxD/8/qZjm68nIk001SQxUNRxpFOUFEDCpmkRPOpIZhIZrIiMsISE23KqpkS3OUvr5LORcO9alw+XNabt2UdVTiBUzgHF66hCffQgjYQmMAzvMKblVsv1rv1sRitWOXOMfyB9fkDWcWUIw==</latexit>zk

<latexit sha1_base64="ujH/sypijX6iEIYA6TvhqnB//ig=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47g36pUrbtWdg6wSLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUrOrNInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdjeo3h</latexit>vk
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Multi-Dimensional Scaling

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the encoder-decoder framework, the MDS approach is 
formulated as 

Ø The loss function ℒ is defined as

Ø The decoder 𝑓% is formulated as

Ø The distance matrix 𝑺 can be any method that reflects 
dissimilarity of a pair of nodes on the graph

<latexit sha1_base64="Rg+3rZla/t07LYw4k7P1hu/V+lU="></latexit>

L(S, Ŝ) = kS� Ŝk2F

<latexit sha1_base64="4e2YpyXg2boSRYdRc+wTY914qqE="></latexit>

Ŝij = fd (zi, zj) = kzi � zjk2
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Non-Euclidean methods

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous method, the underlying feature representation 
of the graph is assumed to lie on a Euclidean space.

v That means we use L2 norm to measure the distance
between tow points on the feature space.

v Not all data can best be represented on a Euclidean feature 
space.
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Non-Euclidean methods

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous method, the underlying feature representation 
of the graph is assumed to lie on a Euclidean space.

v That means we use L2 norm to measure the distance
between tow points on the feature space.

v Not all data can best be represented on a Euclidean feature 
space.

v For instance, feature representation for hierarchical graphs
are ideally represented on a hyperbolic space, which has a 
hierarchical structure
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Non-Euclidean methods

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To that end, we need to use a hyperbolic distance, also known 
as Poincaré distance.

v In the encoder-decoder framework, the MDS approach is 
formulated as 
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Non-Euclidean methods

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To that end, we need to use a hyperbolic distance, also known 
as Poincaré distance.

v In the encoder-decoder framework, the MDS approach is 
formulated as 

Ø The decoder 𝑓% is formulated as

Ø The loss function ℒ is defined as

<latexit sha1_base64="GFME7pa/NfABkbu0hRhNdeMNhgU="></latexit>

Ŝij = fd(zi, zj) = lPoincaré (zi, zj) = arcosh

0

@1 + 2
kzi � zjk22⇣

1� kzik22
⌘⇣

1� kzjk22
⌘

1

A

<latexit sha1_base64="9NhFstIGEIW/2I/Ix+7f2+JSt4Y="></latexit>

L(A, Â) =
X

i

X

j

Aij log
exp(�Âij)P

k|Aik=0 exp(�Âik)
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Graph Factorization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v More recent approaches instead use outer product-based 
decoder models.

v The idea is that the dot product of two feature vectors 𝒛! and 
𝒛# measures the similarity of corresponding nodes 𝑣! and 𝑣#.
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Graph Factorization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v More recent approaches instead use outer product-based 
decoder models.

v The idea is that the dot product of two feature vectors 𝒛! and 
𝒛# measures the similarity of corresponding nodes 𝑣! and 𝑣#.

v In this approach, we define the decoder as the inner product of 
the pair of embeddings 

