
Clustering in Graphs

ACMS 80770: Deep Learning with Graphs
Instructor: Navid Shervani-Tabar

Department of Applied and Comp Math and Stats



2

Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem divides the graph into K clusters 
𝒜! and 𝒜" such that 𝒜! ∪𝒜" = 𝑉 and 𝒜! ∩𝒜" = ∅ if 𝑖 ≠ j.
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Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem divides the graph into K clusters 
𝒜! and 𝒜" such that 𝒜! ∪𝒜" = 𝑉 and 𝒜! ∩𝒜" = ∅ if 𝑖 ≠ j.

Ø Zoltan, by Sandia National Lab, is a library for load balancing 
in parallel computing for unstructured and adaptive mesh.

Adaptive Wavelet
Collocation Method
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Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem divides the graph into K clusters 
𝒜! and 𝒜" such that 𝒜! ∪𝒜" = 𝑉 and 𝒜! ∩𝒜" = ∅ if 𝑖 ≠ j.

Ø Zoltan, by Sandia National Lab, is a library for load balancing 
in parallel computing for unstructured and adaptive mesh.

v Zoltan performs graph and hypergraph partitioning to distribute 
computational load.

Ø Graph: data objects are nodes and pairwise data 
dependency are edges.

Ø Hypergraph: data objects are nodes and dependencies 
among set of data objects are hyper-edges.
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Cut Set

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Node cut set: For any pair of nodes A and B in the graph, a 
node cut set is a set of nodes that if removed (along with their 
incident edges) will disconnect A and B.

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3
<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B
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Cut Set

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Node cut set: For any pair of nodes A and B in the graph, a 
node cut set is a set of nodes that if removed (along with their 
incident edges) will disconnect A and B.

Ø {𝑣#, 𝑣$}

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3
<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B
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Cut Set

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Node cut set: For any pair of nodes A and B in the graph, a 
node cut set is a set of nodes that if removed (along with their 
incident edges) will disconnect A and B.

Ø {𝑣#, 𝑣$}

v Edge cut set: The set of edges that if removed, it will 
disconnect specified nodes A and B.

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3
<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3
<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B
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Cut Set

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Node cut set: For any pair of nodes A and B in the graph, a 
node cut set is a set of nodes that if removed (along with their 
incident edges) will disconnect A and B.

Ø {𝑣#, 𝑣$}

v Edge cut set: The set of edges that if removed, it will 
disconnect specified nodes A and B.

Ø {(𝑣%, 𝑣#), (𝑣$, 𝑣&)}

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3
<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3
<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B
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Cut Set

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Cut sets are not unique.

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3

<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="Vx17vpUuOe1Mymv9gb2X5BrXIdI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDu5nfHKHSPJZPZpygH9G+5CFn1FjpcdS97BZLbtmdg6wSLyMlyFDrFr86vZilEUrDBNW67bmJ8SdUGc4ETgudVGNC2ZD2sW2ppBFqfzI/dUrOrNIjYaxsSUPm6u+JCY20HkeB7YyoGehlbyb+57VTE974Ey6T1KBki0VhKoiJyexv0uMKmRFjSyhT3N5K2IAqyoxNp2BD8JZfXiWNi7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQR0Y9OEZXuHNEc6L8+58LFpzTjZzDH/gfP4AEaKNqw==</latexit>v5
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Cut Set

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Cut sets are not unique.

Ø {𝑣#, 𝑣'}

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3

<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="Vx17vpUuOe1Mymv9gb2X5BrXIdI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDu5nfHKHSPJZPZpygH9G+5CFn1FjpcdS97BZLbtmdg6wSLyMlyFDrFr86vZilEUrDBNW67bmJ8SdUGc4ETgudVGNC2ZD2sW2ppBFqfzI/dUrOrNIjYaxsSUPm6u+JCY20HkeB7YyoGehlbyb+57VTE974Ey6T1KBki0VhKoiJyexv0uMKmRFjSyhT3N5K2IAqyoxNp2BD8JZfXiWNi7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQR0Y9OEZXuHNEc6L8+58LFpzTjZzDH/gfP4AEaKNqw==</latexit>v5



11

Cut Set

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Cut sets are not unique.

Ø {𝑣#, 𝑣'}, {𝑣%}

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3

<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="Vx17vpUuOe1Mymv9gb2X5BrXIdI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDu5nfHKHSPJZPZpygH9G+5CFn1FjpcdS97BZLbtmdg6wSLyMlyFDrFr86vZilEUrDBNW67bmJ8SdUGc4ETgudVGNC2ZD2sW2ppBFqfzI/dUrOrNIjYaxsSUPm6u+JCY20HkeB7YyoGehlbyb+57VTE974Ey6T1KBki0VhKoiJyexv0uMKmRFjSyhT3N5K2IAqyoxNp2BD8JZfXiWNi7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQR0Y9OEZXuHNEc6L8+58LFpzTjZzDH/gfP4AEaKNqw==</latexit>v5
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Minimum Cut Set

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Cut sets are not unique.

Ø {𝑣#, 𝑣'}, {𝑣%}

v Minimum cut set: is the minimal set of nodes whose removal 
will disconnect a pair of nodes A and B in the graph.

Ø 𝑣%

<latexit sha1_base64="xRFvcCAHe3sdZK6o49MLG0zyJbM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMLko2n</latexit>v1
<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

<latexit sha1_base64="b2tEeKlWWv/DNO1wXN9nzf05O4M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpedoslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7KlceKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADpqNqQ==</latexit>v3

<latexit sha1_base64="hO320iBa8sEmbXNNilQxEqLdr0Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LindVqT5Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEQHo2q</latexit>v4

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="Vx17vpUuOe1Mymv9gb2X5BrXIdI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDu5nfHKHSPJZPZpygH9G+5CFn1FjpcdS97BZLbtmdg6wSLyMlyFDrFr86vZilEUrDBNW67bmJ8SdUGc4ETgudVGNC2ZD2sW2ppBFqfzI/dUrOrNIjYaxsSUPm6u+JCY20HkeB7YyoGehlbyb+57VTE974Ey6T1KBki0VhKoiJyexv0uMKmRFjSyhT3N5K2IAqyoxNp2BD8JZfXiWNi7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQR0Y9OEZXuHNEc6L8+58LFpzTjZzDH/gfP4AEaKNqw==</latexit>v5



13

Cut Size

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One graph partitioning strategy is to divide the graph into 𝐾
clusters such that the edge cut size is minimized.

Ø Minimize data passing across 2 processing units.
v We define a cut size as

v Consider partitioning a graph into 2 clusters, such that 
<latexit sha1_base64="0ut5Tph11u4/hKT+CY6xZVhHlb0="></latexit>

si =

(
1 vi 2 A1

�1 vi 2 A2

<latexit sha1_base64="OgN3QNtmO99OrFeD1XcpAddBm1s="></latexit>

R (A1, . . . ,AK) =
1

2

KX

k=1

���(vi, vj) 2 E | vi 2 Ak, vj 2 Āk

 ��

=
1

2

KX

k=1

X

vi2Ak

X

vj2Āk

Aij
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Cut Size

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Then the indicator function

shows if 2 nodes belong to different clusters
v We rewrite the cut size as

v The clustering problem boils down to finding vector 𝒔.

<latexit sha1_base64="yHyFIvSel892F2zTOI+hHxBcX2U="></latexit>

1

2
(1� sisj) =

(
0 vi, vj 2 A1 or vi, vj 2 A2

1 vi 2 A1, vj 2 A2 or vj 2 A1, vi 2 A2

<latexit sha1_base64="8fU0rwIu/UR9eB8AJRHGyvYXGDA="></latexit>

R (A1,A2) =
1

2

2X

k=1

X

vi2Ak

X

vj2Ak

Aij

=
1

4

X

vi2V

X

vj2V

Aij (1� sisj)
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Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem can be formulated as minimizing 
the edge cut set, AKA mincut problem

v This formulation often does not yield optimal clusters

<latexit sha1_base64="wkUbseIUh1GBmMCt4E7sXr/SdCQ=">AAACLHicbVDLSgMxFM34rPU16tJNsAgVpMxIUZfVbgQ3VewDOmXIpGkbmskMyR2hDP0gN/6KIC4s4tbvMH0sauuBkMM59yb3niAWXIPjjKyV1bX1jc3MVnZ7Z3dv3z44rOkoUZRVaSQi1QiIZoJLVgUOgjVixUgYCFYP+uWxX39mSvNIPsEgZq2QdCXvcErASL5d9kIu/dQLCfQoEenN0O97Ogk0A1wbPubnDfcce+0ItLnm1Psz3845BWcCvEzcGcmhGSq+/W7eoUnIJFBBtG66TgytlCjgVLBh1ks0iwntky5rGipJyHQrnSw7xKdGaeNOpMyRgCfqfEdKQq0HYWAqx1PqRW8s/uc1E+hct1Iu4wSYpNOPOonAEOFxcrjNFaMgBoYQqriZFdMeUYSCyTdrQnAXV14mtYuCe1koPhRzpdtZHBl0jE5QHrnoCpXQHaqgKqLoBb2hTzSyXq0P68v6npauWLOeI/QH1s8vgluoUw==</latexit>

min
Ak⇢V

R(A1, . . . ,AK)
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Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem can be formulated as minimizing 
the edge cut set, AKA mincut problem

v This formulation often does not yield optimal clusters

<latexit sha1_base64="wkUbseIUh1GBmMCt4E7sXr/SdCQ=">AAACLHicbVDLSgMxFM34rPU16tJNsAgVpMxIUZfVbgQ3VewDOmXIpGkbmskMyR2hDP0gN/6KIC4s4tbvMH0sauuBkMM59yb3niAWXIPjjKyV1bX1jc3MVnZ7Z3dv3z44rOkoUZRVaSQi1QiIZoJLVgUOgjVixUgYCFYP+uWxX39mSvNIPsEgZq2QdCXvcErASL5d9kIu/dQLCfQoEenN0O97Ogk0A1wbPubnDfcce+0ItLnm1Psz3845BWcCvEzcGcmhGSq+/W7eoUnIJFBBtG66TgytlCjgVLBh1ks0iwntky5rGipJyHQrnSw7xKdGaeNOpMyRgCfqfEdKQq0HYWAqx1PqRW8s/uc1E+hct1Iu4wSYpNOPOonAEOFxcrjNFaMgBoYQqriZFdMeUYSCyTdrQnAXV14mtYuCe1koPhRzpdtZHBl0jE5QHrnoCpXQHaqgKqLoBb2hTzSyXq0P68v6npauWLOeI/QH1s8vgluoUw==</latexit>

min
Ak⇢V

R(A1, . . . ,AK)

4-Clique
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Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem can be formulated as minimizing 
the edge cut set, AKA mincut problem

v This formulation often does not yield optimal clusters

<latexit sha1_base64="wkUbseIUh1GBmMCt4E7sXr/SdCQ=">AAACLHicbVDLSgMxFM34rPU16tJNsAgVpMxIUZfVbgQ3VewDOmXIpGkbmskMyR2hDP0gN/6KIC4s4tbvMH0sauuBkMM59yb3niAWXIPjjKyV1bX1jc3MVnZ7Z3dv3z44rOkoUZRVaSQi1QiIZoJLVgUOgjVixUgYCFYP+uWxX39mSvNIPsEgZq2QdCXvcErASL5d9kIu/dQLCfQoEenN0O97Ogk0A1wbPubnDfcce+0ItLnm1Psz3845BWcCvEzcGcmhGSq+/W7eoUnIJFBBtG66TgytlCjgVLBh1ks0iwntky5rGipJyHQrnSw7xKdGaeNOpMyRgCfqfEdKQq0HYWAqx1PqRW8s/uc1E+hct1Iu4wSYpNOPOonAEOFxcrjNFaMgBoYQqriZFdMeUYSCyTdrQnAXV14mtYuCe1koPhRzpdtZHBl0jE5QHrnoCpXQHaqgKqLoBb2hTzSyXq0P68v6npauWLOeI/QH1s8vgluoUw==</latexit>

min
Ak⇢V

R(A1, . . . ,AK)
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Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem can be formulated as minimizing 
the edge cut set, AKA mincut problem

v This formulation often does not yield optimal clusters

<latexit sha1_base64="wkUbseIUh1GBmMCt4E7sXr/SdCQ=">AAACLHicbVDLSgMxFM34rPU16tJNsAgVpMxIUZfVbgQ3VewDOmXIpGkbmskMyR2hDP0gN/6KIC4s4tbvMH0sauuBkMM59yb3niAWXIPjjKyV1bX1jc3MVnZ7Z3dv3z44rOkoUZRVaSQi1QiIZoJLVgUOgjVixUgYCFYP+uWxX39mSvNIPsEgZq2QdCXvcErASL5d9kIu/dQLCfQoEenN0O97Ogk0A1wbPubnDfcce+0ItLnm1Psz3845BWcCvEzcGcmhGSq+/W7eoUnIJFBBtG66TgytlCjgVLBh1ks0iwntky5rGipJyHQrnSw7xKdGaeNOpMyRgCfqfEdKQq0HYWAqx1PqRW8s/uc1E+hct1Iu4wSYpNOPOonAEOFxcrjNFaMgBoYQqriZFdMeUYSCyTdrQnAXV14mtYuCe1koPhRzpdtZHBl0jE5QHrnoCpXQHaqgKqLoBb2hTzSyXq0P68v6npauWLOeI/QH1s8vgluoUw==</latexit>

min
Ak⇢V

R(A1, . . . ,AK)

<latexit sha1_base64="Wb8p2CjQHjpONME41dSbOIOp46I=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuqG5cV7APaoWTSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSfHjwXXxnG+UWFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrGm4E68SKkdAXrO2P7zK/PWFK80g+mmnMvJAMJQ84JcZKXi8kZkSJSG9mfbdfrjhVZw68StycVCBHo1/+6g0imoRMGiqI1l3XiY2XEmU4FWxW6iWaxYSOyZB1LZUkZNpL56Fn+MwqAxxEyj5p8Fz9vZGSUOtp6NvJLKRe9jLxP6+bmODaS7mME8MkXRwKEoFNhLMG8IArRo2YWkKo4jYrpiOiCDW2p5ItwV3+8ippXVTdy2rtoVap3+Z1FOEETuEcXLiCOtxDA5pA4Qme4RXe0AS9oHf0sRgtoHznGP4Aff4AoLqSBA==</latexit>

