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Intro

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far in this course we have discussed representation 
learning from graphs.

v In this problem we construct embedding vectors from graph
(and nodes and edges alike) to be used for inference in 
different problems.

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G

<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD
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Graph Generation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In this part of the course, we look at the graph generation task.
v In graph generation, a deep generative model takes an 

embedding vector as input and returns a graph.
v In principle this task is inverse of the graph representation 

learning.

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD
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Graph Generation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In this part of the course, we look at the graph generation task.
v In graph generation, a deep generative model takes an 

embedding vector as input and returns a graph.
v In principle this task is inverse of the graph representation 

learning.

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f
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Graph Generation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In this part of the course, we look at the graph generation task.
v In graph generation, a deep generative model takes an 

embedding vector as input and returns a graph.
v In principle this task is inverse of the graph representation 

learning.

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
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Graph Generation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In this part of the course, we look at the graph generation task.
v In graph generation, a deep generative model takes an 

embedding vector as input and returns a graph.
v In principle this task is inverse of the graph representation 

learning.

v However, before discussing deep graph generative models, we 
will look at the characteristics of the real-world graphs.

<latexit sha1_base64="kvE3Nc4pZXjYvCisdvWP4TQ1OII=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQAsYKFsYi0YfURpHjOK1Vx4lsp1KJ+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHKmtON8W5W19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7CinAna1kxz2kslxXHAaTcY3xV+d0KlYol41NOUejEeChYxgrWRfNseBAkP1TQ2V/4085lv152GMwdaJW5J6lCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTme1QaZoiskYD2nfUIFjqrx8nnyGzowSoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyaqYEd/nLq6Rz0XCvGpcPl/XmbVlHFU7gFM7BhWtowj20oA0EJvAMr/Bm5daL9W59LEYrVrlzDH9gff4AVr2UIQ==</latexit>zi

<latexit sha1_base64="+VTWTCb8JHlyT6gpn8Wf9iiI8Gw=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELUUtLFWMirkYdjdzyZK9D3bnxHBcZ+NfsbFQxNa/YOe/cROv0MQHA4/3ZpiZxxMlDbrulzM2PjE5NT0zW5qbX1hcKi+vXJo41QJqIlaxvubMgJIR1FCigutEAwu5givePer7V3egjYyjC+wl0AhZO5KBFAyt1Cyv+wj3yIPsJvdNyg0g9UOGHc6z8/z2uFmuuFV3ADpKvIJUSIHTZvnTb8UiDSFCoZgxdc9NsJExjVIoyEt+aiBhosvaULc0YiGYRjb4I6ebVmnRINa2IqQD9fdExkJjeiG3nf0bzbDXF//z6ikG+41MRkmKEImfRUGqKMa0HwptSQ0CVc8SJrS0t1LRYZoJtNGVbAje8Muj5HK76u1Wd852KgeHRRwzZI1skC3ikT1yQE7IKakRQR7IE3khr86j8+y8Oe8/rWNOMbNK/sD5+AbGCJnj</latexit>

Z ⇢ RD

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G
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Graph Generation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Graphs are constructed from seemingly simple components 
1. Nodes 
2. Edges

v But the main question is how to place these edges to recreate 
the complexity of the real-world graphs.



8

Graph Generation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Graphs are constructed from seemingly simple components 
1. Nodes 
2. Edges

v But the main question is how to place these edges to recreate 
the complexity of the real-world graphs.

v Looking at the real-world graphs, the edges may appear to be 
randomly connecting pairs of nodes.

Ø Internet, 
Ø social network.
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Network Characteristics

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To verify this impression, we assume that edges are distributed 
randomly throughout the graph.

v Then, we inspect if randomness can explain these 
characteristics of the real-world graphs.



10

Network Characteristics

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To verify this impression, we assume that edges are distributed 
randomly throughout the graph.

v Then, we inspect if randomness can explain these 
characteristics of the real-world graphs.

v To address this, we first ask what properties characterize the 
structure of the real-world graphs.

v Important characteristics that affect the behavior of the graph 
include:

Ø Connectedness
Ø Path length
Ø Degree distribution
Ø Clustering coefficient
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Connectedness

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Most real-world graphs are constructed of 
Ø A giant component that connects most of the nodes in the 

graph.
Ø A few small components.
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Connectedness

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Most real-world graphs are constructed of 
• A giant component that connects most of the nodes in the 

graph.
• A few small components.

Ø Actors’ network is a graph consisting of nodes that represent 
actors and edges connecting them based on the appearance 
of two actors in a film together.

• Actors Network consists of 449913 nodes.
• The largest component of two actors Network consists of  

440971 nodes.
• This makes for 98% of the graph!
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Connectedness

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Some real-world graphs, however, only consists of one
component.

v This may be dictated by the nature of the data or by the 
measurement approach used.
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Connectedness

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Some real-world graphs, however, only consists of one
component.

v This may be dictated by the nature of the data or by the 
measurement approach used.

Ø Internet:
• Internet is a communication Network whose underlying 

nature is to provide connection between all its entities 
• Therefore, disconnected components do not have a use.
• Hence, the largest component of the internet is the graph 

itself.
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Connectedness

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Some real-world graphs, however, only consists of one
component.

v This may be dictated by the nature of the data or by the 
measurement approach used.

Ø Web:
• The structure of the web is mapped using web crawlers.
• If we use a single crawler to map the web, it only visits the 

web pages that are linked by other web pages.
• Therefore, the measurement approach dictates that the 

whole network has only one big giant component.
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Small-world effect

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Small-world effect is a phenomenon that states for most real-
world graphs the typical distance between the pairs of nodes 
is short.
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Small-world effect

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Small-world effect is a phenomenon that states for most real-
world graphs the typical distance between the pairs of nodes 
is short.

v Let 𝑑!" represent the distance between nodes 𝑣! and 𝑣".

v Then, the mean distance between 𝑣! and any node 𝑣" ∈ V is
<latexit sha1_base64="wtQ5OEt2YbNmKVhsVHBgbArg3hU=">AAACDHicbVDLSsNAFJ3UR2utWnXpZrAIrkoiom6EohvdVbAPaEKYTCbttDNJmJkIJc0HuHHjh7hxoYhbP8Cd4Mc4fSy09cDA4ZxzuXOPFzMqlWl+Gbml5ZXVfGGtuF7a2Nwqb+80ZZQITBo4YpFoe0gSRkPSUFQx0o4FQdxjpOUNLsd+644ISaPwVg1j4nDUDWlAMVJacssVmzDm0nM7EAinVpaOmqMM2jLhbh/6bkphP9Mps2pOABeJNSOV2vXjdy3fKtXd8qftRzjhJFSYISk7lhkrJ0VCUcxIVrQTSWKEB6hLOpqGiBPppJNjMnigFR8GkdAvVHCi/p5IEZdyyD2d5Ej15Lw3Fv/zOokKzpyUhnGiSIini4KEQRXBcTPQp4JgxYaaICyo/ivEPaRrUbq/oi7Bmj95kTSPqtZJ9fhGt3EBpiiAPbAPDoEFTkENXIE6aAAM7sETeAGvxoPxbLwZ79NozpjN7II/MD5+AGTQnh0=</latexit>

`i =
1

|V |
X

j

dij
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Small-world effect

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Small-world effect is a phenomenon that states for most real-
world graphs the typical distance between the pairs of nodes 
is short.

v Let 𝑑!" represent the distance between nodes 𝑣! and 𝑣".

v Then, the mean distance between 𝑣! and any node 𝑣" ∈ V is

v Thus, the mean distance between any two nodes 𝑣! , 𝑣" ∈ V in 
the graph is

<latexit sha1_base64="wtQ5OEt2YbNmKVhsVHBgbArg3hU=">AAACDHicbVDLSsNAFJ3UR2utWnXpZrAIrkoiom6EohvdVbAPaEKYTCbttDNJmJkIJc0HuHHjh7hxoYhbP8Cd4Mc4fSy09cDA4ZxzuXOPFzMqlWl+Gbml5ZXVfGGtuF7a2Nwqb+80ZZQITBo4YpFoe0gSRkPSUFQx0o4FQdxjpOUNLsd+644ISaPwVg1j4nDUDWlAMVJacssVmzDm0nM7EAinVpaOmqMM2jLhbh/6bkphP9Mps2pOABeJNSOV2vXjdy3fKtXd8qftRzjhJFSYISk7lhkrJ0VCUcxIVrQTSWKEB6hLOpqGiBPppJNjMnigFR8GkdAvVHCi/p5IEZdyyD2d5Ej15Lw3Fv/zOokKzpyUhnGiSIini4KEQRXBcTPQp4JgxYaaICyo/ivEPaRrUbq/oi7Bmj95kTSPqtZJ9fhGt3EBpiiAPbAPDoEFTkENXIE6aAAM7sETeAGvxoPxbLwZ79NozpjN7II/MD5+AGTQnh0=</latexit>

`i =
1

|V |
X

j

dij

<latexit sha1_base64="OCLu++a9daQkDqd4mTpLOqnhumc="></latexit>

` =
1

|V |
X

i

`i

=
1

|V |2
X

i
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Small-world effect

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v However, 𝑑!" is not defined for nodes 𝑣! and 𝑣" that do not
belong to the same component.
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Small-world effect

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v However, 𝑑!" is not defined for nodes 𝑣! and 𝑣" that do not
belong to the same component.

v Hence, we reformulate ℓ as

where 𝒜# represents the component 𝑚 in the graph with |𝑉#|
indicating the number of the nodes in that cluster.

<latexit sha1_base64="ouNQ9NYSlLxToFv6Qleebdl4kN4="></latexit>

` =

P
m

P
ij2Vm

dijP
m |Vm|2
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Small-world effect

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v However, 𝑑!" is not defined for nodes 𝑣! and 𝑣" that do not
belong to the same component.

v Hence, we reformulate ℓ as

where 𝒜# represents the component 𝑚 in the graph with |𝑉#|
indicating the number of the nodes in that cluster.

v Looking at the real-world graphs, for graphs with sizes of 
order of millions of nodes, this measure is typically less than 
10.