v In matrix notation, this is written as

<latexit sha1_base64="2m00IVFWBkp8q91/QbbO2i2pvfg="></latexit>

Ŝij = fd(zi, zj) = zT
i zj

<latexit sha1_base64="zDdDyxRYraQUv4l9D/37BoJL7QA=">AAACEHicbZC7SgNBFIZn4y2ut1VLm8UgWoVdEbUJBm0sI+aGSQyzk9lkyOyFmbNiWPYRbHwFH8HGQhErwdJGfBsnF1ETfxj4+M85nDm/E3ImwbI+tdTU9MzsXHpeX1hcWl4xVtfKMogEoSUS8EBUHSwpZz4tAQNOq6Gg2HM4rTjdk369ckWFZIFfhF5IGx5u+8xlBIOymsZ2vYMhrgO9BseNz5Mk980XyQ9dFptGxspaA5mTYI8gc/Sq58K7D73QNN7rrYBEHvWBcCxlzbZCaMRYACOcJno9kjTEpIvbtKbQxx6VjXhwUGJuKadluoFQzwdz4P6eiLEnZc9zVKeHoSPHa33zv1otAvewETM/jID6ZLjIjbgJgdlPx2wxQQnwngJMBFN/NUkHC0xAZairEOzxkyehvJu197N7Z1Ymf4yGSqMNtIl2kI0OUB6dogIqIYJu0D16RE/arfagPWsvw9aUNppZR3+kvX0BQfChoQ==</latexit>

Ŝ = ZZT
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Graph Factorization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v More recent approaches instead use outer product-based 
decoder models.

v The idea is that the dot product of two feature vectors 𝒛! and 
𝒛# measures the similarity of corresponding nodes 𝑣! and 𝑣#.

v In this approach, we define the decoder as the inner product of 
the pair of embeddings 

v In matrix notation, this is written as

v The loss function is defined as 

<latexit sha1_base64="2m00IVFWBkp8q91/QbbO2i2pvfg="></latexit>

Ŝij = fd(zi, zj) = zT
i zj

<latexit sha1_base64="zDdDyxRYraQUv4l9D/37BoJL7QA=">AAACEHicbZC7SgNBFIZn4y2ut1VLm8UgWoVdEbUJBm0sI+aGSQyzk9lkyOyFmbNiWPYRbHwFH8HGQhErwdJGfBsnF1ETfxj4+M85nDm/E3ImwbI+tdTU9MzsXHpeX1hcWl4xVtfKMogEoSUS8EBUHSwpZz4tAQNOq6Gg2HM4rTjdk369ckWFZIFfhF5IGx5u+8xlBIOymsZ2vYMhrgO9BseNz5Mk980XyQ9dFptGxspaA5mTYI8gc/Sq58K7D73QNN7rrYBEHvWBcCxlzbZCaMRYACOcJno9kjTEpIvbtKbQxx6VjXhwUGJuKadluoFQzwdz4P6eiLEnZc9zVKeHoSPHa33zv1otAvewETM/jID6ZLjIjbgJgdlPx2wxQQnwngJMBFN/NUkHC0xAZairEOzxkyehvJu197N7Z1Ymf4yGSqMNtIl2kI0OUB6dogIqIYJu0D16RE/arfagPWsvw9aUNppZR3+kvX0BQfChoQ==</latexit>

Ŝ = ZZT

<latexit sha1_base64="m4YMHtUyi5HReAZgxqacSMF83/A="></latexit>

L
⇣
Sij,Ŝij

⌘
=

X

(vi,vj)2E

⇣
Sij � Ŝij

⌘2
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Graph Factorization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The loss function 
<latexit sha1_base64="obDKo2vNZuu+g8uftkzF+k565yo="></latexit>

L
⇣
Sij , Ŝij

⌘
=

X

(vi,vj)2E

⇣
Sij � Ŝij

⌘2

=
X

i

X

j

Aij

⇣
Sij � Ŝij

⌘2
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Graph Factorization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The loss function 

v In matrix notation, the loss function can be expressed as

<latexit sha1_base64="obDKo2vNZuu+g8uftkzF+k565yo="></latexit>

L
⇣
Sij , Ŝij

⌘
=

X

(vi,vj)2E

⇣
Sij � Ŝij

⌘2

=
X

i

X

j

Aij

⇣
Sij � Ŝij

⌘2

<latexit sha1_base64="4UFA0rS0Dhq7Xb5oITZtllE26dY="></latexit>

L(S, Ŝ) =
���A� (S� Ŝ)

���
2

F
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Graph Factorization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The loss function 

v In matrix notation, the loss function can be expressed as

v Therefore, the solution to this minimization problem can be
found through a matrix factorization approach.

v We can find the optimal 𝒁 through matrix factorization 
approaches such as SVD.

