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Fourier transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lecture, we explored the relation between the 
Fourier transform and the convolution operation.
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Fourier transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lecture, we explored the relation between the 
Fourier transform and the convolution operation.

v We discussed that Fourier transform takes a data residing on 
the Euclidean space and maps it to the Fourier domain

where 𝑒!"#$% represents the Fourier basis and "𝑓 𝑠 is the 
corresponding Fourier coefficient.

<latexit sha1_base64="HXT7p2BMeYLDUnRjHULgCmkhg7Y="></latexit>

F(f(t)) = f̂(s) := hf, e2⇡isti =
Z

R
f(t)e�2⇡istdt

<latexit sha1_base64="HXT7p2BMeYLDUnRjHULgCmkhg7Y="></latexit>

F(f(t)) = f̂(s) := hf, e2⇡isti =
Z

R
f(t)e�2⇡istdt
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Fourier transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lecture, we explored the relation between the 
Fourier transform and the convolution operation.

v We discussed that Fourier transform takes a data residing on 
the Euclidean space and maps it to the Fourier domain

where 𝑒!"#$% represents the Fourier basis and "𝑓 𝑠 is the 
corresponding Fourier coefficient.

v Given "𝑓 𝑠 , one can recover the function 𝑓 by projecting "𝑓 𝑠
back to the Euclidean domain using inverse Fourier 
transform.

<latexit sha1_base64="HXT7p2BMeYLDUnRjHULgCmkhg7Y="></latexit>

F(f(t)) = f̂(s) := hf, e2⇡isti =
Z

R
f(t)e�2⇡istdt

<latexit sha1_base64="HXT7p2BMeYLDUnRjHULgCmkhg7Y="></latexit>

F(f(t)) = f̂(s) := hf, e2⇡isti =
Z

R
f(t)e�2⇡istdt

<latexit sha1_base64="9hi51eyerUXHIS389TBJSjcKr/U="></latexit>

F�1(f̂(s)) = f(t) :=

Z

R
f̂(s)e2⇡istds
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Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We recall that the Laplace operator is defined as

v We can show that bases of the Fourier domain are 
eigenfunctions of the Laplace operator

<latexit sha1_base64="yNQYFsRO47QrELaLWy1i6RpPfyU=">AAACJ3icbVBNSwMxEM36bf2qevQSLIJeym4p6kUp6sGjgtVCt5bZNKuh2eySzApl6b/x4l/xIqiIHv0nZmsVrT4IvHkzk+S9IJHCoOu+OWPjE5NT0zOzhbn5hcWl4vLKuYlTzXidxTLWjQAMl0LxOgqUvJFoDlEg+UXQPcz7FzdcGxGrM+wlvBXBlRKhYIBWahf3/SMuEWi4iVt0z1cQSLisfJWhBpb5CWgUIHO5/11RvKz0C+1iyS27A9C/xBuSEhnipF189DsxSyOukEkwpum5Cbay/E4meb/gp4YnwLpwxZuWKoi4aWUDn326YZUODWNtj0I6UH9uZBAZ04sCOxkBXpvRXi7+12umGO62MqGSFLlinw+FqfUY0zw02hGaM5Q9S4BpYf9K2TXYcNBGm4fgjVr+S84rZW+7XD2tlmoHwzhmyBpZJ5vEIzukRo7JCakTRm7JPXkiz86d8+C8OK+fo2POcGeV/ILz/gE0xqRe</latexit>

�f(t) = r2f(t) =
@2f

@t2

<latexit sha1_base64="30mWUJNZNTDo4DvrOOH+7qs1GWo="></latexit>

��
�
e2⇡ist

�
= � @2

@t2
�
e2⇡ist

�
= (2⇡s)2e2⇡ist
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Graph Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We recall that the Laplace operator is defined as

v We can show that bases of the Fourier domain are 
eigenfunctions of the Laplace operator

v We can exploit the analogy between the Laplacian matrix and 
the Laplace operator to extend the Fourier transform to graphs.