A1

<latexit sha1_base64="g4JL2YOdnUZ/FO/0H0sNN1FusTs=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9klRD2iXjxiIkgCG9ItXWhou2vbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVCbCmnEnaMsxw2okVxSLg9DEY32b+44QqzSL5YKYx9QUeShYygo2V/J7AZkQwT69n/Vq/XHGr7hxolXg5qUCOZr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n89AzdGaVAQojZZ80aK7+3kix0HoqAjuZhdTLXib+53UTE175KZNxYqgki0NhwpGJUNYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiXtWtW7qNbv65XGTV5HEU7gFM7Bg0towB00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDoj6SBQ==</latexit>

A2

<latexit sha1_base64="4GRN+EIqOLQb5o0zpKB8D5dAQOg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo9UDgcM693JMTxJxp47pfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxbea3J1RpJsWDmcbUj/BQsJARbKzk9yJsRgTz9HrWP++XK27VnQP9JV5OKpCj0S9/9gaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrHKAIVS2ScMmqs/N1IcaT2NAjuZhdTLXib+53UTE175KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUv/yWts6p3Ua3d1yr1m7yOIhzBMZyCB5dQhztoQBMIPMITvMCrM3GenTfnfTFacPKdQ/gF5+Mbo8KSBg==</latexit>

A3

<latexit sha1_base64="cnjOtNGe2eiL5/xBZzQ5k0MOhTw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfju8xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6c2sX+uXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nroupdVmsPtUr9Nq+jCCdwCufgwRXU4R4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBpUaSBw==</latexit>

A4

<latexit sha1_base64="LQ37tgeAuiDFYxV1rGegOT7ru5Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XVjcsK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoLvNbY6o0k+LRTGLqR3ggWMgINlbyuxE2Q4J5ejPtXfTKFbfqzoCWiZeTCuSo98pf3b4kSUSFIRxr3fHc2PgpVoYRTqelbqJpjMkID2jHUoEjqv10FnqKTqzSR6FU9gmDZurvjRRHWk+iwE5mIfWil4n/eZ3EhNd+ykScGCrI/FCYcGQkyhpAfaYoMXxiCSaK2ayIDLHCxNieSrYEb/HLy6R5VvUuq+cP55XabV5HEY7gGE7BgyuowT3UoQEEnuAZXuHNGTsvzrvzMR8tOPnOIfyB8/kDpsqSCA==</latexit>

A5

<latexit sha1_base64="81otOUQxm0c+FzOV9GyXmbwPjgs=">AAACEnicbVDLSgMxFM34rPU16tJNsAgtSJkp9bERqm5cVrEPaIchk2ba0ExmSDJCGfoNbvwVNy4UcevKnX9jpp1FbT0Qcjjn3uTe40WMSmVZP8bS8srq2npuI7+5tb2za+7tN2UYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TlDW9Sv/VIhKQhf1CjiDgB6nPqU4yUllyzdF/sBkgNMGLJ1di1T2C3Fyqprxn1tHRZsVyzYJWtCeAisTNSABnqrvmtn8JxQLjCDEnZsa1IOQkSimJGxvluLEmE8BD1SUdTjgIinWSy0hgea6UH/VDowxWcqLMdCQqkHAWerkwHlfNeKv7ndWLlXzgJ5VGsCMfTj/yYQRXCNB/Yo4JgxUaaICyonhXiARIIK51iXodgz6+8SJqVsn1Wrt5VC7XrLI4cOARHoAhscA5q4BbUQQNg8ARewBt4N56NV+PD+JyWLhlZzwH4A+PrF7zTnEA=</latexit>

R(A1, . . . ,A5) = 20
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Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem can be formulated as minimizing 
the edge cut set, AKA mincut problem

v This formulation often does not yield optimal clusters

<latexit sha1_base64="wkUbseIUh1GBmMCt4E7sXr/SdCQ=">AAACLHicbVDLSgMxFM34rPU16tJNsAgVpMxIUZfVbgQ3VewDOmXIpGkbmskMyR2hDP0gN/6KIC4s4tbvMH0sauuBkMM59yb3niAWXIPjjKyV1bX1jc3MVnZ7Z3dv3z44rOkoUZRVaSQi1QiIZoJLVgUOgjVixUgYCFYP+uWxX39mSvNIPsEgZq2QdCXvcErASL5d9kIu/dQLCfQoEenN0O97Ogk0A1wbPubnDfcce+0ItLnm1Psz3845BWcCvEzcGcmhGSq+/W7eoUnIJFBBtG66TgytlCjgVLBh1ks0iwntky5rGipJyHQrnSw7xKdGaeNOpMyRgCfqfEdKQq0HYWAqx1PqRW8s/uc1E+hct1Iu4wSYpNOPOonAEOFxcrjNFaMgBoYQqriZFdMeUYSCyTdrQnAXV14mtYuCe1koPhRzpdtZHBl0jE5QHrnoCpXQHaqgKqLoBb2hTzSyXq0P68v6npauWLOeI/QH1s8vgluoUw==</latexit>

min
Ak⇢V

R(A1, . . . ,AK)

<latexit sha1_base64="Wb8p2CjQHjpONME41dSbOIOp46I=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuqG5cV7APaoWTSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSfHjwXXxnG+UWFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrGm4E68SKkdAXrO2P7zK/PWFK80g+mmnMvJAMJQ84JcZKXi8kZkSJSG9mfbdfrjhVZw68StycVCBHo1/+6g0imoRMGiqI1l3XiY2XEmU4FWxW6iWaxYSOyZB1LZUkZNpL56Fn+MwqAxxEyj5p8Fz9vZGSUOtp6NvJLKRe9jLxP6+bmODaS7mME8MkXRwKEoFNhLMG8IArRo2YWkKo4jYrpiOiCDW2p5ItwV3+8ippXVTdy2rtoVap3+Z1FOEETuEcXLiCOtxDA5pA4Qme4RXe0AS9oHf0sRgtoHznGP4Aff4AoLqSBA==</latexit>

A1

<latexit sha1_base64="g4JL2YOdnUZ/FO/0H0sNN1FusTs=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9klRD2iXjxiIkgCG9ItXWhou2vbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVCbCmnEnaMsxw2okVxSLg9DEY32b+44QqzSL5YKYx9QUeShYygo2V/J7AZkQwT69n/Vq/XHGr7hxolXg5qUCOZr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n89AzdGaVAQojZZ80aK7+3kix0HoqAjuZhdTLXib+53UTE175KZNxYqgki0NhwpGJUNYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiXtWtW7qNbv65XGTV5HEU7gFM7Bg0towB00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDoj6SBQ==</latexit>

A2
<latexit sha1_base64="4GRN+EIqOLQb5o0zpKB8D5dAQOg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo9UDgcM693JMTxJxp47pfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxbea3J1RpJsWDmcbUj/BQsJARbKzk9yJsRgTz9HrWP++XK27VnQP9JV5OKpCj0S9/9gaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrHKAIVS2ScMmqs/N1IcaT2NAjuZhdTLXib+53UTE175KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUv/yWts6p3Ua3d1yr1m7yOIhzBMZyCB5dQhztoQBMIPMITvMCrM3GenTfnfTFacPKdQ/gF5+Mbo8KSBg==</latexit>

A3

<latexit sha1_base64="cnjOtNGe2eiL5/xBZzQ5k0MOhTw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfju8xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6c2sX+uXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nroupdVmsPtUr9Nq+jCCdwCufgwRXU4R4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBpUaSBw==</latexit>

A4

<latexit sha1_base64="LQ37tgeAuiDFYxV1rGegOT7ru5Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XVjcsK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoLvNbY6o0k+LRTGLqR3ggWMgINlbyuxE2Q4J5ejPtXfTKFbfqzoCWiZeTCuSo98pf3b4kSUSFIRxr3fHc2PgpVoYRTqelbqJpjMkID2jHUoEjqv10FnqKTqzSR6FU9gmDZurvjRRHWk+iwE5mIfWil4n/eZ3EhNd+ykScGCrI/FCYcGQkyhpAfaYoMXxiCSaK2ayIDLHCxNieSrYEb/HLy6R5VvUuq+cP55XabV5HEY7gGE7BgyuowT3UoQEEnuAZXuHNGTsvzrvzMR8tOPnOIfyB8/kDpsqSCA==</latexit>

A5

<latexit sha1_base64="RK2mwd9fIwYyRFuV2y8TPCe+yKk=">AAACEnicbVDLSgMxFM34rPU16tJNsAgtSJmRWt0IVTcuq9gHtMOQSTNtaCYzJBmhDP0GN/6KGxeKuHXlzr8x086ith4IOZxzb3Lv8SJGpbKsH2NpeWV1bT23kd/c2t7ZNff2mzKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhjep33okQtKQP6hRRJwA9Tn1KUZKS65Zui92A6QGGLHkauzaJ7DbC5XU14x6Vrq0q65ZsMrWBHCR2BkpgAx11/zWT+E4IFxhhqTs2FaknAQJRTEj43w3liRCeIj6pKMpRwGRTjJZaQyPtdKDfij04QpO1NmOBAVSjgJPV6aDynkvFf/zOrHyL5yE8ihWhOPpR37MoAphmg/sUUGwYiNNEBZUzwrxAAmElU4xr0Ow51deJM3Tsl0tV+4qhdp1FkcOHIIjUAQ2OAc1cAvqoAEweAIv4A28G8/Gq/FhfE5Ll4ys5wD8gfH1C8RmnEU=</latexit>

R(A1, . . . ,A5) = 16
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Graph Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph partitioning problem can be formulated as minimizing 
the edge cut set, AKA mincut problem

v This formulation often does not yield optimal clusters.
v Minimizing this objective results in clusters of size 1.

<latexit sha1_base64="Wb8p2CjQHjpONME41dSbOIOp46I=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuqG5cV7APaoWTSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSfHjwXXxnG+UWFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrGm4E68SKkdAXrO2P7zK/PWFK80g+mmnMvJAMJQ84JcZKXi8kZkSJSG9mfbdfrjhVZw68StycVCBHo1/+6g0imoRMGiqI1l3XiY2XEmU4FWxW6iWaxYSOyZB1LZUkZNpL56Fn+MwqAxxEyj5p8Fz9vZGSUOtp6NvJLKRe9jLxP6+bmODaS7mME8MkXRwKEoFNhLMG8IArRo2YWkKo4jYrpiOiCDW2p5ItwV3+8ippXVTdy2rtoVap3+Z1FOEETuEcXLiCOtxDA5pA4Qme4RXe0AS9oHf0sRgtoHznGP4Aff4AoLqSBA==</latexit>

A1

<latexit sha1_base64="g4JL2YOdnUZ/FO/0H0sNN1FusTs=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9klRD2iXjxiIkgCG9ItXWhou2vbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVCbCmnEnaMsxw2okVxSLg9DEY32b+44QqzSL5YKYx9QUeShYygo2V/J7AZkQwT69n/Vq/XHGr7hxolXg5qUCOZr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n89AzdGaVAQojZZ80aK7+3kix0HoqAjuZhdTLXib+53UTE175KZNxYqgki0NhwpGJUNYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiXtWtW7qNbv65XGTV5HEU7gFM7Bg0towB00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDoj6SBQ==</latexit>

A2
<latexit sha1_base64="4GRN+EIqOLQb5o0zpKB8D5dAQOg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo9UDgcM693JMTxJxp47pfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxbea3J1RpJsWDmcbUj/BQsJARbKzk9yJsRgTz9HrWP++XK27VnQP9JV5OKpCj0S9/9gaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrHKAIVS2ScMmqs/N1IcaT2NAjuZhdTLXib+53UTE175KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUv/yWts6p3Ua3d1yr1m7yOIhzBMZyCB5dQhztoQBMIPMITvMCrM3GenTfnfTFacPKdQ/gF5+Mbo8KSBg==</latexit>

A3

<latexit sha1_base64="cnjOtNGe2eiL5/xBZzQ5k0MOhTw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfju8xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6c2sX+uXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nroupdVmsPtUr9Nq+jCCdwCufgwRXU4R4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBpUaSBw==</latexit>

A4

<latexit sha1_base64="LQ37tgeAuiDFYxV1rGegOT7ru5Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XVjcsK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoLvNbY6o0k+LRTGLqR3ggWMgINlbyuxE2Q4J5ejPtXfTKFbfqzoCWiZeTCuSo98pf3b4kSUSFIRxr3fHc2PgpVoYRTqelbqJpjMkID2jHUoEjqv10FnqKTqzSR6FU9gmDZurvjRRHWk+iwE5mIfWil4n/eZ3EhNd+ykScGCrI/FCYcGQkyhpAfaYoMXxiCSaK2ayIDLHCxNieSrYEb/HLy6R5VvUuq+cP55XabV5HEY7gGE7BgyuowT3UoQEEnuAZXuHNGTsvzrvzMR8tOPnOIfyB8/kDpsqSCA==</latexit>

A5

<latexit sha1_base64="RK2mwd9fIwYyRFuV2y8TPCe+yKk=">AAACEnicbVDLSgMxFM34rPU16tJNsAgtSJmRWt0IVTcuq9gHtMOQSTNtaCYzJBmhDP0GN/6KGxeKuHXlzr8x086ith4IOZxzb3Lv8SJGpbKsH2NpeWV1bT23kd/c2t7ZNff2mzKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhjep33okQtKQP6hRRJwA9Tn1KUZKS65Zui92A6QGGLHkauzaJ7DbC5XU14x6Vrq0q65ZsMrWBHCR2BkpgAx11/zWT+E4IFxhhqTs2FaknAQJRTEj43w3liRCeIj6pKMpRwGRTjJZaQyPtdKDfij04QpO1NmOBAVSjgJPV6aDynkvFf/zOrHyL5yE8ihWhOPpR37MoAphmg/sUUGwYiNNEBZUzwrxAAmElU4xr0Ow51deJM3Tsl0tV+4qhdp1FkcOHIIjUAQ2OAc1cAvqoAEweAIv4A28G8/Gq/FhfE5Ll4ys5wD8gfH1C8RmnEU=</latexit>