<latexit sha1_base64="obDKo2vNZuu+g8uftkzF+k565yo="></latexit>

L
⇣
Sij , Ŝij

⌘
=

X

(vi,vj)2E

⇣
Sij � Ŝij

⌘2

=
X

i

X

j

Aij

⇣
Sij � Ŝij

⌘2

<latexit sha1_base64="4UFA0rS0Dhq7Xb5oITZtllE26dY="></latexit>

L(S, Ŝ) =
���A� (S� Ŝ)

���
2

F

<latexit sha1_base64="EhWUHpkG5xVCOn40CiwjvPaGv6A=">AAACIXicbZDLSsNAFIYn9VbrLerSTbAIrkoiRbsRim5cVuwNm1om00k7dHJh5kRaQl7Fja/ixoUi3Ykv47SNVFt/GPj4zzmcOb8TcibBND+1zMrq2vpGdjO3tb2zu6fvH9RlEAlCayTggWg6WFLOfFoDBpw2Q0Gx53DacAbXk3rjkQrJAr8Ko5C2PdzzmcsIBmV19JLdxxDbQIfguPFdklz+8H0yp4eqjcNQBMN5Y0fPmwVzKmMZrBTyKFWlo4/tbkAij/pAOJayZZkhtGMsgBFOk5wdSRpiMsA92lLoY4/Kdjy9MDFOlNM13ECo54MxdX9PxNiTcuQ5qtPD0JeLtYn5X60VgVtqx8wPI6A+mS1yI25AYEziMrpMUAJ8pAATwdRfDdLHAhNQoeZUCNbiyctQPytY54XibTFfvkrjyKIjdIxOkYUuUBndoAqqIYKe0At6Q+/as/aqfWjjWWtGS2cO0R9pX9+FvqY4</latexit>

Ŝ = ZZT ⇡ S
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GraRep

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One downside of the approached discussed so far is that they 
reconstruct a symmetric similarity measure.

v This limits use of these approaches in the directed graphs. 
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GraRep

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One downside of the approached discussed so far is that they 
reconstruct a symmetric similarity measure.

v This limits use of these approaches in the directed graphs. 

v The similarity measure used by GraRep model resolves this 
issue.

v This approach defines the similarity measure between to 
nodes as probability value of transition from 𝑣! to 𝑣#.

v In matrix notation

<latexit sha1_base64="pPPw6s7D+uUei3VgcEaq4mp1GeA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkqBuh6sZlBfuANoTJZNKOnUzCzEQoIeDGX3HjQhG3/oQ7/8ZJmoVWD1w4c869zL3HixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK/d0+EpBG/VdOYOCEacRpQjJSWXHOv7ab0LjsfBgLh9KJ4ZKnv0qzmmnWrYRWAf4ldkjoo0XbNz6Ef4SQkXGGGpBzYVqycFAlFMSNZbZhIEiM8QSMy0JSjkEgnLW7I4KFWfBhEQhdXsFB/TqQolHIaerozRGos571c/M8bJCo4c1LK40QRjmcfBQmDKoJ5INCngmDFppogLKjeFeIx0mkoHVsegj1/8l/SPW7YJ43mTbPeuizjqIJ9cACOgA1OQQtcgzboAAwewBN4Aa/Go/FsvBnvs9aKUc7sgl8wPr4BVEOX+A==</latexit>

Pij =
Aij

di

<latexit sha1_base64="cx0n9kSK+T1KDvxcLqasiUo+2bg=">AAACEHicbZDLSsNAFIYn9VbrLerSzWAR3VgSKepGqJeFywr2Am0sk+mkHTq5MHMilpBHcOOruHGhiFuX7nwbkzaKtv4w8M1/zmHm/HYguALD+NRyM7Nz8wv5xcLS8srqmr6+UVd+KCmrUV/4smkTxQT3WA04CNYMJCOuLVjDHpyn9cYtk4r73jUMA2a5pOdxh1MCidXRd9vA7sB2omp8gr/5Ir6J9s34534aFzp60SgZI+FpMDMookzVjv7R7vo0dJkHVBClWqYRgBURCZwKFhfaoWIBoQPSY60EPeIyZUWjhWK8kzhd7PgyOR7gkft7IiKuUkPXTjpdAn01WUvN/2qtEJxjK+JeEALz6PghJxQYfJymg7tcMgpimAChkid/xbRPJKGQZJiGYE6uPA31g5J5WCpflYuVsyyOPNpC22gPmegIVdAlqqIaougePaJn9KI9aE/aq/Y2bs1p2cwm+iPt/QuVq5zt</latexit>

P = D�1A
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GraRep

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can leverage this to capture 𝒌 −step transition 
probability from 𝑣! to 𝑣# as

v By using 𝑷, as the reconstruction goal, the learned embedding 
will capture k-step relations between the two nodes.