<latexit sha1_base64="yNQYFsRO47QrELaLWy1i6RpPfyU=">AAACJ3icbVBNSwMxEM36bf2qevQSLIJeym4p6kUp6sGjgtVCt5bZNKuh2eySzApl6b/x4l/xIqiIHv0nZmsVrT4IvHkzk+S9IJHCoOu+OWPjE5NT0zOzhbn5hcWl4vLKuYlTzXidxTLWjQAMl0LxOgqUvJFoDlEg+UXQPcz7FzdcGxGrM+wlvBXBlRKhYIBWahf3/SMuEWi4iVt0z1cQSLisfJWhBpb5CWgUIHO5/11RvKz0C+1iyS27A9C/xBuSEhnipF189DsxSyOukEkwpum5Cbay/E4meb/gp4YnwLpwxZuWKoi4aWUDn326YZUODWNtj0I6UH9uZBAZ04sCOxkBXpvRXi7+12umGO62MqGSFLlinw+FqfUY0zw02hGaM5Q9S4BpYf9K2TXYcNBGm4fgjVr+S84rZW+7XD2tlmoHwzhmyBpZJ5vEIzukRo7JCakTRm7JPXkiz86d8+C8OK+fo2POcGeV/ILz/gE0xqRe</latexit>

�f(t) = r2f(t) =
@2f

@t2

<latexit sha1_base64="30mWUJNZNTDo4DvrOOH+7qs1GWo="></latexit>

��
�
e2⇡ist

�
= � @2

@t2
�
e2⇡ist

�
= (2⇡s)2e2⇡ist



7

Graph Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We recall that the Laplace operator is defined as

v We can show that bases of the Fourier domain are 
eigenfunctions of the Laplace operator

v We can exploit the analogy between the Laplacian matrix and 
the Laplace operator to extend the Fourier transform to graphs.

v To that end, one can define the graph Fourier bases as the 
eigenvectors 𝑢ℓ ℓ'(,…,|,|-. of the Laplacian matrix

<latexit sha1_base64="yNQYFsRO47QrELaLWy1i6RpPfyU=">AAACJ3icbVBNSwMxEM36bf2qevQSLIJeym4p6kUp6sGjgtVCt5bZNKuh2eySzApl6b/x4l/xIqiIHv0nZmsVrT4IvHkzk+S9IJHCoOu+OWPjE5NT0zOzhbn5hcWl4vLKuYlTzXidxTLWjQAMl0LxOgqUvJFoDlEg+UXQPcz7FzdcGxGrM+wlvBXBlRKhYIBWahf3/SMuEWi4iVt0z1cQSLisfJWhBpb5CWgUIHO5/11RvKz0C+1iyS27A9C/xBuSEhnipF189DsxSyOukEkwpum5Cbay/E4meb/gp4YnwLpwxZuWKoi4aWUDn326YZUODWNtj0I6UH9uZBAZ04sCOxkBXpvRXi7+12umGO62MqGSFLlinw+FqfUY0zw02hGaM5Q9S4BpYf9K2TXYcNBGm4fgjVr+S84rZW+7XD2tlmoHwzhmyBpZJ5vEIzukRo7JCakTRm7JPXkiz86d8+C8OK+fo2POcGeV/ILz/gE0xqRe</latexit>

�f(t) = r2f(t) =
@2f

@t2

<latexit sha1_base64="30mWUJNZNTDo4DvrOOH+7qs1GWo="></latexit>

��
�
e2⇡ist

�
= � @2

@t2
�
e2⇡ist

�
= (2⇡s)2e2⇡ist

<latexit sha1_base64="f456mzxu2F1PlTsgfZjFt3/QFd0=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrsCtBbYSgjYVFBPOAbFhmJ3eTIbMPZu6KYckf2PgrNhaK2Nra+TdOHoUmHhjmzLn3cOceP5FCo21/WwuLS8srq7m1/PrG5tZ2YWe3ruNUcajxWMaq6TMNUkRQQ4ESmokCFvoSGn7/alRv3IPSIo7ucJBAO2TdSASCMzSSVzhyER7QD7KbYeplLkg5vHCl8XeYN3rRdHx5haJdsseg88SZkiKZouoVvtxOzNMQIuSSad1y7ATbGVMouIRh3k01JIz3WRdahkYsBN3OxvsM6aFROjSIlTkR0rH625GxUOtB6JvOkGFPz9ZG4n+1VorBeTsTUZIiRHwyKEglxZiOwqEdoYCjHBjCuBLmr5T3mGIcTYR5E4Izu/I8qZ+UnNNS+bZcrFxO48iRfXJAjolDzkiFXJMqqRFOHskzeSVv1pP1Yr1bH5PWBWvq2SN/YH3+APyRnUE=</latexit>