R(A1, . . . ,A5) = 16

<latexit sha1_base64="Wb8p2CjQHjpONME41dSbOIOp46I=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuqG5cV7APaoWTSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSfHjwXXxnG+UWFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrGm4E68SKkdAXrO2P7zK/PWFK80g+mmnMvJAMJQ84JcZKXi8kZkSJSG9mfbdfrjhVZw68StycVCBHo1/+6g0imoRMGiqI1l3XiY2XEmU4FWxW6iWaxYSOyZB1LZUkZNpL56Fn+MwqAxxEyj5p8Fz9vZGSUOtp6NvJLKRe9jLxP6+bmODaS7mME8MkXRwKEoFNhLMG8IArRo2YWkKo4jYrpiOiCDW2p5ItwV3+8ippXVTdy2rtoVap3+Z1FOEETuEcXLiCOtxDA5pA4Qme4RXe0AS9oHf0sRgtoHznGP4Aff4AoLqSBA==</latexit>

A1

<latexit sha1_base64="g4JL2YOdnUZ/FO/0H0sNN1FusTs=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9klRD2iXjxiIkgCG9ItXWhou2vbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVCbCmnEnaMsxw2okVxSLg9DEY32b+44QqzSL5YKYx9QUeShYygo2V/J7AZkQwT69n/Vq/XHGr7hxolXg5qUCOZr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n89AzdGaVAQojZZ80aK7+3kix0HoqAjuZhdTLXib+53UTE175KZNxYqgki0NhwpGJUNYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiXtWtW7qNbv65XGTV5HEU7gFM7Bg0towB00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDoj6SBQ==</latexit>

A2

<latexit sha1_base64="4GRN+EIqOLQb5o0zpKB8D5dAQOg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo9UDgcM693JMTxJxp47pfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxbea3J1RpJsWDmcbUj/BQsJARbKzk9yJsRgTz9HrWP++XK27VnQP9JV5OKpCj0S9/9gaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrHKAIVS2ScMmqs/N1IcaT2NAjuZhdTLXib+53UTE175KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUv/yWts6p3Ua3d1yr1m7yOIhzBMZyCB5dQhztoQBMIPMITvMCrM3GenTfnfTFacPKdQ/gF5+Mbo8KSBg==</latexit>

A3

<latexit sha1_base64="cnjOtNGe2eiL5/xBZzQ5k0MOhTw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfju8xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6c2sX+uXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nroupdVmsPtUr9Nq+jCCdwCufgwRXU4R4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBpUaSBw==</latexit>

A4

<latexit sha1_base64="LQ37tgeAuiDFYxV1rGegOT7ru5Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XVjcsK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoLvNbY6o0k+LRTGLqR3ggWMgINlbyuxE2Q4J5ejPtXfTKFbfqzoCWiZeTCuSo98pf3b4kSUSFIRxr3fHc2PgpVoYRTqelbqJpjMkID2jHUoEjqv10FnqKTqzSR6FU9gmDZurvjRRHWk+iwE5mIfWil4n/eZ3EhNd+ykScGCrI/FCYcGQkyhpAfaYoMXxiCSaK2ayIDLHCxNieSrYEb/HLy6R5VvUuq+cP55XabV5HEY7gGE7BgyuowT3UoQEEnuAZXuHNGTsvzrvzMR8tOPnOIfyB8/kDpsqSCA==</latexit>

A5

<latexit sha1_base64="81otOUQxm0c+FzOV9GyXmbwPjgs=">AAACEnicbVDLSgMxFM34rPU16tJNsAgtSJkp9bERqm5cVrEPaIchk2ba0ExmSDJCGfoNbvwVNy4UcevKnX9jpp1FbT0Qcjjn3uTe40WMSmVZP8bS8srq2npuI7+5tb2za+7tN2UYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TlDW9Sv/VIhKQhf1CjiDgB6nPqU4yUllyzdF/sBkgNMGLJ1di1T2C3Fyqprxn1tHRZsVyzYJWtCeAisTNSABnqrvmtn8JxQLjCDEnZsa1IOQkSimJGxvluLEmE8BD1SUdTjgIinWSy0hgea6UH/VDowxWcqLMdCQqkHAWerkwHlfNeKv7ndWLlXzgJ5VGsCMfTj/yYQRXCNB/Yo4JgxUaaICyonhXiARIIK51iXodgz6+8SJqVsn1Wrt5VC7XrLI4cOARHoAhscA5q4BbUQQNg8ARewBt4N56NV+PD+JyWLhlZzwH4A+PrF7zTnEA=</latexit>

R(A1, . . . ,A5) = 20

<latexit sha1_base64="wkUbseIUh1GBmMCt4E7sXr/SdCQ=">AAACLHicbVDLSgMxFM34rPU16tJNsAgVpMxIUZfVbgQ3VewDOmXIpGkbmskMyR2hDP0gN/6KIC4s4tbvMH0sauuBkMM59yb3niAWXIPjjKyV1bX1jc3MVnZ7Z3dv3z44rOkoUZRVaSQi1QiIZoJLVgUOgjVixUgYCFYP+uWxX39mSvNIPsEgZq2QdCXvcErASL5d9kIu/dQLCfQoEenN0O97Ogk0A1wbPubnDfcce+0ItLnm1Psz3845BWcCvEzcGcmhGSq+/W7eoUnIJFBBtG66TgytlCjgVLBh1ks0iwntky5rGipJyHQrnSw7xKdGaeNOpMyRgCfqfEdKQq0HYWAqx1PqRW8s/uc1E+hct1Iu4wSYpNOPOonAEOFxcrjNFaMgBoYQqriZFdMeUYSCyTdrQnAXV14mtYuCe1koPhRzpdtZHBl0jE5QHrnoCpXQHaqgKqLoBb2hTzSyXq0P68v6npauWLOeI/QH1s8vgluoUw==</latexit>

min
Ak⇢V

R(A1, . . . ,AK)
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Ratio Cut

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One strategy is to promote larger clusters while minimizing the 
cut size.

v This can be done by penalizing small partition sizes.
v Ratio cut size objective function minimizes

where |𝒜(| is the number of nodes in of each partition 𝒜(.
v Ratio cut measures the size of a partition by its number of 

nodes.

<latexit sha1_base64="y/zLRH774PRvXmZH1Plm6BR/W5E="></latexit>

RRatioCut (A1, . . . ,AK) =
1

2

KX

k=1

��(u, v) 2 E : u 2 Ak, v 2 Ak

��
|Ak|
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Normalized Cut

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Volume of a subgraph 𝐺’ = (𝑉’, 𝐸’) is the total number of edges 
incident to nodes 𝑣( of that subgraph.

v Normalized Cut (NCut), alternatively, penalizes the objective 
function for smaller cluster volumes

v NCut measures size of a subset by the number of its edges.
v Minimizing the NCut objective function promotes equal number 

of edges incident to the nodes of each partition 𝒜(. 

<latexit sha1_base64="dWE4rb3h0dXbZHzK9oSZKdrIAOA="></latexit>

vol (G0) =
X

vi2V 0

di

<latexit sha1_base64="kEi4whegpLrq5QMJ8+640yWEx8w="></latexit>

RNCut (A1, . . . ,AK) =
1

2

KX

k=1

��(vi, vj) 2 E : vi 2 Ak, vj 2 Āk

��
vol (Ak)



23

Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Laplacian is a widely used representation for graphs.
v Laplacian of an undirected graph is a 𝑉 × 𝑉 symmetric matrix 

defined as

v We can represent this using index notation as

<latexit sha1_base64="jfughp0YeJjddJv/mmUYbVQSeDs="></latexit>

Lij =

8
<

:

dj if i = j
�1 if i 6= j and (vi, vj) 2 "
0 otherwise

<latexit sha1_base64="5vukVArVoaVL3B5qEDUVclFzEVs=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRBLEkUtSNUHXjwkUFe4E2hMlk0o6dTMLMRCihaze+ihsXirj1Cdz5Nk6bLLT1h4GP/5zDmfN7MaNSWda3UZibX1hcKi6XVlbX1jfMza2mjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzB1bjeeiBC0ojfqWFMnBD1OA0oRkpbrrl746YU3o/Ojy4yOPRdCrs+YQplhmuWrYo1EZwFO4cyyFV3za+uH+EkJFxhhqTs2FasnBQJRTEjo1I3kSRGeIB6pKORo5BIJ52cMoL72vFhEAn9uIIT9/dEikIph6GnO0Ok+nK6Njb/q3USFZw5KeVxogjH2aIgYVBFcJwL9KkgWLGhBoQF1X+FuI8EwkqnV9Ih2NMnz0LzuGKfVKq31XLtMo+jCHbAHjgANjgFNXAN6qABMHgEz+AVvBlPxovxbnxkrQUjn9kGf2R8/gC+b5mw</latexit>

Lij = �Aij + di�ij
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Laplacian is a widely used representation for graphs.
v Laplacian of an undirected graph is a 𝑉 × 𝑉 symmetric matrix 

defined as

v We can represent this using index notation as

v In matrix notation

v It is only suitable for undirected graphs. 

<latexit sha1_base64="jfughp0YeJjddJv/mmUYbVQSeDs="></latexit>

Lij =

8
<

:

dj if i = j
�1 if i 6= j and (vi, vj) 2 "
0 otherwise

<latexit sha1_base64="IsIUm46HEsUC6+aNeP+uJtONOqc="></latexit>

L = D�A

Adjacency matrixDegree matrix

<latexit sha1_base64="5vukVArVoaVL3B5qEDUVclFzEVs=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRBLEkUtSNUHXjwkUFe4E2hMlk0o6dTMLMRCihaze+ihsXirj1Cdz5Nk6bLLT1h4GP/5zDmfN7MaNSWda3UZibX1hcKi6XVlbX1jfMza2mjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzB1bjeeiBC0ojfqWFMnBD1OA0oRkpbrrl746YU3o/Ojy4yOPRdCrs+YQplhmuWrYo1EZwFO4cyyFV3za+uH+EkJFxhhqTs2FasnBQJRTEjo1I3kSRGeIB6pKORo5BIJ52cMoL72vFhEAn9uIIT9/dEikIph6GnO0Ok+nK6Njb/q3USFZw5KeVxogjH2aIgYVBFcJwL9KkgWLGhBoQF1X+FuI8EwkqnV9Ih2NMnz0LzuGKfVKq31XLtMo+jCHbAHjgANjgFNXAN6qABMHgEz+AVvBlPxovxbnxkrQUjn9kGf2R8/gC+b5mw</latexit>

Lij = �Aij + di�ij
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Rows of Laplacian matrix sum to zero
<latexit sha1_base64="5yj7Ir1fPJTQjMHku1GW6aUxCsk="></latexit>X

j

Lij =
X

j

�Aij + di�ij

= �
X

j

Aij +
X

j

di�ij

= �di + di = 0
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Rows of Laplacian matrix sum to zero

v All eigenvalues of L are non-negative

<latexit sha1_base64="5yj7Ir1fPJTQjMHku1GW6aUxCsk="></latexit>X

j

Lij =
X

j

�Aij + di�ij

= �
X

j

Aij +
X

j

di�ij

= �di + di = 0

<latexit sha1_base64="OCV7wXooQHKDer8s6TEyuHdaVEw="></latexit>

� = vTLv =
X

i

X

j

viLijvj

=
X

i

X

j

(�Aij + di�ij) vivj

= �
X

i

X

j

Aijvivj +
X

i

X

j

di�ijvivj
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Then,
<latexit sha1_base64="HBU523tUKSIBNpc9R/2S4Tw5mK4="></latexit>

� =�
X

i

X

j

Aijvivj +
1

2

X

i

X

j

di�ijvivj +
1

2

X

j

X

i

dj�jivjvi

=�
X

i

X

j

Aijvivj +
1

2

X

i

div
2
i +

1

2

X

j

djv
2
j

=�
X

i

X

j

Aijvivj +
1

2

X

i

X

j

Aijv
2
i +

1

2

X

i

X

j

Aijv
2
j

=
1

2

X

i

X

j

Aij

�
�2vivj + v2i + v2j

�

=
1

2

X

i

X

j

Aij (vi � vj)
2 > 0
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v L has at least one 0 eigenvalue.

v This indicates that either 𝐴!" = 0 or 𝐴!" = 1 and 𝑣! = 𝑣".