<latexit sha1_base64="ouNQ9NYSlLxToFv6Qleebdl4kN4="></latexit>

` =

P
m

P
ij2Vm

dijP
m |Vm|2
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Diameter

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Diameter of a graph is the longest, finite distance between any 
two nodes in the graph.

v One may suggest to inspect the diameter of the graph instead 
of looking at the average distance.
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Diameter

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Diameter of a graph is the longest, finite distance between any 
two nodes in the graph.

v One may suggest to inspect the diameter of the graph instead 
of looking at the average distance.

v There are, however, two downsides to use of this measure to 
study real-world graphs:

Ø It only measures the extreme end of the distribution of the 
distances in the graph.

Ø This measure could substantially change by a single 
modification to the graph.
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Degree Distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Degree distribution is one of the most fundamental 
properties of the graph structure.

v Let 𝑝$ indicate the fraction of nodes in the graph with degree 𝑘.
Ø Example:
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Degree Distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Degree distribution is one of the most fundamental 
properties of the graph structure.

v Let 𝑝$ indicate the fraction of nodes in the graph with degree 𝑘.
Ø Example:

• For the graph above with |𝑉| = 10, we can write

<latexit sha1_base64="gdc32vIVdi7pYSecxOjTHtb8Qtc=">AAACWXicdZHNS8MwGMbT6nTWr+mOXoJD8CCjmUW9CEMvHie4D9hKSbN0C0vbmKTCKPsnPQjiv+LBbOvBbfpC4OH3vG8+noSCM6Vd99Oyt7ZLO7vlPWf/4PDouHJy2lFpJgltk5SnshdiRTlLaFszzWlPSIrjkNNuOHmc+903KhVLkxc9FdSP8ShhESNYGxRUhAjc+0EkMcnRLEfu7AoOXjM8hCJABW+s8UbBvTV+/U+/t7J/UKm5dXdRcFOgQtRAUa2g8j4YpiSLaaIJx0r1kSu0n2OpGeF05gwyRQUmEzyifSMTHFPl54tkZvDCkCGMUmlWouGC/p7IcazUNA5NZ4z1WK17c/iX1890dOfnLBGZpglZHhRlHOoUzmOGQyYp0XxqBCaSmbtCMsYmBm0+wzEhoPUnb4pOo45u6t6zV2s+FHGUwRk4B5cAgVvQBE+gBdqAgA/wbZWsHevLtuyy7SxbbauYqYKVsqs/s2Wxgw==</latexit>
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10
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10
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10
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10
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Degree Distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Degree distribution is one of the most fundamental 
properties of the graph structure.

v Let 𝑝$ indicate the fraction of nodes in the graph with degree 𝑘.
Ø Example:

• For the graph above with |𝑉| = 10, we can write

<latexit sha1_base64="gdc32vIVdi7pYSecxOjTHtb8Qtc=">AAACWXicdZHNS8MwGMbT6nTWr+mOXoJD8CCjmUW9CEMvHie4D9hKSbN0C0vbmKTCKPsnPQjiv+LBbOvBbfpC4OH3vG8+noSCM6Vd99Oyt7ZLO7vlPWf/4PDouHJy2lFpJgltk5SnshdiRTlLaFszzWlPSIrjkNNuOHmc+903KhVLkxc9FdSP8ShhESNYGxRUhAjc+0EkMcnRLEfu7AoOXjM8hCJABW+s8UbBvTV+/U+/t7J/UKm5dXdRcFOgQtRAUa2g8j4YpiSLaaIJx0r1kSu0n2OpGeF05gwyRQUmEzyifSMTHFPl54tkZvDCkCGMUmlWouGC/p7IcazUNA5NZ4z1WK17c/iX1890dOfnLBGZpglZHhRlHOoUzmOGQyYp0XxqBCaSmbtCMsYmBm0+wzEhoPUnb4pOo45u6t6zV2s+FHGUwRk4B5cAgVvQBE+gBdqAgA/wbZWsHevLtuyy7SxbbauYqYKVsqs/s2Wxgw==</latexit>

p0 =
1

10
, p1 =

2

10
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4
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2

10
, p4 =

1

10
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Degree Distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Degree distribution is one of the most fundamental 
properties of the graph structure.

v Let 𝑝$ indicate the fraction of nodes in the graph with degree 𝑘.
Ø Example:

• For the graph above with |𝑉| = 10, we can write

<latexit sha1_base64="gdc32vIVdi7pYSecxOjTHtb8Qtc=">AAACWXicdZHNS8MwGMbT6nTWr+mOXoJD8CCjmUW9CEMvHie4D9hKSbN0C0vbmKTCKPsnPQjiv+LBbOvBbfpC4OH3vG8+noSCM6Vd99Oyt7ZLO7vlPWf/4PDouHJy2lFpJgltk5SnshdiRTlLaFszzWlPSIrjkNNuOHmc+903KhVLkxc9FdSP8ShhESNYGxRUhAjc+0EkMcnRLEfu7AoOXjM8hCJABW+s8UbBvTV+/U+/t7J/UKm5dXdRcFOgQtRAUa2g8j4YpiSLaaIJx0r1kSu0n2OpGeF05gwyRQUmEzyifSMTHFPl54tkZvDCkCGMUmlWouGC/p7IcazUNA5NZ4z1WK17c/iX1890dOfnLBGZpglZHhRlHOoUzmOGQyYp0XxqBCaSmbtCMsYmBm0+wzEhoPUnb4pOo45u6t6zV2s+FHGUwRk4B5cAgVvQBE+gBdqAgA/wbZWsHevLtuyy7SxbbauYqYKVsqs/s2Wxgw==</latexit>

p0 =
1

10
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10
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10
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Degree Distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Degree distribution is one of the most fundamental 
properties of the graph structure.

v Let 𝑝$ indicate the fraction of nodes in the graph with degree 𝑘.
Ø Example:

• For the graph above with |𝑉| = 10, we can write

<latexit sha1_base64="gdc32vIVdi7pYSecxOjTHtb8Qtc=">AAACWXicdZHNS8MwGMbT6nTWr+mOXoJD8CCjmUW9CEMvHie4D9hKSbN0C0vbmKTCKPsnPQjiv+LBbOvBbfpC4OH3vG8+noSCM6Vd99Oyt7ZLO7vlPWf/4PDouHJy2lFpJgltk5SnshdiRTlLaFszzWlPSIrjkNNuOHmc+903KhVLkxc9FdSP8ShhESNYGxRUhAjc+0EkMcnRLEfu7AoOXjM8hCJABW+s8UbBvTV+/U+/t7J/UKm5dXdRcFOgQtRAUa2g8j4YpiSLaaIJx0r1kSu0n2OpGeF05gwyRQUmEzyifSMTHFPl54tkZvDCkCGMUmlWouGC/p7IcazUNA5NZ4z1WK17c/iX1890dOfnLBGZpglZHhRlHOoUzmOGQyYp0XxqBCaSmbtCMsYmBm0+wzEhoPUnb4pOo45u6t6zV2s+FHGUwRk4B5cAgVvQBE+gBdqAgA/wbZWsHevLtuyy7SxbbauYqYKVsqs/s2Wxgw==</latexit>
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Degree Distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Degree distribution is one of the most fundamental 
properties of the graph structure.

v Let 𝑝$ indicate the fraction of nodes in the graph with degree 𝑘.
Ø Example:

• For the graph above with |𝑉| = 10, we can write

<latexit sha1_base64="gdc32vIVdi7pYSecxOjTHtb8Qtc=">AAACWXicdZHNS8MwGMbT6nTWr+mOXoJD8CCjmUW9CEMvHie4D9hKSbN0C0vbmKTCKPsnPQjiv+LBbOvBbfpC4OH3vG8+noSCM6Vd99Oyt7ZLO7vlPWf/4PDouHJy2lFpJgltk5SnshdiRTlLaFszzWlPSIrjkNNuOHmc+903KhVLkxc9FdSP8ShhESNYGxRUhAjc+0EkMcnRLEfu7AoOXjM8hCJABW+s8UbBvTV+/U+/t7J/UKm5dXdRcFOgQtRAUa2g8j4YpiSLaaIJx0r1kSu0n2OpGeF05gwyRQUmEzyifSMTHFPl54tkZvDCkCGMUmlWouGC/p7IcazUNA5NZ4z1WK17c/iX1890dOfnLBGZpglZHhRlHOoUzmOGQyYp0XxqBCaSmbtCMsYmBm0+wzEhoPUnb4pOo45u6t6zV2s+FHGUwRk4B5cAgVvQBE+gBdqAgA/wbZWsHevLtuyy7SxbbauYqYKVsqs/s2Wxgw==</latexit>
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Degree Distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Degree distribution is one of the most fundamental 
properties of the graph structure.

v Let 𝑝$ indicate the fraction of nodes in the graph with degree 𝑘.
Ø Example:

v 𝑝$ represents the degree distribution of the network.

v In other words, 𝑝$ represents the probability of a randomly 
chosen node 𝑣! having degree 𝑘.

<latexit sha1_base64="gdc32vIVdi7pYSecxOjTHtb8Qtc=">AAACWXicdZHNS8MwGMbT6nTWr+mOXoJD8CCjmUW9CEMvHie4D9hKSbN0C0vbmKTCKPsnPQjiv+LBbOvBbfpC4OH3vG8+noSCM6Vd99Oyt7ZLO7vlPWf/4PDouHJy2lFpJgltk5SnshdiRTlLaFszzWlPSIrjkNNuOHmc+903KhVLkxc9FdSP8ShhESNYGxRUhAjc+0EkMcnRLEfu7AoOXjM8hCJABW+s8UbBvTV+/U+/t7J/UKm5dXdRcFOgQtRAUa2g8j4YpiSLaaIJx0r1kSu0n2OpGeF05gwyRQUmEzyifSMTHFPl54tkZvDCkCGMUmlWouGC/p7IcazUNA5NZ4z1WK17c/iX1890dOfnLBGZpglZHhRlHOoUzmOGQyYp0XxqBCaSmbtCMsYmBm0+wzEhoPUnb4pOo45u6t6zV2s+FHGUwRk4B5cAgVvQBE+gBdqAgA/wbZWsHevLtuyy7SxbbauYqYKVsqs/s2Wxgw==</latexit>
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Power-law distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The degree distribution for most real-world examples have a 
heavy tail.