Lu` = �`u`
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Graph Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Using the eigenvectors U as Fourier bases, we can define the 
Fourier transform of a signal 𝐟 ∈ ℝ/ in the graph domain as 

v In the matrix form

<latexit sha1_base64="Iq2w/VoRjDYGQQnmYU3wM3worYw="></latexit>

f̂ (�`) := hf, u`i =
NX

i=1

f(i)u`(i)

<latexit sha1_base64="cX7qLhToxJSB0bPmB/OPikng+Zs=">AAACFnicbZDLSsNAFIYn9VbrrerSzWAR3FgSKepGKLpxWcFeoIllMp20QycXZk6EEvIUbnwVNy4UcSvufBsnbURtPTDw8f/nMOf8biS4AtP8NAoLi0vLK8XV0tr6xuZWeXunpcJYUtakoQhlxyWKCR6wJnAQrBNJRnxXsLY7usz89h2TiofBDYwj5vhkEHCPUwJa6pWP7CGBxPYJDF0v8dL0/Jub6W1iQxil+MftlStm1ZwUngcrhwrKq9Erf9j9kMY+C4AKolTXMiNwEiKBU8HSkh0rFhE6IgPW1RgQnyknmZyV4gOt9LEXSv0CwBP190RCfKXGvqs7sw3VrJeJ/3ndGLwzJ+FBFAML6PQjLxYYQpxlhPtcMgpirIFQyfWumA6JJBR0kiUdgjV78jy0jqvWSbV2XavUL/I4imgP7aNDZKFTVEdXqIGaiKJ79Iie0YvxYDwZr8bbtLVg5DO76E8Z71+GRaDc</latexit>

f̂ = U>f
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Graph Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Using the eigenvectors U as Fourier bases, we can define the 
Fourier transform of a signal 𝐟 ∈ ℝ/ in the graph domain as 

v In the matrix form

v Analogously, one can define the inverse graph Fourier 
transform as 

v In the matrix notation

<latexit sha1_base64="Iq2w/VoRjDYGQQnmYU3wM3worYw="></latexit>

f̂ (�`) := hf, u`i =
NX

i=1

f(i)u`(i)

<latexit sha1_base64="cX7qLhToxJSB0bPmB/OPikng+Zs=">AAACFnicbZDLSsNAFIYn9VbrrerSzWAR3FgSKepGKLpxWcFeoIllMp20QycXZk6EEvIUbnwVNy4UcSvufBsnbURtPTDw8f/nMOf8biS4AtP8NAoLi0vLK8XV0tr6xuZWeXunpcJYUtakoQhlxyWKCR6wJnAQrBNJRnxXsLY7usz89h2TiofBDYwj5vhkEHCPUwJa6pWP7CGBxPYJDF0v8dL0/Jub6W1iQxil+MftlStm1ZwUngcrhwrKq9Erf9j9kMY+C4AKolTXMiNwEiKBU8HSkh0rFhE6IgPW1RgQnyknmZyV4gOt9LEXSv0CwBP190RCfKXGvqs7sw3VrJeJ/3ndGLwzJ+FBFAML6PQjLxYYQpxlhPtcMgpirIFQyfWumA6JJBR0kiUdgjV78jy0jqvWSbV2XavUL/I4imgP7aNDZKFTVEdXqIGaiKJ79Iie0YvxYDwZr8bbtLVg5DO76E8Z71+GRaDc</latexit>

f̂ = U>f

<latexit sha1_base64="9+9pEHsYTd8BzjjXnA3tmahOZCY="></latexit>

f(i) =
N�1X

`=0

f̂ (�`)u`(i)

<latexit sha1_base64="20m092iMvZR5NNRNUek3CkNUS38=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FScFUSEXUjFN24rGDaQhPKZDpph04uzEyEEvIEbnwVNy4UcevanW/jtI2orQcGPv7/HOac3084k8qyPo3S0vLK6lp5vbKxubW9Y+7utWScCkIdEvNYdHwsKWcRdRRTnHYSQXHoc9r2R1cTv31HhWRxdKvGCfVCPIhYwAhWWuqZNTfEaugHWZBffKOTu0Ossh8n75lVq25NCy2CXUAVimr2zA+3H5M0pJEiHEvZta1EeRkWihFO84qbSppgMsID2tUY4ZBKL5uek6OaVvooiIV+kUJT9fdEhkMpx6GvOycrynlvIv7ndVMVnHsZi5JU0YjMPgpSjlSMJtmgPhOUKD7WgIlgeldEhlhgonSCFR2CPX/yIrSO6/Zp/eTmpNq4LOIowwEcwhHYcAYNuIYmOEDgHh7hGV6MB+PJeDXeZq0lo5jZhz9lvH8BEKadZw==</latexit>

f = Uf̂
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Spectral Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Like the Euclidean domain, we can use the graph Fourier
transform to represent convolution on graphs in the spectral 
domain. 
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Spectral Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Like the Euclidean domain, we can use the graph Fourier
transform to represent convolution on graphs in the spectral 
domain. 