<latexit sha1_base64="ZWYmxPlCSoCtpMwVr7Ndx+MaAE0="></latexit>

� = 0 = vTLv =
1

2

X

i

X

j

Aij (vi � vj)
2
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v L has at least one 0 eigenvalue.

v This indicates that either 𝐴!" = 0 or 𝐴!" = 1 and 𝑣! = 𝑣".

v Therefore, eigenvalue 𝜆 = 0 has a corresponding 𝐯 with equal 
elements.

v Alternatively, since all elements of L sum to 1, we have

<latexit sha1_base64="ZWYmxPlCSoCtpMwVr7Ndx+MaAE0="></latexit>

� = 0 = vTLv =
1

2

X

i

X

j

Aij (vi � vj)
2

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1

<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3

<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4

<latexit sha1_base64="9JeP3MVk1bVfzFz3Elokxhgjots=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWwVVJSlE3QtGNywr2Am0Ik+mkHTqZhJmTYgkFX8WNC0Xc+hzufBunF0Rbfxj4+M85nDN/kAiuwXG+rNzK6tr6Rn6zsLW9s7tn7x80dJwqyuo0FrFqBUQzwSWrAwfBWoliJAoEawaDm0m9OWRK81jewyhhXkR6koecEjCWbx91gD1ANhz77tUPln276JScqfAyuHMoorlqvv3Z6cY0jZgEKojWbddJwMuIAk4FGxc6qWYJoQPSY22DkkRMe9n0/DE+NU4Xh7EyTwKeur8nMhJpPYoC0xkR6OvF2sT8r9ZOIbz0Mi6TFJiks0VhKjDEeJIF7nLFKIiRAUIVN7di2ieKUDCJFUwI7uKXl6FRLrnnpcpdpVi9nseRR8foBJ0hF12gKrpFNVRHFGXoCb2gV+vRerberPdZa86azxyiP7I+vgHCTZYC</latexit>v1 = v2
<latexit sha1_base64="mTnuqaXKLwVcAur7np0LVCB1HNg=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuCpJLepGKLpxWcFeoA1hMp22QyeTMHNSLKHgq7hxoYhbn8Odb+O0DaKtPwx8/Occzpk/iAXX4Dhf1tLyyuraem4jv7m1vbNr7+3XdZQoymo0EpFqBkQzwSWrAQfBmrFiJAwEawSDm0m9MWRK80jewyhmXkh6knc5JWAs3z5sA3uAdDj2S1c/eObbBafoTIUXwc2ggDJVffuz3YloEjIJVBCtW64Tg5cSBZwKNs63E81iQgekx1oGJQmZ9tLp+WN8YpwO7kbKPAl46v6eSEmo9SgMTGdIoK/naxPzv1orge6ll3IZJ8AknS3qJgJDhCdZ4A5XjIIYGSBUcXMrpn2iCAWTWN6E4M5/eRHqpaJ7XizflQuV6yyOHDpCx+gUuegCVdAtqqIaoihFT+gFvVqP1rP1Zr3PWpesbOYA/ZH18Q3FYJYE</latexit>v2 = v3

<latexit sha1_base64="hp0tnt+fR+RMbAVOWfbo8o+de6s=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWwVVJtKgboejGZQV7gTaEyXTaDp1MwsxJsYSCr+LGhSJufQ53vo3TNoi2/jDw8Z9zOGf+IBZcg+N8Wbml5ZXVtfx6YWNza3vH3t2r6yhRlNVoJCLVDIhmgktWAw6CNWPFSBgI1ggGN5N6Y8iU5pG8h1HMvJD0JO9ySsBYvn3QBvYA6XDsn139YNm3i07JmQovgptBEWWq+vZnuxPRJGQSqCBat1wnBi8lCjgVbFxoJ5rFhA5Ij7UMShIy7aXT88f42Dgd3I2UeRLw1P09kZJQ61EYmM6QQF/P1ybmf7VWAt1LL+UyToBJOlvUTQSGCE+ywB2uGAUxMkCo4uZWTPtEEQomsYIJwZ3/8iLUT0vueal8Vy5WrrM48ugQHaET5KILVEG3qIpqiKIUPaEX9Go9Ws/Wm/U+a81Z2cw++iPr4xvIc5YG</latexit>v3 = v4

<latexit sha1_base64="PXC0G9rIvZG5N/fg3W74afZb6b8=">AAACFXicbVC7SgNBFJ2Nrxhfq5Y2g0GwkLArQW2EoI2FRQTzgGwIs5PZZMjszjJzVw3L/oSNv2JjoYitYOffOHkUmnhhmMM553LvPX4suAbH+bZyC4tLyyv51cLa+sbmlr29U9cyUZTVqBRSNX2imeARqwEHwZqxYiT0BWv4g8uR3rhjSnMZ3cIwZu2Q9CIecErAUB37yAP2AH6QXmfYk8apeK8PRCl5n3q+FF09DM2Xull27nTsolNyxoXngTsFRTStasf+8rqSJiGLgAqidct1YminRAGngmUFL9EsJnRAeqxlYERCptvp+KoMHximiwOpzIsAj9nfHSkJ9Wg74wwJ9PWsNiL/01oJBGftlEdxAiyik0FBIjBIPIoId7liFMTQAEIVN7ti2ieKUDBBFkwI7uzJ86B+XHJPSuWbcrFyMY0jj/bQPjpELjpFFXSFqqiGKHpEz+gVvVlP1ov1bn1MrDlr2rOL/pT1+QNrGKA7</latexit>

L
�!
1 = 0
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Incidence Matrix

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v For a graph 𝐺 = (𝑉, 𝐸), an incidence matrix is a 𝐸 ×|𝑉| matrix 
describing the membership of a node in edges of the graph

<latexit sha1_base64="LCPpIXSvCtJG98pmsDYfmw8QaQ8="></latexit>

Bij =

(
1 (vi, vj) 2 E

0 (vi, vj) /2 E

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1

<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3

<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4
<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5
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Incidence Matrix

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v For a graph 𝐺 = (𝑉, 𝐸), an incidence matrix is a 𝐸 ×|𝑉| matrix 
describing the membership of a node in edges of the graph

<latexit sha1_base64="LCPpIXSvCtJG98pmsDYfmw8QaQ8="></latexit>

Bij =

(
1 (vi, vj) 2 E

0 (vi, vj) /2 E

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1

<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3

<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4
<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5

<latexit sha1_base64="EGme0fqODomUZCcdQb3zUIGueqE=">AAAB8XicbVBNS8NAEJ3Ur1o/WvXoZbEIFaQkpajHohePFewHtiFstpt26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZyG5tb2zv53cLe/sFhsXR03FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP76b+50JlYpF4lFPY+qGeChYwAjWRnqqTDznEk282oVXKttVewG0TpyMlCFD0yt99QcRSUIqNOFYqZ5jx9pNsdSMcDor9BNFY0zGeEh7hgocUuWmi4tn6NwoAxRE0pTQaKH+nkhxqNQ09E1niPVIrXpz8T+vl+jgxk2ZiBNNBVkuChKOdITm76MBk5RoPjUEE8nMrYiMsMREm5AKJgRn9eV10q5Vnatq/aFebtxmceThFM6gAg5cQwPuoQktICDgGV7hzVLWi/VufSxbc1Y2cwJ/YH3+AJYLj5E=</latexit>

(v1, v2)
<latexit sha1_base64="VH+FbqWN0ktmf+1LwfLx9jGIc6Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY696gcbe5blXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJkaj5M=</latexit>

(v2, v3)
<latexit sha1_base64="+ew/9XgstyEEpFftxTpxz7Z4WUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY8+5QGPv8twrluyKPQdaJU5GSpCh4RW/ev2IJCEVmnCsVNexY+2mWGpGOJ0WeomiMSYjPKBdQwUOqXLT+cVTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XTXRw46ZMxImmgiwWBQlHOkKz91GfSUo0nxiCiWTmVkSGWGKiTUgFE4Kz/PIqaVUrzlWl9lAr1W+zOPJwAqdQBgeuoQ730IAmEBDwDK/wZinrxXq3PhatOSubOYY/sD5/AJeQj5I=</latexit>

(v1, v3)

<latexit sha1_base64="9AUmNMzTsYpKotWGI1x6iG2xTx8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUqi9bEsunFZwT6wDWEynbRDJ5MwMymU0L9w40IRt/6NO//GaZuFth64cDjnXu69x485U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95N/daISsUi8ajHMXVD3BcsYARrIz2VR97FGRp5l6desWRX7BnQMnEyUoIMda/41e1FJAmp0IRjpTqOHWs3xVIzwumk0E0UjTEZ4j7tGCpwSJWbzi6eoBOj9FAQSVNCo5n6eyLFoVLj0DedIdYDtehNxf+8TqKDGzdlIk40FWS+KEg40hGavo96TFKi+dgQTCQztyIywBITbUIqmBCcxZeXSfO84lxVqg/VUu02iyMPR3AMZXDgGmpwD3VoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB52uj5Y=</latexit>

(v3, v5)

<latexit sha1_base64="y/4lnU5j8jqQx6K42N7p9Iqhktc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY+/yAo292rlXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJwpj5U=</latexit>

(v3, v4)

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1
<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3
<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4

<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5
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Incidence Matrix

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v For a graph 𝐺 = (𝑉, 𝐸), an incidence matrix is a 𝐸 ×|𝑉| matrix 
describing the membership of a node in edges of the graph

<latexit sha1_base64="LCPpIXSvCtJG98pmsDYfmw8QaQ8="></latexit>

Bij =

(
1 (vi, vj) 2 E

0 (vi, vj) /2 E

1 1

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1

<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3

<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4
<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5

<latexit sha1_base64="EGme0fqODomUZCcdQb3zUIGueqE=">AAAB8XicbVBNS8NAEJ3Ur1o/WvXoZbEIFaQkpajHohePFewHtiFstpt26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZyG5tb2zv53cLe/sFhsXR03FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP76b+50JlYpF4lFPY+qGeChYwAjWRnqqTDznEk282oVXKttVewG0TpyMlCFD0yt99QcRSUIqNOFYqZ5jx9pNsdSMcDor9BNFY0zGeEh7hgocUuWmi4tn6NwoAxRE0pTQaKH+nkhxqNQ09E1niPVIrXpz8T+vl+jgxk2ZiBNNBVkuChKOdITm76MBk5RoPjUEE8nMrYiMsMREm5AKJgRn9eV10q5Vnatq/aFebtxmceThFM6gAg5cQwPuoQktICDgGV7hzVLWi/VufSxbc1Y2cwJ/YH3+AJYLj5E=</latexit>

(v1, v2)
<latexit sha1_base64="VH+FbqWN0ktmf+1LwfLx9jGIc6Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY696gcbe5blXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJkaj5M=</latexit>

(v2, v3)
<latexit sha1_base64="+ew/9XgstyEEpFftxTpxz7Z4WUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY8+5QGPv8twrluyKPQdaJU5GSpCh4RW/ev2IJCEVmnCsVNexY+2mWGpGOJ0WeomiMSYjPKBdQwUOqXLT+cVTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XTXRw46ZMxImmgiwWBQlHOkKz91GfSUo0nxiCiWTmVkSGWGKiTUgFE4Kz/PIqaVUrzlWl9lAr1W+zOPJwAqdQBgeuoQ730IAmEBDwDK/wZinrxXq3PhatOSubOYY/sD5/AJeQj5I=</latexit>

(v1, v3)

<latexit sha1_base64="9AUmNMzTsYpKotWGI1x6iG2xTx8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUqi9bEsunFZwT6wDWEynbRDJ5MwMymU0L9w40IRt/6NO//GaZuFth64cDjnXu69x485U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95N/daISsUi8ajHMXVD3BcsYARrIz2VR97FGRp5l6desWRX7BnQMnEyUoIMda/41e1FJAmp0IRjpTqOHWs3xVIzwumk0E0UjTEZ4j7tGCpwSJWbzi6eoBOj9FAQSVNCo5n6eyLFoVLj0DedIdYDtehNxf+8TqKDGzdlIk40FWS+KEg40hGavo96TFKi+dgQTCQztyIywBITbUIqmBCcxZeXSfO84lxVqg/VUu02iyMPR3AMZXDgGmpwD3VoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB52uj5Y=</latexit>

(v3, v5)

<latexit sha1_base64="y/4lnU5j8jqQx6K42N7p9Iqhktc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY+/yAo292rlXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJwpj5U=</latexit>

(v3, v4)

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1
<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3
<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4

<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5



33

Incidence Matrix

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v For a graph 𝐺 = (𝑉, 𝐸), an incidence matrix is a 𝐸 ×|𝑉| matrix 
describing the membership of a node in edges of the graph

Ø Perform projection in bipartite graphs.

<latexit sha1_base64="LCPpIXSvCtJG98pmsDYfmw8QaQ8="></latexit>

Bij =

(
1 (vi, vj) 2 E

0 (vi, vj) /2 E

1 1

1 1

1 1

1 1

1 1

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1

<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3

<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4
<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5

<latexit sha1_base64="EGme0fqODomUZCcdQb3zUIGueqE=">AAAB8XicbVBNS8NAEJ3Ur1o/WvXoZbEIFaQkpajHohePFewHtiFstpt26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZyG5tb2zv53cLe/sFhsXR03FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP76b+50JlYpF4lFPY+qGeChYwAjWRnqqTDznEk282oVXKttVewG0TpyMlCFD0yt99QcRSUIqNOFYqZ5jx9pNsdSMcDor9BNFY0zGeEh7hgocUuWmi4tn6NwoAxRE0pTQaKH+nkhxqNQ09E1niPVIrXpz8T+vl+jgxk2ZiBNNBVkuChKOdITm76MBk5RoPjUEE8nMrYiMsMREm5AKJgRn9eV10q5Vnatq/aFebtxmceThFM6gAg5cQwPuoQktICDgGV7hzVLWi/VufSxbc1Y2cwJ/YH3+AJYLj5E=</latexit>

(v1, v2)
<latexit sha1_base64="VH+FbqWN0ktmf+1LwfLx9jGIc6Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY696gcbe5blXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJkaj5M=</latexit>

(v2, v3)
<latexit sha1_base64="+ew/9XgstyEEpFftxTpxz7Z4WUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY8+5QGPv8twrluyKPQdaJU5GSpCh4RW/ev2IJCEVmnCsVNexY+2mWGpGOJ0WeomiMSYjPKBdQwUOqXLT+cVTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XTXRw46ZMxImmgiwWBQlHOkKz91GfSUo0nxiCiWTmVkSGWGKiTUgFE4Kz/PIqaVUrzlWl9lAr1W+zOPJwAqdQBgeuoQ730IAmEBDwDK/wZinrxXq3PhatOSubOYY/sD5/AJeQj5I=</latexit>

(v1, v3)

<latexit sha1_base64="9AUmNMzTsYpKotWGI1x6iG2xTx8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUqi9bEsunFZwT6wDWEynbRDJ5MwMymU0L9w40IRt/6NO//GaZuFth64cDjnXu69x485U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95N/daISsUi8ajHMXVD3BcsYARrIz2VR97FGRp5l6desWRX7BnQMnEyUoIMda/41e1FJAmp0IRjpTqOHWs3xVIzwumk0E0UjTEZ4j7tGCpwSJWbzi6eoBOj9FAQSVNCo5n6eyLFoVLj0DedIdYDtehNxf+8TqKDGzdlIk40FWS+KEg40hGavo96TFKi+dgQTCQztyIywBITbUIqmBCcxZeXSfO84lxVqg/VUu02iyMPR3AMZXDgGmpwD3VoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB52uj5Y=</latexit>

(v3, v5)

<latexit sha1_base64="y/4lnU5j8jqQx6K42N7p9Iqhktc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY+/yAo292rlXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJwpj5U=</latexit>

(v3, v4)

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1
<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3
<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4

<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5
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Incidence Matrix

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v An oriented incidence matrix for undirected graph is defined by 
any orientation of the graph.

v For 𝜀!" ∈ 𝐸, we use the convention

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1

<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3

<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4
<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5

<latexit sha1_base64="Qa1Nsce7NB1ZBPZsbv9vYwUv7sk="></latexit>

Bij =

8
><

>:

1 if (vi, vj) 2 E and i < j,

�1 if (vi, vj) 2 E and i > j,

0 otherwise.