<latexit sha1_base64="x5a+NWcyk2KG3oO9g3GLKLFAXBQ=">AAAB+XicbVDJSgNBEO1xjXEb9ajIYBA8hRkR9RgUxGMCZoEkhJ5OTdKkZ7G7JjgMOfoXXjwo4tVLvsOb3+BP2FkOmvig4PFeFVX13Ehwhbb9ZSwsLi2vrGbWsusbm1vb5s5uRYWxZFBmoQhlzaUKBA+gjBwF1CIJ1HcFVN3e9civ9kEqHgZ3mETQ9Gkn4B5nFLXUMs0GwgOmNxLuYwhYMmiZOTtvj2HNE2dKcoWDYen78XBYbJmfjXbIYh8CZIIqVXfsCJsplciZgEG2ESuIKOvRDtQ1DagPqpmOLx9Yx1ppW14odQVojdXfEyn1lUp8V3f6FLtq1huJ/3n1GL3LZsqDKEb91mSRFwsLQ2sUg9XmEhiKRBPKJNe3WqxLJWWow8rqEJzZl+dJ5TTvnOfPSjqNKzJBhuyTI3JCHHJBCuSWFEmZMNInT+SFvBqp8Wy8Ge+T1gVjOrNH/sD4+AFA05fG</latexit> F
re
q
u
en

cy

<latexit sha1_base64="o+EH+M1su1FCJxiuEPFhB9/GpRw=">AAAB9HicbVDLSgNBEJz1GeMr6lGRxSB4Crsi6jGoB48JmAckS5iddJIhs7PrTG8wLDn6DV48KOLVc77Dm9/gTzh5HDSxoKGo6qa7y48E1+g4X9bC4tLyympqLb2+sbm1ndnZLeswVgxKLBShqvpUg+ASSshRQDVSQANfQMXvXo/8Sg+U5qG8w34EXkDbkrc4o2gkr47wgMkNtBXAoJHJOjlnDHueuFOSzR8Mi9+Ph8NCI/NZb4YsDkAiE1TrmutE6CVUIWcCBul6rCGirEvbUDNU0gC0l4yPHtjHRmnarVCZkmiP1d8TCQ207ge+6QwodvSsNxL/82oxti69hMsoRpBssqgVCxtDe5SA3eQKGIq+IZQpbm61WYcqytDklDYhuLMvz5Pyac49z50VTRpXZIIU2SdH5IS45ILkyS0pkBJh5J48kRfyavWsZ+vNep+0LljTmT3yB9bHDylJlhE=</latexit>

Degree
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Power-law distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The degree distribution for most real-world examples have a 
heavy tail.

v That is, the probability of having highly connected nodes is 
non-zero.

v These nodes with unusually high degree are referred to as 
hubs.

<latexit sha1_base64="x5a+NWcyk2KG3oO9g3GLKLFAXBQ=">AAAB+XicbVDJSgNBEO1xjXEb9ajIYBA8hRkR9RgUxGMCZoEkhJ5OTdKkZ7G7JjgMOfoXXjwo4tVLvsOb3+BP2FkOmvig4PFeFVX13Ehwhbb9ZSwsLi2vrGbWsusbm1vb5s5uRYWxZFBmoQhlzaUKBA+gjBwF1CIJ1HcFVN3e9civ9kEqHgZ3mETQ9Gkn4B5nFLXUMs0GwgOmNxLuYwhYMmiZOTtvj2HNE2dKcoWDYen78XBYbJmfjXbIYh8CZIIqVXfsCJsplciZgEG2ESuIKOvRDtQ1DagPqpmOLx9Yx1ppW14odQVojdXfEyn1lUp8V3f6FLtq1huJ/3n1GL3LZsqDKEb91mSRFwsLQ2sUg9XmEhiKRBPKJNe3WqxLJWWow8rqEJzZl+dJ5TTvnOfPSjqNKzJBhuyTI3JCHHJBCuSWFEmZMNInT+SFvBqp8Wy8Ge+T1gVjOrNH/sD4+AFA05fG</latexit> F
re
q
u
en

cy

<latexit sha1_base64="o+EH+M1su1FCJxiuEPFhB9/GpRw=">AAAB9HicbVDLSgNBEJz1GeMr6lGRxSB4Crsi6jGoB48JmAckS5iddJIhs7PrTG8wLDn6DV48KOLVc77Dm9/gTzh5HDSxoKGo6qa7y48E1+g4X9bC4tLyympqLb2+sbm1ndnZLeswVgxKLBShqvpUg+ASSshRQDVSQANfQMXvXo/8Sg+U5qG8w34EXkDbkrc4o2gkr47wgMkNtBXAoJHJOjlnDHueuFOSzR8Mi9+Ph8NCI/NZb4YsDkAiE1TrmutE6CVUIWcCBul6rCGirEvbUDNU0gC0l4yPHtjHRmnarVCZkmiP1d8TCQ207ge+6QwodvSsNxL/82oxti69hMsoRpBssqgVCxtDe5SA3eQKGIq+IZQpbm61WYcqytDklDYhuLMvz5Pyac49z50VTRpXZIIU2SdH5IS45ILkyS0pkBJh5J48kRfyavWsZ+vNep+0LljTmT3yB9bHDylJlhE=</latexit>

Degree

A few hubs
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Power-law distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The degree distribution for most real-world examples have a 
heavy tail.

v That is, the probability of having highly connected nodes is 
non-zero.

v These nodes with unusually high degree are referred to as 
hubs.

v Meanwhile, most nodes have a very low degree.

<latexit sha1_base64="x5a+NWcyk2KG3oO9g3GLKLFAXBQ=">AAAB+XicbVDJSgNBEO1xjXEb9ajIYBA8hRkR9RgUxGMCZoEkhJ5OTdKkZ7G7JjgMOfoXXjwo4tVLvsOb3+BP2FkOmvig4PFeFVX13Ehwhbb9ZSwsLi2vrGbWsusbm1vb5s5uRYWxZFBmoQhlzaUKBA+gjBwF1CIJ1HcFVN3e9civ9kEqHgZ3mETQ9Gkn4B5nFLXUMs0GwgOmNxLuYwhYMmiZOTtvj2HNE2dKcoWDYen78XBYbJmfjXbIYh8CZIIqVXfsCJsplciZgEG2ESuIKOvRDtQ1DagPqpmOLx9Yx1ppW14odQVojdXfEyn1lUp8V3f6FLtq1huJ/3n1GL3LZsqDKEb91mSRFwsLQ2sUg9XmEhiKRBPKJNe3WqxLJWWow8rqEJzZl+dJ5TTvnOfPSjqNKzJBhuyTI3JCHHJBCuSWFEmZMNInT+SFvBqp8Wy8Ge+T1gVjOrNH/sD4+AFA05fG</latexit> F
re
q
u
en

cy

<latexit sha1_base64="o+EH+M1su1FCJxiuEPFhB9/GpRw=">AAAB9HicbVDLSgNBEJz1GeMr6lGRxSB4Crsi6jGoB48JmAckS5iddJIhs7PrTG8wLDn6DV48KOLVc77Dm9/gTzh5HDSxoKGo6qa7y48E1+g4X9bC4tLyympqLb2+sbm1ndnZLeswVgxKLBShqvpUg+ASSshRQDVSQANfQMXvXo/8Sg+U5qG8w34EXkDbkrc4o2gkr47wgMkNtBXAoJHJOjlnDHueuFOSzR8Mi9+Ph8NCI/NZb4YsDkAiE1TrmutE6CVUIWcCBul6rCGirEvbUDNU0gC0l4yPHtjHRmnarVCZkmiP1d8TCQ207ge+6QwodvSsNxL/82oxti69hMsoRpBssqgVCxtDe5SA3eQKGIq+IZQpbm61WYcqytDklDYhuLMvz5Pyac49z50VTRpXZIIU2SdH5IS45ILkyS0pkBJh5J48kRfyavWsZ+vNep+0LljTmT3yB9bHDylJlhE=</latexit>

Degree

Most nodes
of the graph

A few hubs
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Power-law distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The degree distribution for most real-world examples have a 
heavy tail.

v That is, the probability of having highly connected nodes is 
non-zero.

v These nodes with unusually high degree are referred to as 
hubs.

v Meanwhile, most nodes have a very low degree.

<latexit sha1_base64="Nrw9tbGBIxJaybS6oSuB7PG5BAQ=">AAAB9XicbVDLSgMxFM34rPVVdalIsAiuyoyIuix247IF+4B2LJk0bUMzyZDcUcvQpf/gxoUibt32O9z5Df6E6WOhrQcunJxzL7n3BJHgBlz3y1lYXFpeWU2tpdc3Nre2Mzu7FaNiTVmZKqF0LSCGCS5ZGTgIVos0I2EgWDXoFUZ+9Y5pw5W8gX7E/JB0JG9zSsBKtw1gD5AUuvbdUYNmJuvm3DHwPPGmJJs/GJa+Hw+HxWbms9FSNA6ZBCqIMXXPjcBPiAZOBRukG7FhEaE90mF1SyUJmfGT8dYDfGyVFm4rbUsCHqu/JxISGtMPA9sZEuiaWW8k/ufVY2hf+gmXUQxM0slH7VhgUHgUAW5xzSiIviWEam53xbRLNKFgg0rbELzZk+dJ5TTnnefOSjaNKzRBCu2jI3SCPHSB8ugaFVEZUaTRE3pBr8698+y8Oe+T1gVnOrOH/sD5+AHn9ZZ9</latexit>