v This is shown by the Hadamard product

where ∗0 denotes a convolution operator specific to the graph 
𝐺, and 𝐔 is eigenvector of 𝐋.

<latexit sha1_base64="DjCkz/tbkFUriqQX9NW9+TdCQYU="></latexit>

f ⇤G h = U
�
U>f �U>h

�
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Spectral Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Like the Euclidean domain, we can use the graph Fourier
transform to represent convolution on graphs in the spectral 
domain. 

v This is shown by the Hadamard product

where ∗0 denotes a convolution operator specific to the graph 
𝐺, and 𝐔 is eigenvector of 𝐋.

v Note that since the Fourier transform on graphs is defined 
using the eigenvectors of Laplacian 𝐋 of the graph, the 
transform is specific to the graph 𝐺.

v Therefore, convolution operator ∗0 is defined for the graph 𝐺.

<latexit sha1_base64="DjCkz/tbkFUriqQX9NW9+TdCQYU="></latexit>

f ⇤G h = U
�
U>f �U>h

�
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Spectral Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the spectral representation of the convolution,

The term 𝐔1𝐡 transforms the filter 𝐡, which is defined in the 
spatial domain, to the spectral domain.

<latexit sha1_base64="DjCkz/tbkFUriqQX9NW9+TdCQYU="></latexit>

f ⇤G h = U
�
U>f �U>h

�
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Spectral Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the spectral representation of the convolution,

The term 𝐔1𝐡 transforms the filter 𝐡, which is defined in the 
spatial domain, to the spectral domain.

v In index notation, this is represented as 

where 𝑢ℓ ℓ'(,…,/-. is the set of eigenvectors of the Laplacian 
matrix and "𝑓 and .ℎ are spectral representations of the signal 𝑓
and filter ℎ, respectively. 

<latexit sha1_base64="DjCkz/tbkFUriqQX9NW9+TdCQYU="></latexit>

f ⇤G h = U
�
U>f �U>h

�

<latexit sha1_base64="/ubQ9tbnTodRvCDmPpmQQ/ki4HM="></latexit>

f(f ⇤ h)(i) :=
N�1X

`=0

f̂(�`)ĥ(�`)u`(i)
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Spectral Filters

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, one can directly define the filter in the spectral 
domain of the graph.
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Spectral Filters

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, one can directly define the filter in the spectral 
domain of the graph.

Ø Heat kernel is defined as 
<latexit sha1_base64="Zn1HJjw9foz82np6twdQKY6FYo4=">AAACK3icbVDJSgNBFOxxN25Rj14agxAPhhmJy0UQvXhUMCaQGYaezptMY89C9xsxDPkfL/6KBz244NX/sLMc1FjQUFTV4/WrIJNCo22/W1PTM7Nz8wuLpaXlldW18vrGjU5zxaHBU5mqVsA0SJFAAwVKaGUKWBxIaAa35wO/eQdKizS5xl4GXsy6iQgFZ2gkv3zmRgyLqO9KCLHqSjPZYb4LUrpKdCPcPXHhPqMje++A/pPwyxW7Zg9BJ4kzJhUyxqVffnY7Kc9jSJBLpnXbsTP0CqZQcAn9kptryBi/ZV1oG5qwGLRXDG/t0x2jdGiYKvMSpEP150TBYq17cWCSMcNI//UG4n9eO8fw2CtEkuUICR8tCnNJMaWD4mhHKOAoe4YwroT5K+URU4yjqbdkSnD+njxJbvZrzmGtflWvnJ6N61ggW2SbVIlDjsgpuSCXpEE4eSBP5JW8WY/Wi/VhfY6iU9Z4ZpP8gvX1DYpgp9c=</latexit>

ĥ (�`) = exp (�5�`)
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Spectral Filters

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, one can directly define the filter in the spectral 
domain of the graph.