<latexit sha1_base64="EGme0fqODomUZCcdQb3zUIGueqE=">AAAB8XicbVBNS8NAEJ3Ur1o/WvXoZbEIFaQkpajHohePFewHtiFstpt26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZyG5tb2zv53cLe/sFhsXR03FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP76b+50JlYpF4lFPY+qGeChYwAjWRnqqTDznEk282oVXKttVewG0TpyMlCFD0yt99QcRSUIqNOFYqZ5jx9pNsdSMcDor9BNFY0zGeEh7hgocUuWmi4tn6NwoAxRE0pTQaKH+nkhxqNQ09E1niPVIrXpz8T+vl+jgxk2ZiBNNBVkuChKOdITm76MBk5RoPjUEE8nMrYiMsMREm5AKJgRn9eV10q5Vnatq/aFebtxmceThFM6gAg5cQwPuoQktICDgGV7hzVLWi/VufSxbc1Y2cwJ/YH3+AJYLj5E=</latexit>

(v1, v2)
<latexit sha1_base64="VH+FbqWN0ktmf+1LwfLx9jGIc6Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY696gcbe5blXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJkaj5M=</latexit>

(v2, v3)
<latexit sha1_base64="+ew/9XgstyEEpFftxTpxz7Z4WUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY8+5QGPv8twrluyKPQdaJU5GSpCh4RW/ev2IJCEVmnCsVNexY+2mWGpGOJ0WeomiMSYjPKBdQwUOqXLT+cVTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XTXRw46ZMxImmgiwWBQlHOkKz91GfSUo0nxiCiWTmVkSGWGKiTUgFE4Kz/PIqaVUrzlWl9lAr1W+zOPJwAqdQBgeuoQ730IAmEBDwDK/wZinrxXq3PhatOSubOYY/sD5/AJeQj5I=</latexit>

(v1, v3)

<latexit sha1_base64="9AUmNMzTsYpKotWGI1x6iG2xTx8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUqi9bEsunFZwT6wDWEynbRDJ5MwMymU0L9w40IRt/6NO//GaZuFth64cDjnXu69x485U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95N/daISsUi8ajHMXVD3BcsYARrIz2VR97FGRp5l6desWRX7BnQMnEyUoIMda/41e1FJAmp0IRjpTqOHWs3xVIzwumk0E0UjTEZ4j7tGCpwSJWbzi6eoBOj9FAQSVNCo5n6eyLFoVLj0DedIdYDtehNxf+8TqKDGzdlIk40FWS+KEg40hGavo96TFKi+dgQTCQztyIywBITbUIqmBCcxZeXSfO84lxVqg/VUu02iyMPR3AMZXDgGmpwD3VoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB52uj5Y=</latexit>

(v3, v5)

<latexit sha1_base64="y/4lnU5j8jqQx6K42N7p9Iqhktc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY+/yAo292rlXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJwpj5U=</latexit>

(v3, v4)

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1
<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3
<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4

<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5
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v An oriented incidence matrix for undirected graph is defined by 
any orientation of the graph.

v For 𝜀!" ∈ 𝐸, we use the convention

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1

<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3

<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4
<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5

<latexit sha1_base64="Qa1Nsce7NB1ZBPZsbv9vYwUv7sk="></latexit>

Bij =

8
><

>:

1 if (vi, vj) 2 E and i < j,

�1 if (vi, vj) 2 E and i > j,

0 otherwise.

1 -1
<latexit sha1_base64="EGme0fqODomUZCcdQb3zUIGueqE=">AAAB8XicbVBNS8NAEJ3Ur1o/WvXoZbEIFaQkpajHohePFewHtiFstpt26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZyG5tb2zv53cLe/sFhsXR03FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP76b+50JlYpF4lFPY+qGeChYwAjWRnqqTDznEk282oVXKttVewG0TpyMlCFD0yt99QcRSUIqNOFYqZ5jx9pNsdSMcDor9BNFY0zGeEh7hgocUuWmi4tn6NwoAxRE0pTQaKH+nkhxqNQ09E1niPVIrXpz8T+vl+jgxk2ZiBNNBVkuChKOdITm76MBk5RoPjUEE8nMrYiMsMREm5AKJgRn9eV10q5Vnatq/aFebtxmceThFM6gAg5cQwPuoQktICDgGV7hzVLWi/VufSxbc1Y2cwJ/YH3+AJYLj5E=</latexit>

(v1, v2)
<latexit sha1_base64="VH+FbqWN0ktmf+1LwfLx9jGIc6Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY696gcbe5blXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJkaj5M=</latexit>

(v2, v3)
<latexit sha1_base64="+ew/9XgstyEEpFftxTpxz7Z4WUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY8+5QGPv8twrluyKPQdaJU5GSpCh4RW/ev2IJCEVmnCsVNexY+2mWGpGOJ0WeomiMSYjPKBdQwUOqXLT+cVTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XTXRw46ZMxImmgiwWBQlHOkKz91GfSUo0nxiCiWTmVkSGWGKiTUgFE4Kz/PIqaVUrzlWl9lAr1W+zOPJwAqdQBgeuoQ730IAmEBDwDK/wZinrxXq3PhatOSubOYY/sD5/AJeQj5I=</latexit>

(v1, v3)

<latexit sha1_base64="9AUmNMzTsYpKotWGI1x6iG2xTx8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUqi9bEsunFZwT6wDWEynbRDJ5MwMymU0L9w40IRt/6NO//GaZuFth64cDjnXu69x485U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95N/daISsUi8ajHMXVD3BcsYARrIz2VR97FGRp5l6desWRX7BnQMnEyUoIMda/41e1FJAmp0IRjpTqOHWs3xVIzwumk0E0UjTEZ4j7tGCpwSJWbzi6eoBOj9FAQSVNCo5n6eyLFoVLj0DedIdYDtehNxf+8TqKDGzdlIk40FWS+KEg40hGavo96TFKi+dgQTCQztyIywBITbUIqmBCcxZeXSfO84lxVqg/VUu02iyMPR3AMZXDgGmpwD3VoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB52uj5Y=</latexit>

(v3, v5)

<latexit sha1_base64="y/4lnU5j8jqQx6K42N7p9Iqhktc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY+/yAo292rlXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJwpj5U=</latexit>

(v3, v4)

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1
<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3
<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4

<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5
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v An oriented incidence matrix for undirected graph is defined by 
any orientation of the graph.

v For 𝜀!" ∈ 𝐸, we use the convention

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1

<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3

<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4
<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5

<latexit sha1_base64="Qa1Nsce7NB1ZBPZsbv9vYwUv7sk="></latexit>

Bij =

8
><

>:

1 if (vi, vj) 2 E and i < j,

�1 if (vi, vj) 2 E and i > j,

0 otherwise.

1 -1

1 -1

1 -1

1 -1

1 -1

<latexit sha1_base64="EGme0fqODomUZCcdQb3zUIGueqE=">AAAB8XicbVBNS8NAEJ3Ur1o/WvXoZbEIFaQkpajHohePFewHtiFstpt26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZyG5tb2zv53cLe/sFhsXR03FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP76b+50JlYpF4lFPY+qGeChYwAjWRnqqTDznEk282oVXKttVewG0TpyMlCFD0yt99QcRSUIqNOFYqZ5jx9pNsdSMcDor9BNFY0zGeEh7hgocUuWmi4tn6NwoAxRE0pTQaKH+nkhxqNQ09E1niPVIrXpz8T+vl+jgxk2ZiBNNBVkuChKOdITm76MBk5RoPjUEE8nMrYiMsMREm5AKJgRn9eV10q5Vnatq/aFebtxmceThFM6gAg5cQwPuoQktICDgGV7hzVLWi/VufSxbc1Y2cwJ/YH3+AJYLj5E=</latexit>

(v1, v2)
<latexit sha1_base64="VH+FbqWN0ktmf+1LwfLx9jGIc6Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY696gcbe5blXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJkaj5M=</latexit>

(v2, v3)
<latexit sha1_base64="+ew/9XgstyEEpFftxTpxz7Z4WUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY8+5QGPv8twrluyKPQdaJU5GSpCh4RW/ev2IJCEVmnCsVNexY+2mWGpGOJ0WeomiMSYjPKBdQwUOqXLT+cVTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XTXRw46ZMxImmgiwWBQlHOkKz91GfSUo0nxiCiWTmVkSGWGKiTUgFE4Kz/PIqaVUrzlWl9lAr1W+zOPJwAqdQBgeuoQ730IAmEBDwDK/wZinrxXq3PhatOSubOYY/sD5/AJeQj5I=</latexit>

(v1, v3)

<latexit sha1_base64="9AUmNMzTsYpKotWGI1x6iG2xTx8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUqi9bEsunFZwT6wDWEynbRDJ5MwMymU0L9w40IRt/6NO//GaZuFth64cDjnXu69x485U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95N/daISsUi8ajHMXVD3BcsYARrIz2VR97FGRp5l6desWRX7BnQMnEyUoIMda/41e1FJAmp0IRjpTqOHWs3xVIzwumk0E0UjTEZ4j7tGCpwSJWbzi6eoBOj9FAQSVNCo5n6eyLFoVLj0DedIdYDtehNxf+8TqKDGzdlIk40FWS+KEg40hGavo96TFKi+dgQTCQztyIywBITbUIqmBCcxZeXSfO84lxVqg/VUu02iyMPR3AMZXDgGmpwD3VoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB52uj5Y=</latexit>

(v3, v5)

<latexit sha1_base64="y/4lnU5j8jqQx6K42N7p9Iqhktc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFvVY9OKxgv3ANoTNdtMu3WzC7qZQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj+5mfntMpWKReNSTmLohHggWMIK1kZ7KY+/yAo292rlXLNkVew60SpyMlCBDwyt+9foRSUIqNOFYqa5jx9pNsdSMcDot9BJFY0xGeEC7hgocUuWm84un6MwofRRE0pTQaK7+nkhxqNQk9E1niPVQLXsz8T+vm+jgxk2ZiBNNBVksChKOdIRm76M+k5RoPjEEE8nMrYgMscREm5AKJgRn+eVV0qpWnKtK7aFWqt9mceThBE6hDA5cQx3uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AJwpj5U=</latexit>

(v3, v4)

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1
<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="Gnk7IP9wbT2ukOyChgySgx0n6+A=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdhVUcsQG8sEzQOSJcxOZpMhM7PLzGwgLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUHMmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf9m7NcHVGkWyXszjKkvcFeykBFsrHQ3aJ+3c3m34E6AFok3I/niYeWbvZc+yu3cZ6sTkURQaQjHWjc9NzZ+ipVhhNNRtpVoGmPSx13atFRiQbWfTk4doROrdFAYKVvSoIn6eyLFQuuhCGynwKan572x+J/XTEx47adMxomhkkwXhQlHJkLjv1GHKUoMH1qCiWL2VkR6WGFibDpZG4I3//IiqZ0VvMvCRcWmUYIpMnAEx3AKHlxBEW6hDFUg0IUHeIJnhzuPzovzOm1dcmYzB/AHztsP7TORRg==</latexit>v3
<latexit sha1_base64="nqB7D6/Sa1y+m09KNTOMWNbk7h0=">AAAB6nicbVC7SgNBFL3jM8ZXVLCxGQyCVdiVoJYhNpYJmgckS5idzCZDZmeXmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee/xYcG0c5wutrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNxG8MmdI8kvdmFDMvJD3JA06JsdLdsFPs5PJOwZkCLxN3TvKl4+o3fy9/VDq5z3Y3oknIpKGCaN1yndh4KVGGU8HG2XaiWUzogPRYy1JJQqa9dHrqGJ9ZpYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptO1obgLr68TOoXBfeyUKzaNMowQwZO4BTOwYUrKMEtVKAGFHrwAE/wjAR6RC/odda6guYzR/AH6O0H7reRRw==</latexit>v4

<latexit sha1_base64="tmPotF2OsWAxokXgBHXXcdn7X7Q=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVX2WIjWWC5gHJEmYns8mQmdllZjYQlnyCjYUitrb+hV9gZ+O3OHkUmnjgwuGce7n3niDmTBvX/XKWlldW19YzG9nNre2d3dzefk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8z9usDqjSL5L0ZxtQXuCtZyAg2VrobtC/aubxbcCdAi8SbkXzxsPLN3ksf5Xbus9WJSCKoNIRjrZueGxs/xcowwuko20o0jTHp4y5tWiqxoNpPJ6eO0IlVOiiMlC1p0ET9PZFiofVQBLZTYNPT895Y/M9rJia89lMm48RQSaaLwoQjE6Hx36jDFCWGDy3BRDF7KyI9rDAxNp2sDcGbf3mR1M4K3mXhvGLTKMEUGTiCYzgFD66gCLdQhioQ6MIDPMGzw51H58V5nbYuObOZA/gD5+0H8DuRSA==</latexit>v5
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Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v For a multivariate function 𝑓:ℝ) → ℝ, the Laplacian operator is 
defined as the divergence of the gradient of 𝑓

v Gradient of 𝑓, ∇𝑓 ∶ ℝ) → ℝ) is defined as the vector

v Gradient represents the rate and direction of the steepest 
ascent of function 𝑓 at x.