Chicago

<latexit sha1_base64="X4K/qjWxX3pxdn54GZhagTtXCRE=">AAAB+nicbVA9SwNBEN2L3/HroqUiiyJYhTsRtfSjsbCIYFRIjrC3mcQle3vH7pwazpT+DBsLRWwt8jvs/A3+CTeJhSY+GHi8N8PMvDCRwqDnfTq5sfGJyanpmfzs3PzColtYujBxqjmUeSxjfRUyA1IoKKNACVeJBhaFEi7D1nHPv7wBbUSszrGdQBCxphINwRlaqeYWqgh3mJ3Ghh6qpgTTqbkbXtHrg44S/4dsHKx2z74e1rqlmvtRrcc8jUAhl8yYiu8lGGRMo+ASOvlqaiBhvMWaULFUsQhMkPVP79BNq9RpI9a2FNK++nsiY5Ex7Si0nRHDazPs9cT/vEqKjf0gEypJERQfLGqkkmJMeznQutDAUbYtYVwLeyvl10wzjjatvA3BH355lFxsF/3d4s6ZTeOIDDBNVsg62SI+2SMH5ISUSJlwckseyTN5ce6dJ+fVeRu05pyfmWXyB877N1qzl8Y=</latexit>

Los Angles

<latexit sha1_base64="x5a+NWcyk2KG3oO9g3GLKLFAXBQ=">AAAB+XicbVDJSgNBEO1xjXEb9ajIYBA8hRkR9RgUxGMCZoEkhJ5OTdKkZ7G7JjgMOfoXXjwo4tVLvsOb3+BP2FkOmvig4PFeFVX13Ehwhbb9ZSwsLi2vrGbWsusbm1vb5s5uRYWxZFBmoQhlzaUKBA+gjBwF1CIJ1HcFVN3e9civ9kEqHgZ3mETQ9Gkn4B5nFLXUMs0GwgOmNxLuYwhYMmiZOTtvj2HNE2dKcoWDYen78XBYbJmfjXbIYh8CZIIqVXfsCJsplciZgEG2ESuIKOvRDtQ1DagPqpmOLx9Yx1ppW14odQVojdXfEyn1lUp8V3f6FLtq1huJ/3n1GL3LZsqDKEb91mSRFwsLQ2sUg9XmEhiKRBPKJNe3WqxLJWWow8rqEJzZl+dJ5TTvnOfPSjqNKzJBhuyTI3JCHHJBCuSWFEmZMNInT+SFvBqp8Wy8Ge+T1gVjOrNH/sD4+AFA05fG</latexit> F
re
q
u
en

cy

<latexit sha1_base64="o+EH+M1su1FCJxiuEPFhB9/GpRw=">AAAB9HicbVDLSgNBEJz1GeMr6lGRxSB4Crsi6jGoB48JmAckS5iddJIhs7PrTG8wLDn6DV48KOLVc77Dm9/gTzh5HDSxoKGo6qa7y48E1+g4X9bC4tLyympqLb2+sbm1ndnZLeswVgxKLBShqvpUg+ASSshRQDVSQANfQMXvXo/8Sg+U5qG8w34EXkDbkrc4o2gkr47wgMkNtBXAoJHJOjlnDHueuFOSzR8Mi9+Ph8NCI/NZb4YsDkAiE1TrmutE6CVUIWcCBul6rCGirEvbUDNU0gC0l4yPHtjHRmnarVCZkmiP1d8TCQ207ge+6QwodvSsNxL/82oxti69hMsoRpBssqgVCxtDe5SA3eQKGIq+IZQpbm61WYcqytDklDYhuLMvz5Pyac49z50VTRpXZIIU2SdH5IS45ILkyS0pkBJh5J48kRfyavWsZ+vNep+0LljTmT3yB9bHDylJlhE=</latexit>

Degree

Most nodes
of the graph

A few hubs
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Power-law distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v When this degree distribution is plotted on a log-scale, it 
roughly follows a straight line.
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Power-law distribution
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v When this degree distribution is plotted on a log-scale, it 
roughly follows a straight line.

v We can formulate this interpretation as

where 𝛼 is the slope of the line.

<latexit sha1_base64="FK3cH4+9jbkyW9zD0Z8lXs6X4Rs=">AAACDnicbVDLSgMxFM34tr6qLhUJiiCIZUZE3QhiNy4V7AM6pdxJUxuaSUKSEcrQpSs3/oobKYq4de3Ob/AnTB8LbT1w4XDOvdx7T6Q4M9b3v7yJyanpmdm5+czC4tLySnZ1rWhkogktEMmlLkdgKGeCFiyznJaVphBHnJaiVr7nl+6oNkyKG9tWtBrDrWANRsA6qZbdDaWiGqzUAmKactHBqtY6OwiBqybgkAvc2s/Xsjt+zu8Dj5NgSHbON7vX3/db3ata9jOsS5LEVFjCwZhK4CtbTUFbRjjtZMLEUAWkBbe04mhvt6mm/Xc6eNcpddyQ2pWwuK/+nkghNqYdR64zBts0o15P/M+rJLZxWk2ZUImlggwWNRKOrcS9bHCdaUosbzsCRDN3KyZN0ECsSzDjQghGXx4nxcNccJw7unZpXKAB5tAG2kZ7KEAn6BxdoitUQAQ9oCf0gl69R+/Ze/PeB60T3nBmHf2B9/EDl7uffQ==</latexit>

ln pk = �↵ ln k + C
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Power-law distribution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v When this degree distribution is plotted on a log-scale, it 
roughly follows a straight line.

v We can formulate this interpretation as

where 𝛼 is the slope of the line.

v Taking the exponential of both sides, we have

v This distribution is referred to as power-law distribution.

<latexit sha1_base64="FK3cH4+9jbkyW9zD0Z8lXs6X4Rs=">AAACDnicbVDLSgMxFM34tr6qLhUJiiCIZUZE3QhiNy4V7AM6pdxJUxuaSUKSEcrQpSs3/oobKYq4de3Ob/AnTB8LbT1w4XDOvdx7T6Q4M9b3v7yJyanpmdm5+czC4tLySnZ1rWhkogktEMmlLkdgKGeCFiyznJaVphBHnJaiVr7nl+6oNkyKG9tWtBrDrWANRsA6qZbdDaWiGqzUAmKactHBqtY6OwiBqybgkAvc2s/Xsjt+zu8Dj5NgSHbON7vX3/db3ata9jOsS5LEVFjCwZhK4CtbTUFbRjjtZMLEUAWkBbe04mhvt6mm/Xc6eNcpddyQ2pWwuK/+nkghNqYdR64zBts0o15P/M+rJLZxWk2ZUImlggwWNRKOrcS9bHCdaUosbzsCRDN3KyZN0ECsSzDjQghGXx4nxcNccJw7unZpXKAB5tAG2kZ7KEAn6BxdoitUQAQ9oCf0gl69R+/Ze/PeB60T3nBmHf2B9/EDl7uffQ==</latexit>

ln pk = �↵ ln k + C

<latexit sha1_base64="qM5yTwrLGmgVbzPrZALkKJn3wFo=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkWAR3FgSEXVZdOOyBfuAJobJdNIOmWSGmYlQYhcu/BE3LhRxWX/Dnd/gTzh9LLT1wIXDOfdy7z0Bp0Qq2/4ycnPzC4tL+eXCyura+oa5uVWXLBUI1xCjTDQDKDElCa4poihucoFhHFDcCKKrod+4w0ISltyoHsdeDDsJCQmCSku+ucP9yOWCccWs6DY7diHlXdj3zaJdskewZokzIcXy3qD6/bg/qPjmp9tmKI1xohCFUrYcmysvg0IRRHG/4KYSc4gi2MEtTRMYY+llo/v71qFW2lbIhK5EWSP190QGYyl7caA7Y6i6ctobiv95rVSFF15GEp4qnKDxojClln52GIbVJgIjRXuaQCSIvtVCXSggUjqygg7BmX55ltRPSs5Z6bSq07gEY+TBLjgAR8AB56AMrkEF1AAC9+AJvIBX48F4Nt6M93FrzpjMbIM/MD5+AB9OmeE=</latexit>

pk / k�↵
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Scale-free Graphs

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Power-law distribution is characterized by its heavy tail.

v Power-law is also known as pareto distribution.

v Graphs that follow a power-law degree distribution are known 
as scale-free networks.

v These graphs consist of:

Ø A core, that contains most of the nodes in the graph. 

Ø Longer streams that are attached to the core.



40

Clustering Coefficients

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Earlier in the course, we defined the clustering coefficient of a 
node as the density of the triangles in the vicinity of the 
node.

v Alternatively, one can interpret the clustering coefficient as the 
average probability of two neighbors of a node being 
connected.

<latexit sha1_base64="mcKDsKA1sqVd6am6Aj2VVvHWhxw=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuiFqG2FgmaB6QLGF2MpsMmZ1dZmYDYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77/FjwbVxnC+UWVldW9/Ibua2tnd29/L7B3UdJYqyGo1EpJo+0UxwyWqGG8GasWIk9AVr+IObid8YMqV5JO/NKGZeSHqSB5wSY6W7Ycft5AtO0ZkCLxN3Tgqlo+o3fy9/VDr5z3Y3oknIpKGCaN1yndh4KVGGU8HGuXaiWUzogPRYy1JJQqa9dHrqGJ9apYuDSNmSBk/V3xMpCbUehb7tDInp60VvIv7ntRITXHspl3FimKSzRUEisInw5G/c5YpRI0aWEKq4vRXTPlGEGptOzobgLr68TOrnRfeyeFG1aZRhhiwcwwmcgQtXUIJbqEANKPTgAZ7gGQn0iF7Q66w1g+Yzh/AH6O0H6iuRRA==</latexit>v1
<latexit sha1_base64="hQV4oQAAZOIH+jgtmIcIOmWIsZo=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdgNopYhNpYJmgckS5idzCZDZmeWmdlAWPIJNhaK2Nr6F36BnY3f4uRRaOKBC4dz7uXee4KYM21c98tZWV1b39jMbGW3d3b39nMHh3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAz8RtDqjST4t6MYupHuCdYyAg2VrobdoqdXN4tuFOgZeLNSb50XP1m7+WPSif32e5KkkRUGMKx1i3PjY2fYmUY4XScbSeaxpgMcI+2LBU4otpPp6eO0ZlVuiiUypYwaKr+nkhxpPUoCmxnhE1fL3oT8T+vlZjw2k+ZiBNDBZktChOOjESTv1GXKUoMH1mCiWL2VkT6WGFibDpZG4K3+PIyqRcL3mXhomrTKMMMGTiBUzgHD66gBLdQgRoQ6MEDPMGzw51H58V5nbWuOPOZI/gD5+0H66+RRQ==</latexit>v2