Ø Heat kernel is defined as 
<latexit sha1_base64="Zn1HJjw9foz82np6twdQKY6FYo4=">AAACK3icbVDJSgNBFOxxN25Rj14agxAPhhmJy0UQvXhUMCaQGYaezptMY89C9xsxDPkfL/6KBz244NX/sLMc1FjQUFTV4/WrIJNCo22/W1PTM7Nz8wuLpaXlldW18vrGjU5zxaHBU5mqVsA0SJFAAwVKaGUKWBxIaAa35wO/eQdKizS5xl4GXsy6iQgFZ2gkv3zmRgyLqO9KCLHqSjPZYb4LUrpKdCPcPXHhPqMje++A/pPwyxW7Zg9BJ4kzJhUyxqVffnY7Kc9jSJBLpnXbsTP0CqZQcAn9kptryBi/ZV1oG5qwGLRXDG/t0x2jdGiYKvMSpEP150TBYq17cWCSMcNI//UG4n9eO8fw2CtEkuUICR8tCnNJMaWD4mhHKOAoe4YwroT5K+URU4yjqbdkSnD+njxJbvZrzmGtflWvnJ6N61ggW2SbVIlDjsgpuSCXpEE4eSBP5JW8WY/Wi/VhfY6iU9Z4ZpP8gvX1DYpgp9c=</latexit>

ĥ (�`) = exp (�5�`)
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Spectral Filters

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, one can directly define the filter in the spectral 
domain of the graph.

Ø Heat kernel is defined as 
<latexit sha1_base64="Zn1HJjw9foz82np6twdQKY6FYo4=">AAACK3icbVDJSgNBFOxxN25Rj14agxAPhhmJy0UQvXhUMCaQGYaezptMY89C9xsxDPkfL/6KBz244NX/sLMc1FjQUFTV4/WrIJNCo22/W1PTM7Nz8wuLpaXlldW18vrGjU5zxaHBU5mqVsA0SJFAAwVKaGUKWBxIaAa35wO/eQdKizS5xl4GXsy6iQgFZ2gkv3zmRgyLqO9KCLHqSjPZYb4LUrpKdCPcPXHhPqMje++A/pPwyxW7Zg9BJ4kzJhUyxqVffnY7Kc9jSJBLpnXbsTP0CqZQcAn9kptryBi/ZV1oG5qwGLRXDG/t0x2jdGiYKvMSpEP150TBYq17cWCSMcNI//UG4n9eO8fw2CtEkuUICR8tCnNJMaWD4mhHKOAoe4YwroT5K+URU4yjqbdkSnD+njxJbvZrzmGtflWvnJ6N61ggW2SbVIlDjsgpuSCXpEE4eSBP5JW8WY/Wi/VhfY6iU9Z4ZpP8gvX1DYpgp9c=</latexit>

ĥ (�`) = exp (�5�`)
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Spectral Filters

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, one can directly define the filter in the spectral 
domain of the graph.

Ø Heat kernel is defined as 

v This approach enables us to define the convolution filter 
directly in the spectral domain.

where 

<latexit sha1_base64="Zn1HJjw9foz82np6twdQKY6FYo4=">AAACK3icbVDJSgNBFOxxN25Rj14agxAPhhmJy0UQvXhUMCaQGYaezptMY89C9xsxDPkfL/6KBz244NX/sLMc1FjQUFTV4/WrIJNCo22/W1PTM7Nz8wuLpaXlldW18vrGjU5zxaHBU5mqVsA0SJFAAwVKaGUKWBxIaAa35wO/eQdKizS5xl4GXsy6iQgFZ2gkv3zmRgyLqO9KCLHqSjPZYb4LUrpKdCPcPXHhPqMje++A/pPwyxW7Zg9BJ4kzJhUyxqVffnY7Kc9jSJBLpnXbsTP0CqZQcAn9kptryBi/ZV1oG5qwGLRXDG/t0x2jdGiYKvMSpEP150TBYq17cWCSMcNI//UG4n9eO8fw2CtEkuUICR8tCnNJMaWD4mhHKOAoe4YwroT5K+URU4yjqbdkSnD+njxJbvZrzmGtflWvnJ6N61ggW2SbVIlDjsgpuSCXpEE4eSBP5JW8WY/Wi/VhfY6iU9Z4ZpP8gvX1DYpgp9c=</latexit>

ĥ (�`) = exp (�5�`)