<latexit sha1_base64="7JCZG7/uKoDGBc6kmQEp/2Hymjo=">AAACFHicbVDJSgNBEO1xjXGLevTSGARBDDMS1IsQl4PHCGaBbPR0epJmeha6a8QwzEd48Ve8eFDEqwdv/o2dZBRNfNDw6r0qquvZoeAKTPPTmJmdm19YzCxll1dW19ZzG5tVFUSSsgoNRCDrNlFMcJ9VgINg9VAy4tmC1Wz3YujXbplUPPBvYBCylkd6Pnc4JaClTm6/CewObCcuJ233FH9Xl0k7PnCTn/pMu9lOLm8WzBHwNLFSkkcpyp3cR7Mb0MhjPlBBlGpYZgitmEjgVLAk24wUCwl1SY81NPWJx1QrHh2V4F2tdLETSP18wCP190RMPKUGnq07PQJ9NekNxf+8RgTOSSvmfhgB8+l4kRMJDAEeJoS7XDIKYqAJoZLrv2LaJ5JQ0DkOQ7AmT54m1cOCdVQoXhfzpfM0jgzaRjtoD1noGJXQFSqjCqLoHj2iZ/RiPBhPxqvxNm6dMdKZLfQHxvsXJ1We4Q==</latexit>

Pk = D�kAk
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GraRep

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can leverage this to capture 𝒌 −step transition 
probability from 𝑣! to 𝑣# as

v By using 𝑷, as the reconstruction goal, the learned embedding 
will capture k-step relations between the two nodes.

v GraRep defines 𝐾 different reconstruction goals 𝑷, with       
𝑘 = 1,… , 𝐾 to learn embeddings capturing different k-step 
transition probability 

<latexit sha1_base64="7JCZG7/uKoDGBc6kmQEp/2Hymjo=">AAACFHicbVDJSgNBEO1xjXGLevTSGARBDDMS1IsQl4PHCGaBbPR0epJmeha6a8QwzEd48Ve8eFDEqwdv/o2dZBRNfNDw6r0qquvZoeAKTPPTmJmdm19YzCxll1dW19ZzG5tVFUSSsgoNRCDrNlFMcJ9VgINg9VAy4tmC1Wz3YujXbplUPPBvYBCylkd6Pnc4JaClTm6/CewObCcuJ233FH9Xl0k7PnCTn/pMu9lOLm8WzBHwNLFSkkcpyp3cR7Mb0MhjPlBBlGpYZgitmEjgVLAk24wUCwl1SY81NPWJx1QrHh2V4F2tdLETSP18wCP190RMPKUGnq07PQJ9NekNxf+8RgTOSSvmfhgB8+l4kRMJDAEeJoS7XDIKYqAJoZLrv2LaJ5JQ0DkOQ7AmT54m1cOCdVQoXhfzpfM0jgzaRjtoD1noGJXQFSqjCqLoHj2iZ/RiPBhPxqvxNm6dMdKZLfQHxvsXJ1We4Q==</latexit>

Pk = D�kAk

<latexit sha1_base64="tXSUfO2qXWgLiCT1plgiVii6Ziw="></latexit>

Lk(P, P̂) =
���Pk � P̂(k)

���
2

F
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GraRep

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can leverage this to capture 𝒌 −step transition 
probability from 𝑣! to 𝑣# as

v By using 𝑷, as the reconstruction goal, the learned embedding 
will capture k-step relations between the two nodes.