<latexit sha1_base64="gXIHI9tVolCifuVHQKI/BwCuSUs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6SEv9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhtT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukdVH1Lqu1+1qlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/GSuNFg==</latexit>u

<latexit sha1_base64="31iC1cmaKbNeR+SBCubUhyO+5Jg="></latexit>

cu =
|(v1, v2) 2 E : v1, v2 2 N (u)|

1
2du(du � 1)

Connected pair 
of neighbors

Total pair of neighbors
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Graph generation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Now we look at the graph generation approaches.
v To motivate the deep graph generative models, we first look 

at the traditional graph generation algorithms.
v These methods try to construct non-trivial graphs that have 

the desirable properties of the real-world graphs.
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Graph generation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Now we look at the graph generation approaches.
v To motivate the deep graph generative models, we first look 

at the traditional graph generation algorithms.
v These methods try to construct non-trivial graphs that have 

the desirable properties of the real-world graphs.
v We refer to the construction algorithm as the generative 

process.
v Here we look at four different models:
Ø Erdos-Renyi model
Ø Configuration model
Ø Stochastic Block model
Ø Barabasi-Albert model



43

Erdos-Renyi Model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Erdos-Renyi model, also known as the random graph model 
is the most well-known graph generation algorithm.

v In this model, edges are considered to randomly connect 
nodes in the graph.

v To that end, given the size of the graph, the model assumes 
that the probability of occurrence of an edge between any 
given nodes in the graph is constant.

v Mathematically put, 

<latexit sha1_base64="rTXZthhA/tQOxzcyuk4sQ3xW1rw="></latexit>

p (Aij = 1) = r, 8vi, vj 2 V, vi 6= vj
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Erdos-Renyi Model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The generative process for this model is as follows:
Ø Set the total number of the nodes in the graph |𝑉|.
Ø For each pair of nodes 𝑣! and 𝑣", sample a uniform random 

number 𝑟% ∼ 𝒰[0,1]. 
• If 𝑟′ > 𝑟, 𝐴!" = 1. 

• Otherwise, 𝐴!" = 0.
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Erdos-Renyi Model
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v The generative process for this model is as follows:
Ø Set the total number of the nodes in the graph |𝑉|.
Ø For each pair of nodes 𝑣! and 𝑣", sample a uniform random 

number 𝑟% ∼ 𝒰[0,1]. 
• If 𝑟′ > 𝑟, 𝐴!" = 1. 

• Otherwise, 𝐴!" = 0.

Ø Example:
<latexit sha1_base64="6D3WNJYfVhBm48uRabMOFEODdzM=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcDXMiLdNsejGZQV7gXYomTTThmYyIckIpfQh3LhQxIUb38S9G/FtTC8Lrf4Q+Pj/c8g5J5KcaeP7X05uYXFpeSW/6q6tb2xuFbZ3ajrNFKFVkvJUNSKsKWeCVg0znDakojiJOK1H/atxXr+jSrNU3JqBpGGCu4LFjGBjrbpCJeR7J+1C0ff8idBfCGZQvHh3S/L10620Cx+tTkqyhApDONa6GfjShEOsDCOcjtxWpqnEpI+7tGlR4ITqcDgZd4QOrNNBcarsEwZN3J8dQ5xoPUgiW5lg09Pz2dj8L2tmJj4Ph0zIzFBBph/FGUcmRePdUYcpSgwfWMBEMTsrIj2sMDH2Qq49QjC/8l+oHXnBqXd84xfLlzBVHvZgHw4hgDMowzVUoAoE+nAPj/DkSOfBeXZepqU5Z9azC7/kvH0DvqeRiA==</latexit>

r = 0.5
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Erdos-Renyi Model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The generative process for this model is as follows:
Ø Set the total number of the nodes in the graph |𝑉|.
Ø For each pair of nodes 𝑣! and 𝑣", sample a uniform random 

number 𝑟% ∼ 𝒰[0,1]. 
• If 𝑟′ > 𝑟, 𝐴!" = 1. 

• Otherwise, 𝐴!" = 0.

Ø Example:

<latexit sha1_base64="axBS5piR37Uwhx3+wMQtBhL+iG4=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWi27QdQmGLSxjGAukCxhdjJJhszODjOzQljyEDYWiljY+Cb2NuLbuJuk0MQfBj7+/xzmnBNIzrRx3W8rt7S8srqWX7c3Nre2dwq7e3UdxYrQGol4pJoB1pQzQWuGGU6bUlEcBpw2guF1ljfuqdIsEndmJKkf4r5gPUawSa2GOi67TsnuFIqu406EFsGbQfHywy7Lty+72il8trsRiUMqDOFY65bnSuMnWBlGOB3b7VhTickQ92krRYFDqv1kMu4YHaVOF/UilT5h0MT93ZHgUOtRGKSVITYDPZ9l5n9ZKza9Cz9hQsaGCjL9qBdzZCKU7Y66TFFi+CgFTBRLZ0VkgBUmJr1QdgRvfuVFqJcc78w5vXWLlSuYKg8HcAgn4ME5VOAGqlADAkN4gCd4tqT1aL1Yr9PSnDXr2Yc/st5/AKOykXY=</latexit>

r0 = 0.2

<latexit sha1_base64="6D3WNJYfVhBm48uRabMOFEODdzM=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcDXMiLdNsejGZQV7gXYomTTThmYyIckIpfQh3LhQxIUb38S9G/FtTC8Lrf4Q+Pj/c8g5J5KcaeP7X05uYXFpeSW/6q6tb2xuFbZ3ajrNFKFVkvJUNSKsKWeCVg0znDakojiJOK1H/atxXr+jSrNU3JqBpGGCu4LFjGBjrbpCJeR7J+1C0ff8idBfCGZQvHh3S/L10620Cx+tTkqyhApDONa6GfjShEOsDCOcjtxWpqnEpI+7tGlR4ITqcDgZd4QOrNNBcarsEwZN3J8dQ5xoPUgiW5lg09Pz2dj8L2tmJj4Ph0zIzFBBph/FGUcmRePdUYcpSgwfWMBEMTsrIj2sMDH2Qq49QjC/8l+oHXnBqXd84xfLlzBVHvZgHw4hgDMowzVUoAoE+nAPj/DkSOfBeXZepqU5Z9azC7/kvH0DvqeRiA==</latexit>

r = 0.5
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Erdos-Renyi Model
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v The generative process for this model is as follows:
Ø Set the total number of the nodes in the graph |𝑉|.
Ø For each pair of nodes 𝑣! and 𝑣", sample a uniform random 

number 𝑟% ∼ 𝒰[0,1]. 
• If 𝑟′ > 𝑟, 𝐴!" = 1. 

• Otherwise, 𝐴!" = 0.

Ø Example:
<latexit sha1_base64="6D3WNJYfVhBm48uRabMOFEODdzM=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcDXMiLdNsejGZQV7gXYomTTThmYyIckIpfQh3LhQxIUb38S9G/FtTC8Lrf4Q+Pj/c8g5J5KcaeP7X05uYXFpeSW/6q6tb2xuFbZ3ajrNFKFVkvJUNSKsKWeCVg0znDakojiJOK1H/atxXr+jSrNU3JqBpGGCu4LFjGBjrbpCJeR7J+1C0ff8idBfCGZQvHh3S/L10620Cx+tTkqyhApDONa6GfjShEOsDCOcjtxWpqnEpI+7tGlR4ITqcDgZd4QOrNNBcarsEwZN3J8dQ5xoPUgiW5lg09Pz2dj8L2tmJj4Ph0zIzFBBph/FGUcmRePdUYcpSgwfWMBEMTsrIj2sMDH2Qq49QjC/8l+oHXnBqXd84xfLlzBVHvZgHw4hgDMowzVUoAoE+nAPj/DkSOfBeXZepqU5Z9azC7/kvH0DvqeRiA==</latexit>

r = 0.5

<latexit sha1_base64="8x8+YOH+mqUFne5x16yVY5xbLIw=">AAAB73icbZDLSsNAFIZPvNZ4q7p0M1hEVyERsW6KRTcuK9gLtKFMppN26GQSZyZCCX0JNy4UEVz5JO7diG/j9LLQ1h8GPv7/HOacEyScKe2639bC4tLyympuzV7f2Nzazu/s1lScSkKrJOaxbARYUc4ErWqmOW0kkuIo4LQe9K9Gef2eSsVicasHCfUj3BUsZARrYzXkESoh1ym28wXXccdC8+BNoXDxYZeSty+70s5/tjoxSSMqNOFYqabnJtrPsNSMcDq0W6miCSZ93KVNgwJHVPnZeN4hOjROB4WxNE9oNHZ/d2Q4UmoQBaYywrqnZrOR+V/WTHV47mdMJKmmgkw+ClOOdIxGy6MOk5RoPjCAiWRmVkR6WGKizYlscwRvduV5qJ043plzeuMWypcwUQ724QCOwYMilOEaKlAFAhwe4AmerTvr0XqxXielC9a0Zw/+yHr/ASMmkbs=</latexit>

r0 = 0.7
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Erdos-Renyi Model
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v The generative process for this model is as follows:
Ø Set the total number of the nodes in the graph |𝑉|.
Ø For each pair of nodes 𝑣! and 𝑣", sample a uniform random 

number 𝑟% ∼ 𝒰[0,1]. 
• If 𝑟′ > 𝑟, 𝐴!" = 1. 

• Otherwise, 𝐴!" = 0.