<latexit sha1_base64="e6xMuTVFOqu7iPQWTTs8nxy+wzY=">AAACH3icbVDLSgMxFM34rPVVdekmWATdlBkRdSOIunBZwarQKeVOekeDmcyQ3BHL0D9x46+4caGIuPNvTOssfB0InJxzLsk9UaakJd//8MbGJyanpisz1dm5+YXF2tLyuU1zI7AlUpWaywgsKqmxRZIUXmYGIYkUXkQ3R0P/4haNlak+o36GnQSutIylAHJSt7YTHqMi4PFGSHhHUVzcDTb3Qw2RAh6KXkq8vPxIdGt1v+GPwP+SoCR1VqLZrb2HvVTkCWoSCqxtB35GnQIMSaFwUA1zixmIG7jCtqMaErSdYrTfgK87pcfj1LijiY/U7xMFJNb2k8glE6Br+9sbiv957ZzivU4hdZYTavH1UJwrTikflsV70qAg1XcEhJHur1xcgwFBrtKqKyH4vfJfcr7VCHYa26fb9YPDso4KW2VrbIMFbJcdsBPWZC0m2D17ZM/sxXvwnrxX7+0rOuaVMyvsB7yPT4R7oq0=</latexit>

�f(x) = r ·rf(x)

<latexit sha1_base64="rMOMim0Kl0RSTr8G7uxlT3c2ylY="></latexit>

rf(x) =


@

@x1
f(x), . . . ,

@

@xn
f(x)

�

<latexit sha1_base64="AhRjP4SUmWgsoS8Rn5El/l6gEGE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFZwT6gKWUynbRDJ5MwcyOtofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/ix4Boc59vKrayurW/kNwtb2zu7e/b+QUNHiaKsTiMRqZZPNBNcsjpwEKwVK0ZCX7CmP7yZ+s0HpjSP5D2MY9YJSV/ygFMCRuraR54kviA4KHnARuAH6Why1rWLTtmZAS8TNyNFlKHWtb+8XkSTkEmggmjddp0YOilRwKlgk4KXaBYTOiR91jZUkpDpTjq7foJPjdLDQaRMScAz9fdESkKtx6FvOkMCA73oTcX/vHYCwVUn5TJOgEk6XxQkAkOEp1HgHleMghgbQqji5lZMB0QRCiawggnBXXx5mTTOy+5FuXJXKVavszjy6BidoBJy0SWqoltUQ3VE0SN6Rq/ozXqyXqx362PemrOymUP0B9bnDx35lQY=</latexit>

rf(x)
<latexit sha1_base64="zLdy7QCCvCgNuk24bvGqax5Wps8=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSRS1GPRi8cK9gPaUDbbTbt0s4m7k9IS+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8w8PxZco+N8W2vrG5tb27md/O7e/sFh4ei4oaNEUVankYhUyyeaCS5ZHTkK1ooVI6EvWNMf3s385ogpzSP5iJOYeSHpSx5wStBIXlDqIBujH6Tj6UW3UHTKzhz2KnEzUoQMtW7hq9OLaBIyiVQQrduuE6OXEoWcCjbNdxLNYkKHpM/ahkoSMu2l86On9rlRenYQKVMS7bn6eyIlodaT0DedIcGBXvZm4n9eO8Hgxku5jBNkki4WBYmwMbJnCdg9rhhFMTGEUMXNrTYdEEUompzyJgR3+eVV0rgsu1flykOlWL3N4sjBKZxBCVy4hircQw3qQOEJnuEV3qyR9WK9Wx+L1jUrmzmBP7A+fwC49pIV</latexit>

f(x)



38

Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Divergence of a vector field is the outward flux of the vector 
field at point 𝐱.

v Laplacian is then derived as

<latexit sha1_base64="AhRjP4SUmWgsoS8Rn5El/l6gEGE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFZwT6gKWUynbRDJ5MwcyOtofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/ix4Boc59vKrayurW/kNwtb2zu7e/b+QUNHiaKsTiMRqZZPNBNcsjpwEKwVK0ZCX7CmP7yZ+s0HpjSP5D2MY9YJSV/ygFMCRuraR54kviA4KHnARuAH6Why1rWLTtmZAS8TNyNFlKHWtb+8XkSTkEmggmjddp0YOilRwKlgk4KXaBYTOiR91jZUkpDpTjq7foJPjdLDQaRMScAz9fdESkKtx6FvOkMCA73oTcX/vHYCwVUn5TJOgEk6XxQkAkOEp1HgHleMghgbQqji5lZMB0QRCiawggnBXXx5mTTOy+5FuXJXKVavszjy6BidoBJy0SWqoltUQ3VE0SN6Rq/ozXqyXqx362PemrOymUP0B9bnDx35lQY=</latexit>

rf(x)
<latexit sha1_base64="Gr4+tsQs3y4JK4wQW5+4RLGt5cI=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxC3ZREirosunFZwV6gCWUynbRDJ5MwcyItoVs3voobF4q49Q3c+TZO2yy09YeBj/+cw5nzB4ngGhzn21pZXVvf2CxsFbd3dvf27YPDpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDOttx6Y0jyW9zBOmB+RvuQhpwSM1bWxJ0kgiEd7MeSMw7IHbARBmI0mZ1275FScmfAyuDmUUK561/7yejFNIyaBCqJ1x3US8DOigFPBJkUv1SwhdEj6rGNQkohpP5tdMsGnxunhMFbmScAz9/dERiKtx1FgOiMCA71Ym5r/1TophFd+xmWSApN0vihMBYYYT2PBPa4YBTE2QKji5q+YDogiFEx4RROCu3jyMjTPK+5FpXpXLdWu8zgK6BidoDJy0SWqoVtURw1E0SN6Rq/ozXqyXqx362PeumLlM0foj6zPHyK5mf4=</latexit>

r ·rf(x)

<latexit sha1_base64="pPIuLW3RzlAEzUWmMIi1TPjGiv8="></latexit>

r ·rf(x) =
@2

@x2
1

f(x) + · · ·+ @2

@x2
n

f(x)

<latexit sha1_base64="OZjrKmHEjYhpZif4wGwIgkK+N+U="></latexit>

r · F =
@

@x1
F+ · · ·+ @

@xn
F
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A real function 𝑓 on graph is defined as a map from nodes to 
real number. This is discrete analogue of a scalar field.

v Gradient operator on graph ∇∶ 𝑉 → 𝐸 is defined as

v Given incident matrix B, we can compute gradient as ∇𝑓 = 𝑩𝑓

<latexit sha1_base64="t85YRhdK7plbtUtAOwzFMUmVcRs=">AAACDnicbVDLSgMxFM3UV62vqks3wVJwY5mRom6EohuXFewDpsOQSTNt2kwyJBmhDPMFbvwVNy4UcevanX9jpu1CWw+EHM65l3vvCWJGlbbtb6uwsrq2vlHcLG1t7+zulfcP2kokEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Cb3Ow9EKir4vZ7ExIvQgNOQYqSN5Jerbo+jgCHYCwTrq0lkvjTMPD+lcJRdhT49Df2RX67YNXsKuEycOamAOZp++avXFziJCNeYIaVcx461lyKpKWYkK/USRWKEx2hAXEM5iojy0uk5GawapQ9DIc3jGk7V3x0pilS+qamMkB6qRS8X//PcRIeXXkp5nGjC8WxQmDCoBcyzgX0qCdZsYgjCkppdIR4iibA2CZZMCM7iycukfVZzzmv1u3qlcT2PowiOwDE4AQ64AA1wC5qgBTB4BM/gFbxZT9aL9W59zEoL1rznEPyB9fkDbNacWg==</latexit>

[rf ]ij = fi � fj

𝑣!
𝑣"

𝑣#

𝑣$

𝑣%

𝑓"
𝑓!

𝑓#

𝑓$

𝑓%

<latexit sha1_base64="08Cn0FDzLYKzhshCHxEm6ei4bWs=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5JIUfFU9OKxiv2AJpTNdtMu3WTD7kQpoXjxr3jxoIhXf4U3/43bNgdtfTDweG+GmXlBIrgGx/m2FhaXlldWC2vF9Y3NrW17Z7ehZaooq1MppGoFRDPBY1YHDoK1EsVIFAjWDAZXY795z5TmMr6DYcL8iPRiHnJKwEgdez+8aHiK9/pAlJIP2IsI9IMgux117JJTdibA88TNSQnlqHXsL68raRqxGKggWrddJwE/Iwo4FWxU9FLNEkIHpMfahsYkYtrPJi+M8JFRujiUylQMeKL+nshIpPUwCkzn+EI9643F/7x2CuG5n/E4SYHFdLooTAUGicd54C5XjIIYGkKo4uZWTPtEEQomtaIJwZ19eZ40TsruablyUylVL/M4CugAHaJj5KIzVEXXqIbqiKJH9Ixe0Zv1ZL1Y79bHtHXBymf20B9Ynz91qZd9</latexit>

f : V ! R

<latexit sha1_base64="CbEuQOu829jBLWvtKNG+5+61hLg="></latexit>2

66664

1 �1 · · ·
· 1 �1 · ·
1 · �1 · ·
· · 1 �1 ·
· · 1 · �1

3

77775

2

66664

f1
f2
f3
f4
f5

3

77775
=

2

66664

f1 � f2
f2 � f3
f1 � f3
f3 � f4
f3 � f5

3

77775

<latexit sha1_base64="KkX99nn22Rat20DRhp1ZHcv+FR8="></latexit>

f :=
⇥
f1 f2 f3 f4 f5

⇤T



40

Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Divergence operator on a graph div: 𝐸 → 𝑉 sums over values 
associated with the edges of the graph.

v Given incident matrix B, we can compute divergence as

<latexit sha1_base64="km156uy7pq1+Qneoe11/4O28j20="></latexit>

div(g)i =
X

vj2N(vi)

gij

<latexit sha1_base64="Upzc/XBN8aDO0iy4Fne7rQdeTMQ="></latexit>2

66664

1 · 1 · ·
�1 1 · · ·
· �1 �1 1 1
· · · �1 ·
· · · · �1

3

77775

2

66664

g(1,2)
g(2,3)
g(1,3)
g(3,4)
g(3,5)

3

77775
=

2

66664

g(1,2) + g(1,3)
�g(1,2) + g(2,3)

�g(2,3) � g(1,3) + g(3,4) + g(3,5)
�g(3,4)
�g(3,5)

3

77775

<latexit sha1_base64="ccXDs1AR800nIeKou9eix+IcqZU=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIruqMFHUjlLpxWaE3aMeSSTNtaOZCcqZYhnkMN76KGxeKuO3OtzFtR9TWHwJf/nMOyfmdUHAFpvlpZFZW19Y3spu5re2d3b38/kFDBZGkrE4DEciWQxQT3Gd14CBYK5SMeI5gTWd4M603R0wqHvg1GIfM9kjf5y6nBLTVzZ91gD1A3OOjBHfw7OK4cT/B199cSe5rP343XzCL5kx4GawUCihVtZufdHoBjTzmAxVEqbZlhmDHRAKngiW5TqRYSOiQ9Flbo088pux4tliCT7TTw24g9fEBz9zfEzHxlBp7ju70CAzUYm1q/ldrR+Be2TH3wwiYT+cPuZHAEOBpSrjHJaMgxhoIlVz/FdMBkYSCzjKnQ7AWV16GxnnRuiiW7kqFciWNI4uO0DE6RRa6RGV0i6qojih6RM/oFb0ZT8aL8W58zFszRjpziP7ImHwBZb2hRA==</latexit>

div g = BTg
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Divergence operator on a graph div: 𝐸 → 𝑉 sums over values 
associated with the edges of the graph.

v Given incident matrix B, we can compute divergence as

v Laplacian operator on graph Δ: 𝑉 → 𝑉 is defined as

<latexit sha1_base64="km156uy7pq1+Qneoe11/4O28j20="></latexit>

div(g)i =
X

vj2N(vi)

gij

<latexit sha1_base64="ccXDs1AR800nIeKou9eix+IcqZU=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIruqMFHUjlLpxWaE3aMeSSTNtaOZCcqZYhnkMN76KGxeKuO3OtzFtR9TWHwJf/nMOyfmdUHAFpvlpZFZW19Y3spu5re2d3b38/kFDBZGkrE4DEciWQxQT3Gd14CBYK5SMeI5gTWd4M603R0wqHvg1GIfM9kjf5y6nBLTVzZ91gD1A3OOjBHfw7OK4cT/B199cSe5rP343XzCL5kx4GawUCihVtZufdHoBjTzmAxVEqbZlhmDHRAKngiW5TqRYSOiQ9Flbo088pux4tliCT7TTw24g9fEBz9zfEzHxlBp7ju70CAzUYm1q/ldrR+Be2TH3wwiYT+cPuZHAEOBpSrjHJaMgxhoIlVz/FdMBkYSCzjKnQ7AWV16GxnnRuiiW7kqFciWNI4uO0DE6RRa6RGV0i6qojih6RM/oFb0ZT8aL8W58zFszRjpziP7ImHwBZb2hRA==</latexit>

div g = BTg

<latexit sha1_base64="NSz9GLR3b23GK9wV+jTsQptVIl0=">AAACInicbZDLSsNAFIYn9VbrLerSTbAIrkoi4mUhlLpx4aJCb9DGMplM2qGTCzMnYgl5Fje+ihsXiroSfBinbYraemCYj/+fw5zzOxFnEkzzU8stLC4tr+RXC2vrG5tb+vZOQ4axILROQh6KloMl5SygdWDAaSsSFPsOp01ncDnym3dUSBYGNRhG1PZxL2AeIxiU1NXPO0DvwfGSSnpb++GOE3JXDn11JV56MTWu0yl5aVcvmiVzXMY8WBkUUVbVrv7ecUMS+zQAwrGUbcuMwE6wAEY4TQudWNIIkwHu0bbCAPtU2sl4xdQ4UIpreKFQJwBjrP7uSLAvR/Oqlz6Gvpz1RuJ/XjsG78xOWBDFQAMy+ciLuQGhMcrLcJmgBPhQASaCqVkN0scCE1CpFlQI1uzK89A4KlknpeOb42K5ksWRR3toHx0iC52iMrpCVVRHBD2gJ/SCXrVH7Vl70z4mT3Na1rOL/pT29Q0kjqaI</latexit>