v GraRep defines 𝐾 different reconstruction goals 𝑷, with       
𝑘 = 1,… , 𝐾 to learn embeddings capturing different k-step 
transition probability 

v Using matrix factorization, minimizing ℒ has the solution

<latexit sha1_base64="7JCZG7/uKoDGBc6kmQEp/2Hymjo=">AAACFHicbVDJSgNBEO1xjXGLevTSGARBDDMS1IsQl4PHCGaBbPR0epJmeha6a8QwzEd48Ve8eFDEqwdv/o2dZBRNfNDw6r0qquvZoeAKTPPTmJmdm19YzCxll1dW19ZzG5tVFUSSsgoNRCDrNlFMcJ9VgINg9VAy4tmC1Wz3YujXbplUPPBvYBCylkd6Pnc4JaClTm6/CewObCcuJ233FH9Xl0k7PnCTn/pMu9lOLm8WzBHwNLFSkkcpyp3cR7Mb0MhjPlBBlGpYZgitmEjgVLAk24wUCwl1SY81NPWJx1QrHh2V4F2tdLETSP18wCP190RMPKUGnq07PQJ9NekNxf+8RgTOSSvmfhgB8+l4kRMJDAEeJoS7XDIKYqAJoZLrv2LaJ5JQ0DkOQ7AmT54m1cOCdVQoXhfzpfM0jgzaRjtoD1noGJXQFSqjCqLoHj2iZ/RiPBhPxqvxNm6dMdKZLfQHxvsXJ1We4Q==</latexit>

Pk = D�kAk

<latexit sha1_base64="tXSUfO2qXWgLiCT1plgiVii6Ziw="></latexit>

Lk(P, P̂) =
���Pk � P̂(k)

���
2

F

<latexit sha1_base64="K0ytmSgUbqT3mmS13AcOJTfIK5E=">AAACL3icbVDLSsNAFJ3UV62vqks3wSLUTUmkqBuhKIjLCn1h05bJdNIOmTyYuZGWkD9y4690I6KIW//C6UOsrQcGDufcw5177JAzCYbxqqVWVtfWN9Kbma3tnd297P5BTQaRILRKAh6Iho0l5cynVWDAaSMUFHs2p3XbvRn79UcqJAv8CgxD2vJwz2cOIxiU1MneWn0MsQV0ALYTl5OkHefd0+TqR3lIOnKOQ7ti4TAUweA30o7dpJPNGQVjAn2ZmDOSQzOUO9mR1Q1I5FEfCMdSNk0jhFaMBTDCaZKxIklDTFzco01FfexR2Yon9yb6iVK6uhMI9XzQJ+p8IsaelEPPVpMehr5c9Mbif14zAueyFTM/jID6ZLrIibgOgT4uT+8yQQnwoSKYCKb+qpM+FpiAqjijSjAXT14mtbOCeV4o3hdzpetZHWl0hI5RHpnoApXQHSqjKiLoCY3QG3rXnrUX7UP7nI6mtFnmEP2B9vUNKjysNg==</latexit>

P̂
(k)

= ZsZ
T
t ⇡ Pk



73

GraRep

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given the asymmetric reconstruction goal 𝑷,, the decoder is 
the outer product of two embedding matrices. 

<latexit sha1_base64="HgKVm29dPl4CPdY3ckUULDwI7/w=">AAACG3icbVDLSgMxFM34rPVVdekmWIS6KTOlqBuh6MZlhb6wMy2ZNNOGZh4kd4QyzH+48VfcuFDEleDCvzF9CLX1QODknHu59x43ElyBaX4bK6tr6xubma3s9s7u3n7u4LChwlhSVqehCGXLJYoJHrA6cBCsFUlGfFewpju8GfvNByYVD4MajCLm+KQfcI9TAlrq5kr2gEBi+wQGrpdU07STFIZn6dWvcp92FZ77QKfWzeXNojkBXibWjOTRDNVu7tPuhTT2WQBUEKXalhmBkxAJnAqWZu1YsYjQIemztqYB8ZlyksltKT7VSg97odQvADxR5zsS4is18l1dOd5SLXpj8T+vHYN36SQ8iGJgAZ0O8mKBIcTjoHCPS0ZBjDQhVHK9K6YDIgkFHWdWh2AtnrxMGqWidV4s35XzletZHBl0jE5QAVnoAlXQLaqiOqLoET2jV/RmPBkvxrvxMS1dMWY9R+gPjK8fgM2iVQ==</latexit>

P̂(k) = ZsZ
T
t
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GraRep
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v Given the asymmetric reconstruction goal 𝑷,, the decoder is 
the outer product of two embedding matrices. 

v For a pair of embeddings, decoder is defined as

Where the embedding is defined separately for source node 
and target node:
Ø The first embedding 𝑧!,./012$ corresponds to the source

node 𝑣!.
Ø the second one 𝑧#,3415$3 correspond to the destination node 
𝑣#.