Ø Example:
<latexit sha1_base64="6D3WNJYfVhBm48uRabMOFEODdzM=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcDXMiLdNsejGZQV7gXYomTTThmYyIckIpfQh3LhQxIUb38S9G/FtTC8Lrf4Q+Pj/c8g5J5KcaeP7X05uYXFpeSW/6q6tb2xuFbZ3ajrNFKFVkvJUNSKsKWeCVg0znDakojiJOK1H/atxXr+jSrNU3JqBpGGCu4LFjGBjrbpCJeR7J+1C0ff8idBfCGZQvHh3S/L10620Cx+tTkqyhApDONa6GfjShEOsDCOcjtxWpqnEpI+7tGlR4ITqcDgZd4QOrNNBcarsEwZN3J8dQ5xoPUgiW5lg09Pz2dj8L2tmJj4Ph0zIzFBBph/FGUcmRePdUYcpSgwfWMBEMTsrIj2sMDH2Qq49QjC/8l+oHXnBqXd84xfLlzBVHvZgHw4hgDMowzVUoAoE+nAPj/DkSOfBeXZepqU5Z9azC7/kvH0DvqeRiA==</latexit>

r = 0.5

<latexit sha1_base64="8x8+YOH+mqUFne5x16yVY5xbLIw=">AAAB73icbZDLSsNAFIZPvNZ4q7p0M1hEVyERsW6KRTcuK9gLtKFMppN26GQSZyZCCX0JNy4UEVz5JO7diG/j9LLQ1h8GPv7/HOacEyScKe2639bC4tLyympuzV7f2Nzazu/s1lScSkKrJOaxbARYUc4ErWqmOW0kkuIo4LQe9K9Gef2eSsVicasHCfUj3BUsZARrYzXkESoh1ym28wXXccdC8+BNoXDxYZeSty+70s5/tjoxSSMqNOFYqabnJtrPsNSMcDq0W6miCSZ93KVNgwJHVPnZeN4hOjROB4WxNE9oNHZ/d2Q4UmoQBaYywrqnZrOR+V/WTHV47mdMJKmmgkw+ClOOdIxGy6MOk5RoPjCAiWRmVkR6WGKizYlscwRvduV5qJ043plzeuMWypcwUQ724QCOwYMilOEaKlAFAhwe4AmerTvr0XqxXielC9a0Zw/+yHr/ASMmkbs=</latexit>

r0 = 0.7
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v The generative process for this model is as follows:
Ø Set the total number of the nodes in the graph |𝑉|.
Ø For each pair of nodes 𝑣! and 𝑣", sample a uniform random 

number 𝑟% ∼ 𝒰[0,1]. 
• If 𝑟′ > 𝑟, 𝐴!" = 1. 

• Otherwise, 𝐴!" = 0.

Ø Example:
<latexit sha1_base64="6D3WNJYfVhBm48uRabMOFEODdzM=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcDXMiLdNsejGZQV7gXYomTTThmYyIckIpfQh3LhQxIUb38S9G/FtTC8Lrf4Q+Pj/c8g5J5KcaeP7X05uYXFpeSW/6q6tb2xuFbZ3ajrNFKFVkvJUNSKsKWeCVg0znDakojiJOK1H/atxXr+jSrNU3JqBpGGCu4LFjGBjrbpCJeR7J+1C0ff8idBfCGZQvHh3S/L10620Cx+tTkqyhApDONa6GfjShEOsDCOcjtxWpqnEpI+7tGlR4ITqcDgZd4QOrNNBcarsEwZN3J8dQ5xoPUgiW5lg09Pz2dj8L2tmJj4Ph0zIzFBBph/FGUcmRePdUYcpSgwfWMBEMTsrIj2sMDH2Qq49QjC/8l+oHXnBqXd84xfLlzBVHvZgHw4hgDMowzVUoAoE+nAPj/DkSOfBeXZepqU5Z9azC7/kvH0DvqeRiA==</latexit>

r = 0.5
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Erdos-Renyi Model
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v The Erdos-Renyi model can control the density of the graph 
through the parameter 𝑟.

v However, it is not able to capture other graph properties, such 
as:

Ø Degree distribution,
Ø Community structure
Ø Clustering coefficient
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Erdos-Renyi Model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The Erdos-Renyi model can control the density of the graph 
through the parameter 𝑟.

v However, it is not able to capture other graph properties, such 
as:

Ø Degree distribution,
Ø Community structure
Ø Clustering coefficient

v Therefore, Erdos-Renyi does not capture characteristics of 
the real-world graphs.

v Nevertheless, it is a good indicator if the observed 
characteristics can be explained by the randomness, or it is a 
result of a more complex property.
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Configuration Model
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v Configuration model builds graphs from a sequence of the 
node degrees 

{𝑑&, … , 𝑑 ' }
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Configuration Model
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v Configuration model builds graphs from a sequence of the 
node degrees 

{𝑑&, … , 𝑑 ' }

v Alternatively, one can instead sample a sequence of node 
degrees from a distribution 𝑝$ to construct graphs with desired 
degree distribution.

{𝑑&, … , 𝑑 ' } ∼ 𝑝$
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Configuration Model
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v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.
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Configuration Model
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v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.

Ø Example:



56

Configuration Model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.

Ø Example:

<latexit sha1_base64="B38XVNp3kqjiPjbVs7axsAuiY2Q=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIgqUktajLohuXFewDmhAm00k7dCYJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDFw7n3Mu99/gxo1JZ1tjIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/vBm4rcfiJA0Cu9VGhOXo35IA4qR0pJnHjnZeRnaZVgrw2oZWs7IkZTD2Bt6ZsmqWFPAZWLPSaledM6ex/W04ZnfTi/CCSehwgxJ2bWtWLkZEopiRkYFJ5EkRniI+qSraYg4kW42fWEET7TSg0EkdIUKTtXfExniUqbc150cqYFc9Cbif143UcGVm9EwThQJ8WxRkDCoIjjJA/aoIFixVBOEBdW3QjxAAmGlUyvoEOzFl5dJq1qxLyq1O53GNZghD45BEZwCG1yCOrgFDdAEGDyCF/AG3o0n49X4MD5nrTljPnMI/sD4+gHoR5eS</latexit>

{3, 1, 4, 2, 0} ⇠ pk
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v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.

Ø Example:

<latexit sha1_base64="B38XVNp3kqjiPjbVs7axsAuiY2Q=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIgqUktajLohuXFewDmhAm00k7dCYJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDFw7n3Mu99/gxo1JZ1tjIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/vBm4rcfiJA0Cu9VGhOXo35IA4qR0pJnHjnZeRnaZVgrw2oZWs7IkZTD2Bt6ZsmqWFPAZWLPSaledM6ex/W04ZnfTi/CCSehwgxJ2bWtWLkZEopiRkYFJ5EkRniI+qSraYg4kW42fWEET7TSg0EkdIUKTtXfExniUqbc150cqYFc9Cbif143UcGVm9EwThQJ8WxRkDCoIjjJA/aoIFixVBOEBdW3QjxAAmGlUyvoEOzFl5dJq1qxLyq1O53GNZghD45BEZwCG1yCOrgFDdAEGDyCF/AG3o0n49X4MD5nrTljPnMI/sD4+gHoR5eS</latexit>

{3, 1, 4, 2, 0} ⇠ pk
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v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.

Ø Example:

<latexit sha1_base64="B38XVNp3kqjiPjbVs7axsAuiY2Q=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIgqUktajLohuXFewDmhAm00k7dCYJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDFw7n3Mu99/gxo1JZ1tjIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/vBm4rcfiJA0Cu9VGhOXo35IA4qR0pJnHjnZeRnaZVgrw2oZWs7IkZTD2Bt6ZsmqWFPAZWLPSaledM6ex/W04ZnfTi/CCSehwgxJ2bWtWLkZEopiRkYFJ5EkRniI+qSraYg4kW42fWEET7TSg0EkdIUKTtXfExniUqbc150cqYFc9Cbif143UcGVm9EwThQJ8WxRkDCoIjjJA/aoIFixVBOEBdW3QjxAAmGlUyvoEOzFl5dJq1qxLyq1O53GNZghD45BEZwCG1yCOrgFDdAEGDyCF/AG3o0n49X4MD5nrTljPnMI/sD4+gHoR5eS</latexit>

{3, 1, 4, 2, 0} ⇠ pk
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v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.

Ø Example:

<latexit sha1_base64="B38XVNp3kqjiPjbVs7axsAuiY2Q=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIgqUktajLohuXFewDmhAm00k7dCYJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDFw7n3Mu99/gxo1JZ1tjIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/vBm4rcfiJA0Cu9VGhOXo35IA4qR0pJnHjnZeRnaZVgrw2oZWs7IkZTD2Bt6ZsmqWFPAZWLPSaledM6ex/W04ZnfTi/CCSehwgxJ2bWtWLkZEopiRkYFJ5EkRniI+qSraYg4kW42fWEET7TSg0EkdIUKTtXfExniUqbc150cqYFc9Cbif143UcGVm9EwThQJ8WxRkDCoIjjJA/aoIFixVBOEBdW3QjxAAmGlUyvoEOzFl5dJq1qxLyq1O53GNZghD45BEZwCG1yCOrgFDdAEGDyCF/AG3o0n49X4MD5nrTljPnMI/sD4+gHoR5eS</latexit>

{3, 1, 4, 2, 0} ⇠ pk
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v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.

Ø Example:

<latexit sha1_base64="B38XVNp3kqjiPjbVs7axsAuiY2Q=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIgqUktajLohuXFewDmhAm00k7dCYJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDFw7n3Mu99/gxo1JZ1tjIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/vBm4rcfiJA0Cu9VGhOXo35IA4qR0pJnHjnZeRnaZVgrw2oZWs7IkZTD2Bt6ZsmqWFPAZWLPSaledM6ex/W04ZnfTi/CCSehwgxJ2bWtWLkZEopiRkYFJ5EkRniI+qSraYg4kW42fWEET7TSg0EkdIUKTtXfExniUqbc150cqYFc9Cbif143UcGVm9EwThQJ8WxRkDCoIjjJA/aoIFixVBOEBdW3QjxAAmGlUyvoEOzFl5dJq1qxLyq1O53GNZghD45BEZwCG1yCOrgFDdAEGDyCF/AG3o0n49X4MD5nrTljPnMI/sD4+gHoR5eS</latexit>

{3, 1, 4, 2, 0} ⇠ pk
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v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.