<latexit sha1_base64="hKAx9PcrqcF4HRLmnI3tYZkRau8="></latexit>

f ⇤G h = U
�
U>f � ✓h

�

<latexit sha1_base64="PVXO0KFRNEVwzHdIKxSLM4Nmav8=">AAACIHicbVBNS8NAEN34bf2KevSyWARPJRFRL4LoxaOKaQttLJvtplncbMLuRCgxP8WLf8WLB0X0pr/GbRtBWx8svHlvhp15QSq4Bsf5tKamZ2bn5hcWK0vLK6tr9vpGXSeZosyjiUhUMyCaCS6ZBxwEa6aKkTgQrBHcng38xh1TmifyGvop82PSkzzklICROvZhGyIGpBMdt2MCURDmXnGTXxf4p4wM5bIsg/zKuPf1+6JjV52aMwSeJG5JqqjERcf+aHcTmsVMAhVE65brpODnRAGnghWVdqZZSugt6bGWoZLETPv58MAC7xili8NEmScBD9XfEzmJte7Hgekc7KnHvYH4n9fKIDzycy7TDJiko4/CTGBI8CAt3OWKURB9QwhV3OyKaUQUoWAyrZgQ3PGTJ0l9r+Ye1PYv96snp2UcC2gLbaNd5KJDdILO0QXyEEUP6Am9oFfr0Xq23qz3UeuUVc5soj+wvr4BrlWkjg==</latexit>

✓h = UTh 2 R|V |
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Spectrum-based Methods

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v This spectral representation of the convolution can be used to 
define trainable convolution layers on graph.
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Spectrum-based Methods

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v This spectral representation of the convolution can be used to 
define trainable convolution layers on graph.

v Let 𝜃2 be a non-parametric filter; that is all parameters in the 
filter are free

where diag 𝜃2 ∈ ℝ , × , is a diagonal matrix of the graph 
Fourier coefficients of the filter.
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v This spectral representation of the convolution can be used to 
define trainable convolution layers on graph.

v Let 𝜃2 be a non-parametric filter; that is all parameters in the 
filter are free

where diag 𝜃2 ∈ ℝ , × , is a diagonal matrix of the graph 
Fourier coefficients of the filter.

v Due to their dependence on the domain of the graph (through 
the eigenvectors) models using such convolutional layers are 
referred to as spectrum-based methods.
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v Spectral Convolutional Neural Network (SCNN) layers 
define convolution layers as

with 1 ≤ 𝑗 ≤ 𝑑!"# and 1 ≤ 𝑖 ≤ 𝑑!, 𝜎 is non-linearity, and 
𝑑𝑖𝑎𝑔 𝜃 #,4 ∈ ℝ5×5 are trainable diagonal spectral filters.
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v Spectral Convolutional Neural Network (SCNN) layers 
define convolution layers as

with 1 ≤ 𝑗 ≤ 𝑑!"# and 1 ≤ 𝑖 ≤ 𝑑!, 𝜎 is non-linearity, and 
𝑑𝑖𝑎𝑔 𝜃 #,4 ∈ ℝ5×5 are trainable diagonal spectral filters.

v Note that, only top 𝐾 eigenvectors 𝑼5 ∈ ℝ , ×5 of the 
Laplacian 𝐿 are used as they carry the most informative data.
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v Spectral Convolutional Neural Network (SCNN) layers 
define convolution layers as

with 1 ≤ 𝑗 ≤ 𝑑!"# and 1 ≤ 𝑖 ≤ 𝑑!, 𝜎 is non-linearity, and 
𝑑𝑖𝑎𝑔 𝜃 #,4 ∈ ℝ5×5 are trainable diagonal spectral filters.

v Note that, only top 𝐾 eigenvectors 𝑼5 ∈ ℝ , ×5 of the 
Laplacian 𝐿 are used as they carry the most informative data.

v Due to their spectrum-based nature, these methods can only 
be used in the transductive setting.
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v One problem with such a definition is that diag 𝜃2 has no 
dependency on the structure if the graph.

v This may result in filters that are arbitrarily non-local with 
respect to the nodes.
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v One problem with such a definition is that diag 𝜃2 has no 
dependency on the structure if the graph.

v This may result in filters that are arbitrarily non-local with 
respect to the nodes.

v To remedy that, instead, one can use a polynomial 
parametrization based on the spectrum of the graph.