<latexit sha1_base64="DY6BZHBuWrKtJzsVijbxXyDO1rg="></latexit>

fd(z
(k)
i,Source, z

(k)
j,Target) = z(k),T

i,Sourcez
(k)
j,Target

<latexit sha1_base64="HgKVm29dPl4CPdY3ckUULDwI7/w=">AAACG3icbVDLSgMxFM34rPVVdekmWIS6KTOlqBuh6MZlhb6wMy2ZNNOGZh4kd4QyzH+48VfcuFDEleDCvzF9CLX1QODknHu59x43ElyBaX4bK6tr6xubma3s9s7u3n7u4LChwlhSVqehCGXLJYoJHrA6cBCsFUlGfFewpju8GfvNByYVD4MajCLm+KQfcI9TAlrq5kr2gEBi+wQGrpdU07STFIZn6dWvcp92FZ77QKfWzeXNojkBXibWjOTRDNVu7tPuhTT2WQBUEKXalhmBkxAJnAqWZu1YsYjQIemztqYB8ZlyksltKT7VSg97odQvADxR5zsS4is18l1dOd5SLXpj8T+vHYN36SQ8iGJgAZ0O8mKBIcTjoHCPS0ZBjDQhVHK9K6YDIgkFHWdWh2AtnrxMGqWidV4s35XzletZHBl0jE5QAVnoAlXQLaqiOqLoET2jV/RmPBkvxrvxMS1dMWY9R+gPjK8fgM2iVQ==</latexit>

P̂(k) = ZsZ
T
t
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v Minimizing each loss function

Learns embeddings that capture 𝒌 −step transition 
probabilities.

<latexit sha1_base64="tXSUfO2qXWgLiCT1plgiVii6Ziw="></latexit>

Lk(P, P̂) =
���Pk � P̂(k)

���
2

F
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v Minimizing each loss function

Learns embeddings that capture 𝒌 −step transition 
probabilities.

v GraRep solves this problem for 𝑲 matrices 𝑷,, where          
𝑘 = 1,… , 𝐾.

<latexit sha1_base64="tXSUfO2qXWgLiCT1plgiVii6Ziw="></latexit>

Lk(P, P̂) =
���Pk � P̂(k)

���
2

F
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v Minimizing each loss function

Learns embeddings that capture 𝒌 −step transition 
probabilities.

v GraRep solves this problem for 𝑲 matrices 𝑷,, where          
𝑘 = 1,… , 𝐾.

v Then, the node embeddings for source and target nodes are 
constructed by concatenating the embeddings learned from 
each 𝑘 −step transition matrix.

<latexit sha1_base64="tXSUfO2qXWgLiCT1plgiVii6Ziw="></latexit>

Lk(P, P̂) =
���Pk � P̂(k)

���
2

F

<latexit sha1_base64="HlX1LgW1m4Fz4F9wzKi/8K3sIQo="></latexit>

Zsource =
h
Z(1)

source | . . . |Z(k)
source

i

<latexit sha1_base64="qdGwYVsEgsy6d4tSEd33QiqdVxw="></latexit>

Ztarget =
h
Z(1)

target | . . . |Z
(k)
target

i
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v Learning Node embedding

v Encoder-Decoder framework

v Encoder

v Similarity Measure

v Decoder

v Reconstruction Objective

v Deterministic approaches to learning node embeddings



79

Summary

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Deterministic approaches to learning node embeddings

Ø Distance-based methods

• Laplacian Eigenmaps

• Multi-dimensional Scaling (MDS)

• Non-Euclidean methods

Ø Outer product methods

• Graph Factorization

• GraRep