Ø Example:

<latexit sha1_base64="B38XVNp3kqjiPjbVs7axsAuiY2Q=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIgqUktajLohuXFewDmhAm00k7dCYJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDFw7n3Mu99/gxo1JZ1tjIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/vBm4rcfiJA0Cu9VGhOXo35IA4qR0pJnHjnZeRnaZVgrw2oZWs7IkZTD2Bt6ZsmqWFPAZWLPSaledM6ex/W04ZnfTi/CCSehwgxJ2bWtWLkZEopiRkYFJ5EkRniI+qSraYg4kW42fWEET7TSg0EkdIUKTtXfExniUqbc150cqYFc9Cbif143UcGVm9EwThQJ8WxRkDCoIjjJA/aoIFixVBOEBdW3QjxAAmGlUyvoEOzFl5dJq1qxLyq1O53GNZghD45BEZwCG1yCOrgFDdAEGDyCF/AG3o0n49X4MD5nrTljPnMI/sD4+gHoR5eS</latexit>

{3, 1, 4, 2, 0} ⇠ pk
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v The generative process of the configuration model is as 
follows:

Ø Set the total number of the nodes in the graph |𝑉|.

Ø Sample a sequence of node degrees 𝑑&, … , 𝑑 ' ∼ 𝑝$.

Ø Given 𝑑!, connect 𝑑! half-edges to each node 𝑣!.
Ø Randomly choose a pair of half-edges and connect them.

Ø Example:

<latexit sha1_base64="B38XVNp3kqjiPjbVs7axsAuiY2Q=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIgqUktajLohuXFewDmhAm00k7dCYJMxMhhOLGT/AX3LhQxK1f4a5/4/Sx0NYDFw7n3Mu99/gxo1JZ1tjIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/vBm4rcfiJA0Cu9VGhOXo35IA4qR0pJnHjnZeRnaZVgrw2oZWs7IkZTD2Bt6ZsmqWFPAZWLPSaledM6ex/W04ZnfTi/CCSehwgxJ2bWtWLkZEopiRkYFJ5EkRniI+qSraYg4kW42fWEET7TSg0EkdIUKTtXfExniUqbc150cqYFc9Cbif143UcGVm9EwThQJ8WxRkDCoIjjJA/aoIFixVBOEBdW3QjxAAmGlUyvoEOzFl5dJq1qxLyq1O53GNZghD45BEZwCG1yCOrgFDdAEGDyCF/AG3o0n49X4MD5nrTljPnMI/sD4+gHoR5eS</latexit>

{3, 1, 4, 2, 0} ⇠ pk
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v However, there are some downsides to this approach.
v First, for all half-edges to be paired, the total sum of the node 

degrees should be even.
v To remedy that one can reject sampled sequences with an odd 

sum ∑!
' 𝑑!.
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v However, there are some downsides to this approach.
v First, for all half-edges to be paired, the total sum of the node 

degrees should be even.
v To remedy that one can reject sampled sequences with an odd 

sum ∑!
' 𝑑!.

v Another issue is that the self-loops and multi-edges are often 
absent from real graphs.

v However, randomly connecting the half-edges may result in 
self-connected nodes and multiple edges between a pair of 
nodes.

v Nonetheless, as the size of the graph grows, the number of 
such cases becomes negligible.
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v Stochastic block model is designed to capture the 
community structure in the real-world graphs.

v To that end, SBM defines a number of node clusters 𝒜&, … ,𝒜(
to represent different communities.

v Then, it assigns each node 𝑣! ∈ V to one of these clusters by 
sampling from a categorical distribution (𝑝&, … , 𝑝() representing 
the probability of nodes belonging to each of these clusters.

v Finally, by setting different edge probabilities to inter-cluster 
and within-cluster pairs of nodes, SBM generates a graph.

v To that end, it defines a block-block probability matrix 𝑪, where 
𝑪!" represents the probability of existence of an edge between 
nodes of two clusters 𝒜! and 𝒜".
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v Thus, the generative process of this model can be summarized 
as follows:

Ø Set the total number of nodes.
Ø Assign each node 𝑣# ∈ V to a block 𝒜!.
Ø For each pair of nodes 𝑣# ∈ A! and 𝑣) ∈ A", sample edge 

with the probability

<latexit sha1_base64="Qx97XGJdseFzNpkiVHQZ3d46RP8="></latexit>

p (Aij = 1) = Cij , 8vm, vn 2 V, vm 2 Ai, vn 2 Aj
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Stochastic Block Model
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v While the model discussed here shows the most basic SBM 
model, the shared property of all these models is generating 
graphs that show community structure.

v One application of the SBM model is to study the community 
detection algorithms.

v However, the downside of these models is that they do not 
capture the characteristics of the real-world networks.

v For example, setting the same edge probabilities for all the 
nodes in a block yields similar structural properties (e.g. 
clustering coefficient, degree) for all the nodes in the graph.

v Therefore, SBM fails to capture the degree distribution of the 
real-world graphs.
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v In the previous models, the goal was to recreate real-world 
graphs and study their structural features.

v In these methods, the parameters of the graph, such as nodes, 
or degree distribution was fixed in the beginning.

v Thus, the graph emerged at once.
v In the Barabasi-Albert model, however, the goal is to reenact 

the process of formation of the real-world graphs.
v Rather than constructing a graph with real-world 

characteristics, it investigates why such properties come to 
existence in the first place.
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v Barabasi-Albert model tries to construct graphs with real-world 
degree distribution.

v Many real-world graphs follow power law degree distribution.
v In other words, probability of a given node 𝑣! having degree 𝑘

Follows the power-law distribution (with 𝛼 > 1).
v Power-law distributions have heavy tail.
v Barabasi-Albert model constructs graphs that have a degree 

distribution that follows the power-law distribution.

<latexit sha1_base64="EiWOetmSiae1eDJ/1fH4kGpr9ns=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GITdiVoDZC0MYygnlANobZ2dnskNndYeauEEJ+wMZfsbFQxNbezr9x8ig08cDA4Zx7uXOOLwXX4DjfVm5peWV1Lb9e2Njc2t6xd/caOs0UZXWailS1fKKZ4AmrAwfBWlIxEvuCNf3+9dhvPjCleZrcwUCyTkx6CQ85JWCkrn0kPcFCKAVdftn3FO9FcII9qVIJKe7fe0TIiHTtolN2JsCLxJ2RIpqh1rW/vCClWcwSoIJo3XYdCZ0hUcCpYKOCl2kmCe2THmsbmpCY6c5wkmaEj40S4DBV5iWAJ+rvjSGJtR7EvpmMCUR63huL/3ntDMKLzpAnMgOW0OmhMBPYJB1XgwOuGAUxMIRQxc1fMY2IIhRMgQVTgjsfeZE0TsvuWblyWylWr2Z15NEBOkQl5KJzVEU3qIbqiKJH9Ixe0Zv1ZL1Y79bHdDRnzXb20R9Ynz8hrJud</latexit>

p (di = k) / k↵
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v The generative process of Barabasi-Albert model consists of:
Ø Construct a complete graph with 𝑚* nodes.
Ø Iteratively add a new node 𝑣+ to the graph.
Ø Connect 𝑣+ to 𝑚 ≤ 𝑚* nodes that already exist in the graph 
𝑣! ∈ V + with the probability

v Based on BA, new nodes are connected to the nodes of the 
graph with a probability proportional to their degree.

v This follows the “rich gets richer” notion.

<latexit sha1_base64="W4ePvQJtFW/CmMEeJvD5KW1KzIc="></latexit>

P (Ati = 1) =
d(t)
iP

vj2V (t) d(t)
j
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v Example:

<latexit sha1_base64="pTyXc2HpXeEN7PDX/qkSCZZ17RY=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmiqibYtGNy4r2Au1QMmnahiaZIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845YcyZNp737WSWlldW17Lr7sbm1vZObnevpqNEEVolEY9UI8SaciZp1TDDaSNWFIuQ03o4uBrn9XuqNIvknRnGNBC4J1mXEWysdStKxXYu7xW8idAi+DPIX3y4pfjty620c5+tTkQSQaUhHGvd9L3YBClWhhFOR24r0TTGZIB7tGlRYkF1kE5GHaEj63RQN1L2SYMm7u+OFAuthyK0lQKbvp7PxuZ/WTMx3fMgZTJODJVk+lE34chEaLw36jBFieFDC5goZmdFpI8VJsZex7VH8OdXXoRaseCfFk5uvHz5EqbKwgEcwjH4cAZluIYKVIFADx7gCZ4d7jw6L87rtDTjzHr24Y+c9x8rPZC6</latexit>

m = 2
<latexit sha1_base64="Z/fKIQNJPM+DZkSanXlQnrwIzH4=">AAAB7HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuELURQmwsE3CTQBLC7GQ2GTIzu8zMCmHJN9hYKGJr51/4BXY2fouTR6GJBy4czrmXe+8JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w/qOkoUoT6JeKSaAdaUM0l9wwynzVhRLAJOG8HwZuI37qnSLJJ3ZhTTjsB9yUJGsLGSL7rudambL7hFdwq0TLw5KZSPat/svfJR7eY/272IJIJKQzjWuuW5semkWBlGOB3n2ommMSZD3KctSyUWVHfS6bFjdGqVHgojZUsaNFV/T6RYaD0Sge0U2Az0ojcR//NaiQmvOimTcWKoJLNFYcKRidDkc9RjihLDR5Zgopi9FZEBVpgYm0/OhuAtvrxM6qWid1E8r9k0KjBDFo7hBM7Ag0sowy1UwQcCDB7gCZ4d6Tw6L87rrDXjzGcO4Q+ctx/PQ5G9</latexit>

m0 = 2
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Barabasi-Albert model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Example:

<latexit sha1_base64="pTyXc2HpXeEN7PDX/qkSCZZ17RY=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmiqibYtGNy4r2Au1QMmnahiaZIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845YcyZNp737WSWlldW17Lr7sbm1vZObnevpqNEEVolEY9UI8SaciZp1TDDaSNWFIuQ03o4uBrn9XuqNIvknRnGNBC4J1mXEWysdStKxXYu7xW8idAi+DPIX3y4pfjty620c5+tTkQSQaUhHGvd9L3YBClWhhFOR24r0TTGZIB7tGlRYkF1kE5GHaEj63RQN1L2SYMm7u+OFAuthyK0lQKbvp7PxuZ/WTMx3fMgZTJODJVk+lE34chEaLw36jBFieFDC5goZmdFpI8VJsZex7VH8OdXXoRaseCfFk5uvHz5EqbKwgEcwjH4cAZluIYKVIFADx7gCZ4d7jw6L87rtDTjzHr24Y+c9x8rPZC6</latexit>

m = 2
<latexit sha1_base64="Z/fKIQNJPM+DZkSanXlQnrwIzH4=">AAAB7HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuELURQmwsE3CTQBLC7GQ2GTIzu8zMCmHJN9hYKGJr51/4BXY2fouTR6GJBy4czrmXe+8JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w/qOkoUoT6JeKSaAdaUM0l9wwynzVhRLAJOG8HwZuI37qnSLJJ3ZhTTjsB9yUJGsLGSL7rudambL7hFdwq0TLw5KZSPat/svfJR7eY/272IJIJKQzjWuuW5semkWBlGOB3n2ommMSZD3KctSyUWVHfS6bFjdGqVHgojZUsaNFV/T6RYaD0Sge0U2Az0ojcR//NaiQmvOimTcWKoJLNFYcKRidDkc9RjihLDR5Zgopi9FZEBVpgYm0/OhuAtvrxM6qWid1E8r9k0KjBDFo7hBM7Ag0sowy1UwQcCDB7gCZ4d6Tw6L87rrDXjzGcO4Q+ctx/PQ5G9</latexit>

m0 = 2



74

Barabasi-Albert model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Example:

<latexit sha1_base64="pTyXc2HpXeEN7PDX/qkSCZZ17RY=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmiqibYtGNy4r2Au1QMmnahiaZIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845YcyZNp737WSWlldW17Lr7sbm1vZObnevpqNEEVolEY9UI8SaciZp1TDDaSNWFIuQ03o4uBrn9XuqNIvknRnGNBC4J1mXEWysdStKxXYu7xW8idAi+DPIX3y4pfjty620c5+tTkQSQaUhHGvd9L3YBClWhhFOR24r0TTGZIB7tGlRYkF1kE5GHaEj63RQN1L2SYMm7u+OFAuthyK0lQKbvp7PxuZ/WTMx3fMgZTJODJVk+lE34chEaLw36jBFieFDC5goZmdFpI8VJsZex7VH8OdXXoRaseCfFk5uvHz5EqbKwgEcwjH4cAZluIYKVIFADx7gCZ4d7jw6L87rtDTjzHr24Y+c9x8rPZC6</latexit>

m = 2
<latexit sha1_base64="Z/fKIQNJPM+DZkSanXlQnrwIzH4=">AAAB7HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuELURQmwsE3CTQBLC7GQ2GTIzu8zMCmHJN9hYKGJr51/4BXY2fouTR6GJBy4czrmXe+8JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w/qOkoUoT6JeKSaAdaUM0l9wwynzVhRLAJOG8HwZuI37qnSLJJ3ZhTTjsB9yUJGsLGSL7rudambL7hFdwq0TLw5KZSPat/svfJR7eY/272IJIJKQzjWuuW5semkWBlGOB3n2ommMSZD3KctSyUWVHfS6bFjdGqVHgojZUsaNFV/T6RYaD0Sge0U2Az0ojcR//NaiQmvOimTcWKoJLNFYcKRidDkc9RjihLDR5Zgopi9FZEBVpgYm0/OhuAtvrxM6qWid1E8r9k0KjBDFo7hBM7Ag0sowy1UwQcCDB7gCZ4d6Tw6L87rrDXjzGcO4Q+ctx/PQ5G9</latexit>

m0 = 2
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Barabasi-Albert model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Example:

<latexit sha1_base64="pTyXc2HpXeEN7PDX/qkSCZZ17RY=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmiqibYtGNy4r2Au1QMmnahiaZIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845YcyZNp737WSWlldW17Lr7sbm1vZObnevpqNEEVolEY9UI8SaciZp1TDDaSNWFIuQ03o4uBrn9XuqNIvknRnGNBC4J1mXEWysdStKxXYu7xW8idAi+DPIX3y4pfjty620c5+tTkQSQaUhHGvd9L3YBClWhhFOR24r0TTGZIB7tGlRYkF1kE5GHaEj63RQN1L2SYMm7u+OFAuthyK0lQKbvp7PxuZ/WTMx3fMgZTJODJVk+lE34chEaLw36jBFieFDC5goZmdFpI8VJsZex7VH8OdXXoRaseCfFk5uvHz5EqbKwgEcwjH4cAZluIYKVIFADx7gCZ4d7jw6L87rtDTjzHr24Y+c9x8rPZC6</latexit>

m = 2
<latexit sha1_base64="Z/fKIQNJPM+DZkSanXlQnrwIzH4=">AAAB7HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuELURQmwsE3CTQBLC7GQ2GTIzu8zMCmHJN9hYKGJr51/4BXY2fouTR6GJBy4czrmXe+8JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w/qOkoUoT6JeKSaAdaUM0l9wwynzVhRLAJOG8HwZuI37qnSLJJ3ZhTTjsB9yUJGsLGSL7rudambL7hFdwq0TLw5KZSPat/svfJR7eY/272IJIJKQzjWuuW5semkWBlGOB3n2ommMSZD3KctSyUWVHfS6bFjdGqVHgojZUsaNFV/T6RYaD0Sge0U2Az0ojcR//NaiQmvOimTcWKoJLNFYcKRidDkc9RjihLDR5Zgopi9FZEBVpgYm0/OhuAtvrxM6qWid1E8r9k0KjBDFo7hBM7Ag0sowy1UwQcCDB7gCZ4d6Tw6L87rrDXjzGcO4Q+ctx/PQ5G9</latexit>

m0 = 2
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Barabasi-Albert model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Example:

<latexit sha1_base64="pTyXc2HpXeEN7PDX/qkSCZZ17RY=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmiqibYtGNy4r2Au1QMmnahiaZIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845YcyZNp737WSWlldW17Lr7sbm1vZObnevpqNEEVolEY9UI8SaciZp1TDDaSNWFIuQ03o4uBrn9XuqNIvknRnGNBC4J1mXEWysdStKxXYu7xW8idAi+DPIX3y4pfjty620c5+tTkQSQaUhHGvd9L3YBClWhhFOR24r0TTGZIB7tGlRYkF1kE5GHaEj63RQN1L2SYMm7u+OFAuthyK0lQKbvp7PxuZ/WTMx3fMgZTJODJVk+lE34chEaLw36jBFieFDC5goZmdFpI8VJsZex7VH8OdXXoRaseCfFk5uvHz5EqbKwgEcwjH4cAZluIYKVIFADx7gCZ4d7jw6L87rtDTjzHr24Y+c9x8rPZC6</latexit>

m = 2
<latexit sha1_base64="Z/fKIQNJPM+DZkSanXlQnrwIzH4=">AAAB7HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuELURQmwsE3CTQBLC7GQ2GTIzu8zMCmHJN9hYKGJr51/4BXY2fouTR6GJBy4czrmXe+8JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w/qOkoUoT6JeKSaAdaUM0l9wwynzVhRLAJOG8HwZuI37qnSLJJ3ZhTTjsB9yUJGsLGSL7rudambL7hFdwq0TLw5KZSPat/svfJR7eY/272IJIJKQzjWuuW5semkWBlGOB3n2ommMSZD3KctSyUWVHfS6bFjdGqVHgojZUsaNFV/T6RYaD0Sge0U2Az0ojcR//NaiQmvOimTcWKoJLNFYcKRidDkc9RjihLDR5Zgopi9FZEBVpgYm0/OhuAtvrxM6qWid1E8r9k0KjBDFo7hBM7Ag0sowy1UwQcCDB7gCZ4d6Tw6L87rrDXjzGcO4Q+ctx/PQ5G9</latexit>

m0 = 2
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Barabasi-Albert model

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Example:

v The generative process of the Barabasi-Albert model is 
autoregressive and adds nodes to the graph one at a time.

<latexit sha1_base64="pTyXc2HpXeEN7PDX/qkSCZZ17RY=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmiqibYtGNy4r2Au1QMmnahiaZIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845YcyZNp737WSWlldW17Lr7sbm1vZObnevpqNEEVolEY9UI8SaciZp1TDDaSNWFIuQ03o4uBrn9XuqNIvknRnGNBC4J1mXEWysdStKxXYu7xW8idAi+DPIX3y4pfjty620c5+tTkQSQaUhHGvd9L3YBClWhhFOR24r0TTGZIB7tGlRYkF1kE5GHaEj63RQN1L2SYMm7u+OFAuthyK0lQKbvp7PxuZ/WTMx3fMgZTJODJVk+lE34chEaLw36jBFieFDC5goZmdFpI8VJsZex7VH8OdXXoRaseCfFk5uvHz5EqbKwgEcwjH4cAZluIYKVIFADx7gCZ4d7jw6L87rtDTjzHr24Y+c9x8rPZC6</latexit>

m = 2
<latexit sha1_base64="Z/fKIQNJPM+DZkSanXlQnrwIzH4=">AAAB7HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuELURQmwsE3CTQBLC7GQ2GTIzu8zMCmHJN9hYKGJr51/4BXY2fouTR6GJBy4czrmXe+8JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w/qOkoUoT6JeKSaAdaUM0l9wwynzVhRLAJOG8HwZuI37qnSLJJ3ZhTTjsB9yUJGsLGSL7rudambL7hFdwq0TLw5KZSPat/svfJR7eY/272IJIJKQzjWuuW5semkWBlGOB3n2ommMSZD3KctSyUWVHfS6bFjdGqVHgojZUsaNFV/T6RYaD0Sge0U2Az0ojcR//NaiQmvOimTcWKoJLNFYcKRidDkc9RjihLDR5Zgopi9FZEBVpgYm0/OhuAtvrxM6qWid1E8r9k0KjBDFo7hBM7Ag0sowy1UwQcCDB7gCZ4d6Tw6L87rrDXjzGcO4Q+ctx/PQ5G9</latexit>

m0 = 2
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Summary

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Graph generation
v Network Characteristics
Ø Connectedness
Ø Path length
Ø Degree distribution
Ø Clustering coefficient

v Graph generative models
Ø Erdos-Renyi model
Ø Configuration model
Ø Stochastic Block model
Ø Barabasi-Albert model