v To that end, we can approximate the spectral filter as a 
polynomial expansion of the graph spectrum
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v One problem with such a definition is that diag 𝜃2 has no 
dependency on the structure if the graph.

v This may result in filters that are arbitrarily non-local with 
respect to the nodes.

v To remedy that, instead, one can use a polynomial 
parametrization based on the spectrum of the graph.

v To that end, we can approximate the spectral filter as a 
polynomial expansion of the graph spectrum

which represents a polynomial of degree 𝐾 with respect to the 
eigenvalues of the Laplacian 𝐋.
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v Thus, we can reformulate the convolution as
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v Thus, we can reformulate the convolution as

v By interpreting the eigenvalues as analogs to the frequency, 
we can interpret 𝑝5(𝚲) as the filter frequency response.
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v Thus, we can reformulate the convolution as

v By interpreting the eigenvalues as analogs to the frequency, 
we can interpret 𝑝5(𝚲) as the filter frequency response.

v One drawback with this representation of the convolution is 
that it requires us to perform eigendecomposition of the 
Laplacian matrix.

v For large graphs, such an operation may be prohibitively 
expensive.

Ø Social networks.
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v Noting that

we can show that this polynomial parameterization may be 
reformulated as a polynomial function of the Laplacian 
matrix
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v Noting that

we can show that this polynomial parameterization may be 
reformulated as a polynomial function of the Laplacian 
matrix

v We can see that defining a filtering matrix as a degree 𝑘
polynomial of the Laplacian constructs a 𝒌 −localized filtering.

v Therefore, parametrizing filter with eigenvalues 𝚲 results in 
localized filters.
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v We can exploit the notation of spectral convolution on 
graphs to propose convolutional graph neural networks, 
based on the parameterization of the filters.
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v We can exploit the notation of spectral convolution on 
graphs to propose convolutional graph neural networks, 
based on the parameterization of the filters.

v These networks use either the non-parametric spectral 
filters
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v We can exploit the notation of spectral convolution on 
graphs to propose convolutional graph neural networks, 
based on the parameterization of the filters.

v These networks use either the non-parametric spectral 
filters

Or parametric spectral filters
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v We can exploit the notation of spectral convolution on 
graphs to propose convolutional graph neural networks, 
based on the parameterization of the filters.

v These networks use either the non-parametric spectral 
filters

Or parametric spectral filters

v Combined with non-linear layers and stack them to build 
deep graph-based neural networks.
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v One can use different polynomial basis to define the 
parametric filters.

v One such model, ChebNet, uses a Chebyshev polynomial to 
approximate the 𝑝5(𝑳).
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v One can use different polynomial basis to define the 
parametric filters.

v One such model, ChebNet, uses a Chebyshev polynomial to 
approximate the 𝑝5(𝑳).

v A Chebyshev polynomial of order 𝐾 is computed through the 
recursive relation

where
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v Chebyshev polynomials define orthonormal basis in the 
interval [−1,1].

v We can parametrize the filter 𝑝5(𝚲) using the Chebyshev 
polynomials as

where 𝜽 ∈ ℝ5 is the vector of polynomial coefficients, and 
𝑇5(K𝚲) is a Chebyshev polynomial of order 𝐾.
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v Chebyshev polynomials define orthonormal basis in the 
interval [−1,1].

v We can parametrize the filter 𝑝5(𝚲) using the Chebyshev 
polynomials as

where 𝜽 ∈ ℝ5 is the vector of polynomial coefficients, and 
𝑇5(K𝚲) is a Chebyshev polynomial of order 𝐾.

v Note that, in order for polynomials to form orthonormal basis, 
the eigenvalues are normalized as

to map them from the interval [0, 𝜆678] to [−1,1].

<latexit sha1_base64="AooMUOiOEaD5T64Hy9vaK2uHcA8="></latexit>

p✓(⇤) =
K�1X

k=0

✓kTk(⇤̃)

<latexit sha1_base64="v4aBC/BGYDDS5EjLHfaCL+Tu9uQ="></latexit>

⇤̃ =
2⇤

�max
� I|V |



42

ChebNet

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Using this expansion, one can represent the convolution as

where N𝐋 is the scaled normalized Laplacian matrix
<latexit sha1_base64="Lt41Y/1NcEGK0Z+l4HNDEahMT88="></latexit>
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v Using this expansion, one can represent the convolution as

where N𝐋 is the scaled normalized Laplacian matrix

v Thus, each layer of ChebNet implements

where 𝑯 % ∈ ℝ , ×9and Θ: ∈ ℝ9×9
! .
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v One can simplify the ChebNet model by limiting the 
polynomial order to 𝐾 = 1.

