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v So far, we have looked at graph neural network layers that 
work based on the principle of neural message passing.

Ø This learning rule propagates information in a graph by 
aggregating the information in the neighborhood of a node.

Ø This information is then used to construct a message that 
updates the state of the node.

v These approaches are motivated by message passing 
schemes in probabilistic graphical models.

<latexit sha1_base64="TvHaaers+ms5T9e1Ujrwwlp5foI="></latexit>

h(k+1)
i = update(h(k)

i ,m(k)
Ni!i)

<latexit sha1_base64="MfsTCcYW8Fn85/WmJlWaVvwAx1A="></latexit>

m(k)
Ni!i = aggregate({h(k)

j |vj 2 N(vi)})



6

Intro

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we have looked at graph neural network layers that 
work based on the principle of neural message passing.

v These approaches are motivated by message passing 
schemes in probabilistic graphical models.

v One can motivate and develop GNN models from different 
perspectives:



7

Intro

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we have looked at graph neural network layers that 
work based on the principle of neural message passing.

v These approaches are motivated by message passing 
schemes in probabilistic graphical models.

v One can motivate and develop GNN models from different 
perspectives:

Ø Probabilistic graph models



8

Intro

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we have looked at graph neural network layers that 
work based on the principle of neural message passing.

v These approaches are motivated by message passing 
schemes in probabilistic graphical models.

v One can motivate and develop GNN models from different 
perspectives:

Ø Probabilistic graph models

Ø Graph isomorphism test



9

Intro

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we have looked at graph neural network layers that 
work based on the principle of neural message passing.

v These approaches are motivated by message passing 
schemes in probabilistic graphical models.

v One can motivate and develop GNN models from different 
perspectives:

Ø Probabilistic graph models

Ø Graph isomorphism test

Ø Graph signal processing
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Graph Signal Processing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Signal processing on graphs deals with defining a set of tools 
to analyze the data 𝐟 residing on nodes 𝑣! ∈ V of the graph.

Ø Application:

§ Learning graph from data:

• E.g. Smoothness.

§ Filtering data on graphs:

• E.g. denoising, inpainting, coarsening.

v The concept of signal processing on graphs can define 
convolutions on graphs from a spectral perspective. 
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v Classical convolution operation on the continuous Euclidean 
space is defined as

where 𝑓 and ℎ are two functions.
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v Classical convolution operation on the continuous Euclidean 
space is defined as

where 𝑓 and ℎ are two functions.

v An alternative way is to perform convolution in the Fourier
domain using Hadamard product.
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v Classical convolution operation on the continuous Euclidean 
space is defined as

where 𝑓 and ℎ are two functions.

v An alternative way is to perform convolution in the Fourier
domain using Hadamard product.

v To perform this, one 
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v Classical convolution operation on the continuous Euclidean 
space is defined as

where 𝑓 and ℎ are two functions.

v An alternative way is to perform convolution in the Fourier
domain using Hadamard product.

v To perform this, one 

Ø Maps the filter and the signal to the Fourier domain
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v Classical convolution operation on the continuous Euclidean 
space is defined as

where 𝑓 and ℎ are two functions.

v An alternative way is to perform convolution in the Fourier
domain using Hadamard product.

v To perform this, one 

Ø Maps the filter and the signal to the Fourier domain

Ø Performs the convolution in the Fourier domain
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v Classical convolution operation on the continuous Euclidean 
space is defined as

where 𝑓 and ℎ are two functions.

v An alternative way is to perform convolution in the Fourier
domain using Hadamard product.

v To perform this, one 

Ø Maps the filter and the signal to the Fourier domain

Ø Performs the convolution in the Fourier domain

Ø Transforms the result back to the Euclidean space.
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v Thus, in the first step, we need to define a map to the Fourier 
domain. 
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v Thus, in the first step, we need to define a map to the Fourier 
domain. 

v Fourier transform takes a data residing on the Euclidean 
space and maps it to the Fourier domain.

v This transform is performed by expanding the data in Fourier 
bases.
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v Thus, in the first step, we need to define a map to the Fourier 
domain. 

v Fourier transform takes a data residing on the Euclidean 
space and maps it to the Fourier domain.

v This transform is performed by expanding the data in Fourier 
bases.

v Mathematically put

where 𝑒"#!$% represents the Fourier bases.
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F(f(t)) = f̂(s) := hf, e2⇡isti =
Z

R
f(t)e�2⇡istdt
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v In the last step, we need to project the convolved data to the 
original space.

v This can be done using the inverse Fourier transform.
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v In the last step, we need to project the convolved data to the 
original space.

v This can be done using the inverse Fourier transform.

v Given the Fourier coefficient of a function, one can reconstruct 
the original data by projecting the resulted Fourier coefficients 
back to the Euclidean domain using inverse Fourier transform.

v Inverse Fourier transform is formulated as
<latexit sha1_base64="9hi51eyerUXHIS389TBJSjcKr/U="></latexit>

F�1(f̂(s)) = f(t) :=

Z

R
f̂(s)e2⇡istds



28

Convolution
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v As discussed earlier, we can use this notion to define 
convolution.

v Convolution of the two signals in the Fourier domain is 
represented by element-wise (Hadamard) product.

<latexit sha1_base64="Yu/USO1dJDGcjeOa/3lqIJpuqXw="></latexit>
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v As discussed earlier, we can use this notion to define 
convolution.

v Convolution of the two signals in the Fourier domain is 
represented by element-wise (Hadamard) product.

v Using Fourier transform, we can define convolution as

v This operation filters the signal 𝑓 using the filter ℎ, such that it 
amplifies or reduces the contribution of some basis functions.