BTBf = Lf
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Graph Laplacian

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To prevent too much effect of nodes with large degree, we can 
use normalized Laplacian matrices.

v There are two variants of normalized graph Laplacian:
Ø Symmetric normalized Laplacian

Ø Random-Walk normalized Laplacian
<latexit sha1_base64="SitUs49zX3RgkPkOjPHnBvp1I9M=">AAACGXicbVC7SgNBFJ2Nrxhfq5Y2g0GwMexKUBshqIWFRRTzgGwMs5PZZMjsg5m7Ylj2N2z8FRsLRSy18m+cPERNPDBwOOdc7tzjRoIrsKxPIzMzOze/kF3MLS2vrK6Z6xtVFcaSsgoNRSjrLlFM8IBVgINg9Ugy4ruC1dze6cCv3TKpeBhcQz9iTZ90Au5xSkBLLdNyugQSB9gduF5ykaat5KqWHn8LZ+lNsmen+CfQMvNWwRoCTxN7TPJojHLLfHfaIY19FgAVRKmGbUXQTIgETgVLc06sWERoj3RYQ9OA+Ew1k+FlKd7RSht7odQvADxUf08kxFeq77s66RPoqklvIP7nNWLwjpoJD6IYWEBHi7xYYAjxoCbc5pJREH1NCJVc/xXTLpGEgi4zp0uwJ0+eJtX9gn1QKF4W86WTcR1ZtIW20S6y0SEqoXNURhVE0T16RM/oxXgwnoxX420UzRjjmU30B8bHF0YNobU=</latexit>

L̂RW = D�1L

<latexit sha1_base64="1HbZ5kIAz88Pa5IXFq1UKAJzvbo="></latexit>

L̂Sym = D� 1
2LD� 1

2
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Spectral Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Disconnected graphs have an adjacency matrix with nonzero 
square blocks on the diagonal and zeros outside of these 
blocks.

v Since 𝑳 = 𝑫 − 𝑨, 𝑳 also has a block diagonal form in 
disconnected graphs. 

v Number of the zero eigenvalues of Laplacian represents the 
number of components in the graph.

[[0 1 0 0 1 0 0 0 0]
[1 0 1 1 1 0 0 0 0]
[0 1 0 1 1 0 0 0 0]
[0 1 1 0 1 0 0 0 0]
[1 1 1 1 0 0 0 0 0]
[0 0 0 0 0 0 1 0 0]
[0 0 0 0 0 1 0 1 1]
[0 0 0 0 0 0 1 0 1]
[0 0 0 0 0 0 1 1 0]]

Block diagonal matrix

<latexit sha1_base64="jHvsgB7XujE8cutH9ZyWML8/h6I=">AAAB+HicbVC7TsMwFL0pr1IeDTCyRFRITFWCECCmAgtjkehDaqPKcZzWqmNHtoNUon4JCwMIsfIpbPwNTpsBWo5k+eice+XjEySMKu2631ZpZXVtfaO8Wdna3tmt2nv7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJv7nUciFRX8QU8S4sdoyGlEMdJGGtjVfiBYqCaxubLr6dXArrl1dwZnmXgFqUGB5sD+6ocCpzHhGjOkVM9zE+1nSGqKGZlW+qkiCcJjNCQ9QzmKifKzWfCpc2yU0ImENIdrZ6b+3shQrPJsZjJGeqQWvVz8z+ulOrr0M8qTVBOO5w9FKXO0cPIWnJBKgjWbGIKwpCarg0dIIqxNVxVTgrf45WXSPq175/Wz+7Na46aoowyHcAQn4MEFNOAOmtACDCk8wyu8WU/Wi/VufcxHS1axcwB/YH3+AP0Ok1A=</latexit>

A :
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Spectral Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Consider the cut size

v Since 

therefore, 𝑠!# = 1

<latexit sha1_base64="wAKEYSXqBZXsyrgVXkaASwuT7VA="></latexit>

R =
1

4

X

i2V

X

j2V

Aij (1� sisj)

<latexit sha1_base64="QaU2GolNPXw7nFNZgPIWmquDlf4="></latexit>

=
1

4

X

i2V

X

j2V

[Aij �Aijsisj ]

<latexit sha1_base64="7KAUGwC1RfhlqzosJjP+JwxMTcs=">AAACPnicjVC7TsMwFHV4lvIqMLJYVEhMVVJVwIJUYGEsEn1ITYkc123d2k5kO0hVlC9j4RvYGFkYQIiVEacNErQMXMnyueecK/seP2RUadt+shYWl5ZXVnNr+fWNza3tws5uQwWRxKSOAxbIlo8UYVSQuqaakVYoCeI+I01/dJnqzTsiFQ3EjR6HpMNRX9AexUgbyivUXRVxL6bQpQI2Ejhth9/teSoNk7N/uaAyd3IblxOvULRL9qTgPHAyUARZ1bzCo9sNcMSJ0JghpdqOHepOjKSmmJEk70aKhAiPUJ+0DRSIE9WJJ+sn8NAwXdgLpDlCwwn7cyJGXKkx942TIz1Qs1pK/qW1I9077cRUhJEmAk8f6kUM6gCmWcIulQRrNjYAYUnNXyEeIImwNonnTQjO7MrzoFEuOcelynWlWL3I4siBfXAAjoADTkAVXIEaqAMM7sEzeAVv1oP1Yr1bH1PrgpXN7IFfZX1+AU91rp4=</latexit>X

i2V

X

j2V

Aij =
X

i2V

X

j2V

Aijs
2
i

<latexit sha1_base64="OsmrV//5vlwR5JG6Ih6sUiqECDs=">AAACQnicbVC7TsMwFHV4lvIKMLJYVEhMVVJVwIJUwcJYJPpAbYgcx2ndOk5kO0hVlG9j4QvY+AAWBhBiZcBpM0DLlXx1fM65uvbxYkalsqwXY2l5ZXVtvbRR3tza3tk19/bbMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vHGV7neeSBC0ojfqklMnBANOA0oRkpTrnl30ZdJ6Ka0TzlsZ9DXMIMy7/dpLZtTZ7fRojfvI637hCmkCTjKXLNiVa1pwUVgF6ACimq65nPfj3ASEq4wQ1L2bCtWToqEopiRrNxPJIkRHqMB6WnIUUikk04jyOCxZnwYREIfruCU/T2RolDKSehpZ4jUUM5rOfmf1ktUcO6klMeJIhzPFgUJgyqCeZ7Qp4JgxSYaICyofivEQyQQVjr1sg7Bnv/yImjXqvZptX5TrzQuizhK4BAcgRNggzPQANegCVoAg0fwCt7Bh/FkvBmfxtfMumQUMwfgTxnfP3vSsfE=</latexit>

=
X

i2V

dis
2
i =

X

i2V

X

j2V

disisj�ij

<latexit sha1_base64="0ut5Tph11u4/hKT+CY6xZVhHlb0="></latexit>

si =

(
1 vi 2 A1

�1 vi 2 A2
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Spectral Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Plugging in
<latexit sha1_base64="0ocTvyK351IT7Gttf9/G6tYAjUE="></latexit>

R =
1

4

X

i2V

X

j2V

disisj�ij �Aijsisj

<latexit sha1_base64="RdJY+SQIh39Y2KmQtKXHhOMJQZQ="></latexit>

=
1

4

X

i2V

X

j2V

(disij �Aij) sisj

<latexit sha1_base64="8Rg4d1Z2gYNkcc9Ut2Zj+dnGYF0="></latexit> {
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Spectral Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Plugging in

v In matrix notation, the cut size is

v We can express the graph partitioning problem as finding 
partitioning 𝑠 that minimizes 𝑅.

<latexit sha1_base64="0ocTvyK351IT7Gttf9/G6tYAjUE="></latexit>

R =
1

4

X

i2V

X

j2V

disisj�ij �Aijsisj

<latexit sha1_base64="RdJY+SQIh39Y2KmQtKXHhOMJQZQ="></latexit>

=
1

4

X

i2V

X

j2V

(disij �Aij) sisj

Laplacian

<latexit sha1_base64="dUq4ifS+MozZa86bQrAh61LXe2Y=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwVRIpKohQdOPCRQX7gCaEyXTSTp1MwsxEKCEf48ZfcePCBy7c+C1O0wjaemHmnnvOvczc48eMSmVZn0ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lx7y4neueeCEkjfqvGMXFDNOA0oBgpTXnm2bkTCIRTO0vrGXRkEnopdSiH7Z9qNK2uNQ9HGZQ65/co88yqVbPygPPALkAVFNH0zDenH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRvkMD0tOQo5BIN82XzOCBZvowiIQ+XMGc/T2RolDKcejrzhCpoZzVJuR/Wi9RwambUh4ninA8fShIGFQRnDgG+1QQrNhYA4QF1X+FeIi0aUr7WtEm2LMrz4P2Uc0+rtVv6tXGRWFHGeyBfXAIbHACGuAKNEELYPAAnsALeDUejWfj3fiYtpaMYmYX/Anj6xtM06U+</latexit>

=
1

4

X

i2V

X

j2V

Lijsisj

<latexit sha1_base64="SewD6A5gdBcHQbC5O+uasDLomIA=">AAACFnicbZDLSsNAFIYn9VbrLerSTbAIbiyJFHUjFN24cFGlN2himUwn7dDJhZkTsYQ8hRtfxY0LRdyKO9/GaRuhtv4w8PGfczhzfjfiTIJpfmu5hcWl5ZX8amFtfWNzS9/eacgwFoTWSchD0XKxpJwFtA4MOG1FgmLf5bTpDi5H9eY9FZKFQQ2GEXV83AuYxwgGZXX0o9tz2xOYJFaalFMb6AO4XiLTu9ovX0+5Hb1olsyxjHmwMiiiTNWO/mV3QxL7NADCsZRty4zASbAARjhNC3YsaYTJAPdoW2GAfSqdZHxWahwop2t4oVAvAGPsTk8k2Jdy6Luq08fQl7O1kflfrR2Dd+YkLIhioAGZLPJibkBojDIyukxQAnyoABPB1F8N0scqJVBJFlQI1uzJ89A4LlknpfJNuVi5yOLIoz20jw6RhU5RBV2hKqojgh7RM3pFb9qT9qK9ax+T1pyWzeyiP9I+fwB0b6DZ</latexit>

R =
1

4
sTLs

<latexit sha1_base64="8Rg4d1Z2gYNkcc9Ut2Zj+dnGYF0="></latexit> {
Division in graphGraph structure
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Spectral Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Approximation to ratio cut using spectral methods
<latexit sha1_base64="koJ9dppQaIwi1n2+wxcFc0nz7z8="></latexit>

si =

8
<

:
+
q

|Ā|
|A| if vi 2 A

�
q

|A|
|Ā| if vi 2 Ā

<latexit sha1_base64="imk07YB0ayaMgXQ8HQmoT98wMRg="></latexit>

sTLs =
1

2

X

i

X

j

Aij (si � sj)
2

=
X

vi2A

X

vj2Ā

Aij (si � sj)
2

=
X

vi2A

X

vj2Ā

Aij

 s
|Ā|
|A| +

s
|A|
|Ā|

!2

=

✓
|Ā|
|A| +

|A|
|Ā|

+ 2

◆ X

vi2A

X

vj2Ā

Aij

=

✓
|Ā|
|A| +

|A|
|A| +

|A|
|Ā|

+
|Ā|
|Ā|

◆ X

vi2A

X

vj2Ā

Aij
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Spectral Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

<latexit sha1_base64="GOK8JJsgwRqbVVoNwGGvIib0kpw="></latexit>

sTLs =

✓
|Ā|
|A| +

|A|
|A| +

|A|
|Ā|

+
|Ā|
|Ā|

◆ X

vi2A

X

vj2Ā

Aij

=

✓
|Ā|+ |A|

|A| +
|A|+ |Ā|

|Ā|

◆ X

vi2A

X

vj2Ā

Aij

= |V |
✓

1

|A| +
1

|Ā|

◆ X

vi2A

X

vj2Ā

Aij

= |V |1
2

2X

k=1

X

vi2Ak

X

vj2Āk

Aij

|Ak|

= |V |RRatioCut(A, Ā)

<latexit sha1_base64="VaHUCAh8Xrj6a2tYmt/OPVvUswI="></latexit>

RRatioCut(A, Ā) =
1

|V |s
TLs
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Spectral Partitioning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Note that

v Therefore 𝒔 ⊥ 𝟏.
v Also, 

v

<latexit sha1_base64="aB2TSiDWpN/yLzLg2KMszy/Nm1M="></latexit>

X

vi2V

si =
X

vi2A

s
|Ā|
|A| �

X

vi2Ā

s
|A|
|Ā|

= |A|

s
|Ā|
|A| � |Ā|

s
|A|
|Ā|

=
q
|A||Ā|�

q
|Ā||A| = 0

<latexit sha1_base64="c1EwrAStutorYp2mstoComTBFH4="></latexit>

ksk2 =
X

vi2A

 s
|Ā|
|A|

!2

+
X

vi2Ā

 s
|A|
|Ā|

!2

= |A| |Ā|
|A| + |Ā| |A|

|A| = |A||Ā|
✓
|Ā|+ |A|
|A||Ā|

◆
= |V |

<latexit sha1_base64="HAVSrrvH53pp70mDUdfrPiRzW24="></latexit>

min
A⇢V

sTLs s.t. s ? �!
1 and ksk2 = |V |

<latexit sha1_base64="LJ5UkW5lSplD368yKG1N/Cthj58=">AAACY3icbVFdS8MwFE2rzrmpq9M3EYJDEITRylBfBlNffJzgPmAdI83SLSz9IEmF2fZP+uabL/4P063I3HYhcDjn3JubEydkVEjT/NL0nd29wn7xoFQ+PDquGCfVrggijkkHByzgfQcJwqhPOpJKRvohJ8hzGOk5s+dM770TLmjgv8l5SIYemvjUpRhJRY2Mj2Zie0hOMWLxY5pA2+UIx4ntIB6vCGmSxv+M6c0Wz1/3qnHrsGbSTUZGzaybi4KbwMpBDeTVHhmf9jjAkUd8iRkSYmCZoRzGiEuKGUlLdiRIiPAMTchAQR95RAzjRUYpvFLMGLoBV8eXcMGudsTIE2LuOcqZbSrWtYzcpg0i6T4MY+qHkSQ+Xl7kRgzKAGaBwzHlBEs2VwBhTtWuEE+RykmqbympEKz1J2+C7m3duqs3Xhu11lMeRxGcg0twDSxwD1rgBbRBB2DwrRW0imZoP3pZr+pnS6uu5T2n4F/pF78JpryH</latexit>