v This yields a first order approximation of the convolution 
operation in ChebNet.
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v One can simplify the ChebNet model by limiting the 
polynomial order to 𝐾 = 1.

v This yields a first order approximation of the convolution 
operation in ChebNet.

v We can derive this as
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v One can simplify the ChebNet model by limiting the 
polynomial order to 𝐾 = 1.

v This yields a first order approximation of the convolution 
operation in ChebNet.

v We can derive this as
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v One can simplify the ChebNet model by limiting the 
polynomial order to 𝐾 = 1.

v This yields a first order approximation of the convolution 
operation in ChebNet.

v We can derive this as
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v One can simplify the ChebNet model by limiting the 
polynomial order to 𝐾 = 1.

v This yields a first order approximation of the convolution 
operation in ChebNet.

v We can derive this as
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v Since eigenvalues of 𝑳 fall in the interval [0,2], we can 
approximate 𝜆678 = 2 and write
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v Since eigenvalues of 𝑳 fall in the interval [0,2], we can 
approximate 𝜆678 = 2 and write
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v Since eigenvalues of 𝑳 fall in the interval [0,2], we can 
approximate 𝜆678 = 2 and write
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v Since eigenvalues of 𝑳 fall in the interval [0,2], we can 
approximate 𝜆678 = 2 and write

<latexit sha1_base64="lB1Bgerq02POIBzXFJgErielJEs="></latexit>

f ⇤G h = ✓0f + ✓1
⇥
L� I|V |

⇤
f

= ✓0f+ ✓1
h
D� 1

2 (D�A)D� 1
2 � I|V |

i
f

= ✓0f+ ✓1
h
D� 1

2DD� 1
2 �D� 1

2AD� 1
2 � I|V |

i
f

= ✓0f+ ✓1
h
I|V | �D� 1

2AD� 1
2 � I|V |

i
f

= ✓0f� ✓1D
� 1

2AD� 1
2



53

Graph Convolutional Network

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Since eigenvalues of 𝑳 fall in the interval [0,2], we can 
approximate 𝜆678 = 2 and write
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v Since eigenvalues of 𝑳 fall in the interval [0,2], we can 
approximate 𝜆678 = 2 and write

v One can further enforce parameter sharing by setting 𝜃 =
𝜃( = −𝜃. and write
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v Since eigenvalues of 𝑳 fall in the interval [0,2], we can 
approximate 𝜆678 = 2 and write

v One can further enforce parameter sharing by setting 𝜃 =
𝜃( = −𝜃. and write
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v Applying 𝑲 successive filters

effectively convolves the 𝒌-hop neighborhood of a node 𝑣#.
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v Applying 𝑲 successive filters

effectively convolves the 𝒌-hop neighborhood of a node 𝑣#.

v However, since eigenvalues of 𝐼 , +𝑫-
"
#𝑨𝑫-

"
# fall in the 

interval [0,2], successive application of the operator may be 
numerically unstable.
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v Applying 𝑲 successive filters

effectively convolves the 𝒌-hop neighborhood of a node 𝑣#.

v However, since eigenvalues of 𝐼 , +𝑫-
"
#𝑨𝑫-

"
# fall in the 

interval [0,2], successive application of the operator may be 
numerically unstable.

v Thus, using a renormalization trick, one can rewrite this as

where
and
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v For higher dimensional signals 𝑯 ∈ ℝ , ×9, this results in

Where Θ ∈ ℝ9×9! and 𝑯 %;. ∈ ℝ , ×9!.

v Adding a non-linearity one can arrive at the definition of the 
GCN layer.

v Therefore, GCN layers are a first-order approximation of the 
spectral convolution parametrized by Chebyshev polynomials.
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v We observe that a convolution layer defined as a polynomial of 
𝑰 + 𝑨 is equivalent of 

Ø Message aggregation and 

Ø Combining these information with the information of the 
node itself.
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v We observe that a convolution layer defined as a polynomial of 
𝑰 + 𝑨 is equivalent of 

Ø Message aggregation and 

Ø Combining these information with the information of the 
node itself.

v By adding weights and nan-linearities to this convolution 
formulation, one can recover the basic GNN model
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