= |A| |Ā|
|A| + |Ā| |A|

|Ā|
= |V |
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K-means Clustering

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Feature-based clustering approach.
v It clusters data points into 𝐾 clusters by minimizing their 

feature vector’s distance from cluster mean.

v Mean 𝝁( is computed at each iteration based on the points 
assigned to the cluster 𝑘 at that iteration

v In matrix notation, 

Cluster MeansFeature Matrix

Cluster 
Assignment Matrix

<latexit sha1_base64="WtqH0Ir+N4vJ06ttEtQRMJ0KEz8="></latexit>

argmin
k

kzn � µkk
2
2

<latexit sha1_base64="bY9RQUjAwDLWKrnmIvH9qXG1VDE="></latexit>

µk =
1

|Ak|
X

zn2Ak

zn

<latexit sha1_base64="VGZ0udGV/JifBmsR5VLEKWcO0AE="></latexit>

min
S

���Z� SMT
���
2

F
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Generalized Spectral Clustering 

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v K-means clustering can cluster nodes of a graph based on 
feature vectors built upon eigen-decomposition of 𝑳.

Ø Find eigen-decomposition of Laplacian 𝑳𝑽 = 𝚲𝑽.

<latexit sha1_base64="z/vMyvL79etzDUyIdg/aUhRA0BA=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMFBVXRTcuK9gHtEPJZDJtaGYyJBmhDv0SNy4UceunuPNvzLSz0NYDIYdz7iUnx084U9pxvq3S2vrG5lZ5u7Kzu7dftQ8OO0qkktA2EVzIno8V5Symbc00p71EUhz5nHb9yW3udx+pVEzED3qaUC/Co5iFjGBtpKFdHfiCB2oamSvrzK6Hds2pO3OgVeIWpAYFWkP7axAIkkY01oRjpfquk2gvw1IzwumsMkgVTTCZ4BHtGxrjiCovmwefoVOjBCgU0pxYo7n6eyPDkcqzmckI67Fa9nLxP6+f6vDKy1icpJrGZPFQmHKkBcpbQAGTlGg+NQQTyUxWRMZYYqJNVxVTgrv85VXSOa+7F/XGfaPWvCnqKMMxnMAZuHAJTbiDFrSBQArP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/HRuTZQ==</latexit>

V :
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Generalized Spectral Clustering 

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v K-means clustering can cluster nodes of a graph based on 
feature vectors built upon eigen-decomposition of 𝑳.

Ø Find eigen-decomposition of Laplacian 𝑳𝑽 = 𝚲𝑽.
Ø Construct feature matrix 𝒁 by separating the eigenvectors 

corresponding to the K smallest eigenvalues 𝑽 * +,: * .

<latexit sha1_base64="z/vMyvL79etzDUyIdg/aUhRA0BA=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMFBVXRTcuK9gHtEPJZDJtaGYyJBmhDv0SNy4UceunuPNvzLSz0NYDIYdz7iUnx084U9pxvq3S2vrG5lZ5u7Kzu7dftQ8OO0qkktA2EVzIno8V5Symbc00p71EUhz5nHb9yW3udx+pVEzED3qaUC/Co5iFjGBtpKFdHfiCB2oamSvrzK6Hds2pO3OgVeIWpAYFWkP7axAIkkY01oRjpfquk2gvw1IzwumsMkgVTTCZ4BHtGxrjiCovmwefoVOjBCgU0pxYo7n6eyPDkcqzmckI67Fa9nLxP6+f6vDKy1icpJrGZPFQmHKkBcpbQAGTlGg+NQQTyUxWRMZYYqJNVxVTgrv85VXSOa+7F/XGfaPWvCnqKMMxnMAZuHAJTbiDFrSBQArP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/HRuTZQ==</latexit>

V :
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Generalized Spectral Clustering 

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v K-means clustering can cluster nodes of a graph based on 
feature vectors built upon eigen-decomposition of 𝑳.

Ø Find eigen-decomposition of Laplacian 𝑳𝑽 = 𝚲𝑽.
Ø Construct feature matrix 𝒁 by separating the eigenvectors 

corresponding to the K smallest eigenvalues 𝑽 * +,: * .

<latexit sha1_base64="rIgVMS+T5+5DiuTl86QTn5Ny1m8=">AAAB+HicbVC7TsMwFL0pr1IeDTCyRFRITFWCECCmChbGItGHaKPKcZzWqmNHtoNUon4JCwMIsfIpbPwNTpsBWo5k+eice+XjEySMKu2631ZpZXVtfaO8Wdna3tmt2nv7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJP7nUciFRX8Xk8S4sdoyGlEMdJGGtjVfiBYqCaxubKH6dXArrl1dwZnmXgFqUGB5sD+6ocCpzHhGjOkVM9zE+1nSGqKGZlW+qkiCcJjNCQ9QzmKifKzWfCpc2yU0ImENIdrZ6b+3shQrPJsZjJGeqQWvVz8z+ulOrr0M8qTVBOO5w9FKXO0cPIWnJBKgjWbGIKwpCarg0dIIqxNVxVTgrf45WXSPq175/Wzu7Na47qoowyHcAQn4MEFNOAWmtACDCk8wyu8WU/Wi/VufcxHS1axcwB/YH3+ACMzk2k=</latexit>

Z :
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Generalized Spectral Clustering 

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v K-means clustering can cluster nodes of a graph based on 
feature vectors built upon eigen-decomposition of 𝑳.

Ø Find eigen-decomposition of Laplacian 𝑳𝑽 = 𝚲𝑽.
Ø Construct feature matrix 𝒁 by separating the eigenvectors 

corresponding to the K smallest eigenvalues 𝑽 * +,: * .

Ø i-th row of 𝒁 represents the embedding 𝑧! for node 𝑣!.

<latexit sha1_base64="rIgVMS+T5+5DiuTl86QTn5Ny1m8=">AAAB+HicbVC7TsMwFL0pr1IeDTCyRFRITFWCECCmChbGItGHaKPKcZzWqmNHtoNUon4JCwMIsfIpbPwNTpsBWo5k+eice+XjEySMKu2631ZpZXVtfaO8Wdna3tmt2nv7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJP7nUciFRX8Xk8S4sdoyGlEMdJGGtjVfiBYqCaxubKH6dXArrl1dwZnmXgFqUGB5sD+6ocCpzHhGjOkVM9zE+1nSGqKGZlW+qkiCcJjNCQ9QzmKifKzWfCpc2yU0ImENIdrZ6b+3shQrPJsZjJGeqQWvVz8z+ulOrr0M8qTVBOO5w9FKXO0cPIWnJBKgjWbGIKwpCarg0dIIqxNVxVTgrf45WXSPq175/Wzu7Na47qoowyHcAQn4MEFNOAWmtACDCk8wyu8WU/Wi/VufcxHS1axcwB/YH3+ACMzk2k=</latexit>

Z :

<latexit sha1_base64="4LdlnbzYbhu2dtSWXsiabKFsHNU=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMOMBPUY9CJ4iWAWSIbQ0+lJmvQsdNcE42TwV7x4UMSr/+HNv7GTzEGjDwoe71VRVc+NBFdgWV9GbmFxaXklv1pYW9/Y3DK3d+oqjCVlNRqKUDZdopjgAasBB8GakWTEdwVruIOrid8YMql4GNzBKGKOT3oB9zgloKWOudcGdg+ulwzTTjKuj09uju20YxatkjUF/kvsjBRRhmrH/Gx3Qxr7LAAqiFIt24rASYgETgVLC+1YsYjQAemxlqYB8Zlykun1KT7UShd7odQVAJ6qPycS4is18l3d6RPoq3lvIv7ntWLwLpyEB1EMLKCzRV4sMIR4EgXucskoiJEmhEqub8W0TyShoAMr6BDs+Zf/kvppyT4rlW/LxcplFkce7aMDdIRsdI4q6BpVUQ1R9ICe0At6NR6NZ+PNeJ+15oxsZhf9gvHxDZFYlUw=</latexit>v|V |�K+1
<latexit sha1_base64="BBT9TQWH6V3GxRkJkVHMlDAvKR0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1GPRi8cK9gPaEDbbTbt0swm7k2JJ80+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APjxq6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g5GdzO/PWZK81g+wiRhXkQGkoecEjCSb9s9YE8QhNk497Npa5r7dtWpOXPgVeIWpIoKNHz7q9ePaRoxCVQQrbuuk4CXEQWcCpZXeqlmCaEjMmBdQyWJmPay+eU5PjNKH4exMiUBz9XfExmJtJ5EgemMCAz1sjcT//O6KYQ3XsZlkgKTdLEoTAWGGM9iwH2uGAUxMYRQxc2tmA6JIhRMWBUTgrv88ippXdTcq9rlw2W1flvEUUYn6BSdIxddozq6Rw3URBSN0TN6RW9WZr1Y79bHorVkFTPH6A+szx+fQpRQ</latexit>v|V |

<latexit sha1_base64="BzGEPiiyLFTO68CeLXj4jCNqrac=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtLJvtpF262YTdiVpD/ocXD4p49b9489+4bXPQ1gcDj/dmmJnnx4JrdJxvq7C0vLK6VlwvbWxube+Ud/eaOkoUgwaLRKTaPtUguIQGchTQjhXQ0BfQ8kdXE791D0rzSN7iOAYvpAPJA84oGumui/CIfpA+Zb2UZ71yxak6U9iLxM1JheSo98pf3X7EkhAkMkG17rhOjF5KFXImICt1Ew0xZSM6gI6hkoagvXR6dWYfGaVvB5EyJdGeqr8nUhpqPQ590xlSHOp5byL+53USDC68lMs4QZBstihIhI2RPYnA7nMFDMXYEMoUN7fabEgVZWiCKpkQ3PmXF0nzpOqeVU9vTiu1yzyOIjkgh+SYuOSc1Mg1qZMGYUSRZ/JK3qwH68V6tz5mrQUrn9knf2B9/gB7zZMq</latexit>zi
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Generalized Spectral Clustering 

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v K-means clustering can cluster nodes of a graph based on 
feature vectors built upon eigen-decomposition of 𝑳.

Ø Find eigen-decomposition of Laplacian 𝑳𝑽 = 𝚲𝑽.
Ø Construct feature matrix 𝒁 by separating the eigenvectors 

corresponding to the K smallest eigenvalues 𝑽 * +,: * .

Ø i-th row of 𝒁 represents the embedding 𝑧! for node 𝑣!.
Ø Run K-means clustering on features 𝑧!, where 𝑣! ∈ 𝑉.

<latexit sha1_base64="rIgVMS+T5+5DiuTl86QTn5Ny1m8=">AAAB+HicbVC7TsMwFL0pr1IeDTCyRFRITFWCECCmChbGItGHaKPKcZzWqmNHtoNUon4JCwMIsfIpbPwNTpsBWo5k+eice+XjEySMKu2631ZpZXVtfaO8Wdna3tmt2nv7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJP7nUciFRX8Xk8S4sdoyGlEMdJGGtjVfiBYqCaxubKH6dXArrl1dwZnmXgFqUGB5sD+6ocCpzHhGjOkVM9zE+1nSGqKGZlW+qkiCcJjNCQ9QzmKifKzWfCpc2yU0ImENIdrZ6b+3shQrPJsZjJGeqQWvVz8z+ulOrr0M8qTVBOO5w9FKXO0cPIWnJBKgjWbGIKwpCarg0dIIqxNVxVTgrf45WXSPq175/Wzu7Na47qoowyHcAQn4MEFNOAWmtACDCk8wyu8WU/Wi/VufcxHS1axcwB/YH3+ACMzk2k=</latexit>

Z :

<latexit sha1_base64="BzGEPiiyLFTO68CeLXj4jCNqrac=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtLJvtpF262YTdiVpD/ocXD4p49b9489+4bXPQ1gcDj/dmmJnnx4JrdJxvq7C0vLK6VlwvbWxube+Ud/eaOkoUgwaLRKTaPtUguIQGchTQjhXQ0BfQ8kdXE791D0rzSN7iOAYvpAPJA84oGumui/CIfpA+Zb2UZ71yxak6U9iLxM1JheSo98pf3X7EkhAkMkG17rhOjF5KFXImICt1Ew0xZSM6gI6hkoagvXR6dWYfGaVvB5EyJdGeqr8nUhpqPQ590xlSHOp5byL+53USDC68lMs4QZBstihIhI2RPYnA7nMFDMXYEMoUN7fabEgVZWiCKpkQ3PmXF0nzpOqeVU9vTiu1yzyOIjkgh+SYuOSc1Mg1qZMGYUSRZ/JK3qwH68V6tz5mrQUrn9knf2B9/gB7zZMq</latexit>zi
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Summary

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Graph Partitioning
v Cut Set
v Ratio Cut
v Normalized Cut
v Graph Laplacian

• Properties
• Intuition

v Incidence matrix
v Spectral Partitioning
v K-means clustering
v Generalized Spectral Clustering