<latexit sha1_base64="JiOrkQKXdmBo3oUBIwWnEHygeEc="></latexit>

(f ⇤ h)(t) = F�1 (F (f(t))� F (h(t)))

= F�1
⇣
f̂(s)� ĥ(s)

⌘
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v Convolutional neural networks are one of the most successful 
deep learning models, that use convolution operation.
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Convolution
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v Convolutional neural networks are one of the most successful 
deep learning models, that use convolution operation.

v CNN models operate on data defined over discrete grids.

v Therefore, the transformations above need to be reformulated 
for the data defined on discrete mesh.
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Discrete Fourier transform
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v For the case of a finite 1D grid 𝑡 ∈ 0,…𝑁 − 1 , the Fourier 
transform is derived as

where /𝐟ℓ are Fourier coefficients of the signal.

<latexit sha1_base64="5CaGDeOhFCOLVXhi6nju7drsV1A="></latexit>

f̂` =
1p
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N�1X

t=0
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N kt
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v For the case of a finite 1D grid 𝑡 ∈ 0,…𝑁 − 1 , the Fourier 
transform is derived as

where /𝐟ℓ are Fourier coefficients of the signal.

v In essence, this decomposition represents the signal 𝐟 as 
weighted sum of the Fourier bases.
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Discrete Fourier transform
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v For the case of a finite 1D grid 𝑡 ∈ 0,…𝑁 − 1 , the Fourier 
transform is derived as

where /𝐟ℓ are Fourier coefficients of the signal.

v In essence, this decomposition represents the signal 𝐟 as 
weighted sum of the Fourier bases.

v Analogously, the inverse Fourier transform is defined as
<latexit sha1_base64="/YJLCBDCQZ9Fs3+pJ0Tri+3woO0="></latexit>
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Shift and Difference
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v Convolution operation is characterized by its shift 
equivariance and difference equivariance properties.
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v Convolution operation is characterized by its shift 
equivariance and difference equivariance properties.

v The shift operation is defined as 
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Taf(t) = f(t� a)
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v Convolution operation is characterized by its shift 
equivariance and difference equivariance properties.

v The shift operation is defined as 

v Shift equivariance implies that 

v In other words, as a result of shift equivariance of the 
convolution operation, convolving a translated signal is equal 
to translating a convolved signal.

<latexit sha1_base64="9x+5hG87gPAlbNnrLIqKy54/WIA=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiMxiEpDDsSlAbIWhjGSEvSJbl7mQ2GTL7YGZWCEuw8VdsLBSx9Svs/BtnkxSaeGCGwzn3cu89XsyZVJb1beRWVtfWN/Kbha3tnd09c/+gJaNEENokEY9ExwNJOQtpUzHFaScWFAKP07Y3us389gMVkkVhQ41j6gQwCJnPCCgtueZRLwA1JMDTxsQF7JdU+Vp/Z1B2zaJVsabAy8SekyKao+6aX71+RJKAhopwkLJrW7FyUhCKEU4nhV4iaQxkBAPa1TSEgEonnZ4wwada6WM/EvqFCk/V3x0pBFKOA09XZgvLRS8T//O6ifKvnJSFcaJoSGaD/IRjFeEsD9xnghLFx5oAEUzviskQBBClUyvoEOzFk5dJ67xiX1Sq99Vi7WYeRx4doxNUQja6RDV0h+qoiQh6RM/oFb0ZT8aL8W58zEpzxrznEP2B8fkDe3iWMQ==</latexit>

Taf(t) = f(t� a)

<latexit sha1_base64="yVT0GkVfS0OT4g93YVplQlxwxVE=">AAACEXicbZA7SwNBEMf34ivG16mlzWIQLgrhToLaBII2lhHMA5IQ9jZ7yZK9B7tzQjjyFWz8KjYWitja2flt3Fyu0MSBhd/8Z4bZ+buR4Aps+9vIrayurW/kNwtb2zu7e+b+QVOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3wzq7cemFQ8DO5hErGeT4YB9zgloKW+aXkWnJESPsVDC0pVnWWsxarlzbiUJn2zaJftNPAyOBkUURb1vvnVHYQ09lkAVBClOo4dQS8hEjgVbFroxopFhI7JkHU0BsRnqpekF03xiVYG2AulfgHgVP09kRBfqYnv6k6fwEgt1mbif7VODN5VL+FBFAML6HyRFwsMIZ7ZgwdcMgpiooFQyfVfMR0RSShoEwvaBGfx5GVonpedi3LlrlKsXWd25NEROkYWctAlqqFbVEcNRNEjekav6M14Ml6Md+Nj3pozsplD9CeMzx8j3Zgx</latexit>

f(t+ a) ⇤ g(t) = f(t) ⇤ g(t+ a) = (f ⇤ g)(t+ a)
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Shift and Difference

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Convolution operation is characterized by its shift 
equivariance and difference equivariance properties.

v The difference operation is defined as
<latexit sha1_base64="pKsQtweCOIIl9lljzuGq4xcH08Q=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrSIZUaKuhGKunBZwV6gHUomzbShmQvJGaEM3fgqblwo4tbHcOfbmGlnoa0HEj7+/xyS87uR4Aos69vILS2vrK7l1wsbm1vbO+buXlOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3ST+q1HJhUPgwcYR8zxySDgHqcEtNQzD7q3TADBXgnKV/o6scunKffMolWxpoUXwc6giLKq98yvbj+ksc8CoIIo1bGtCJyESOBUsEmhGysWEToiA9bRGBCfKSeZLjDBx1rpYy+U+gSAp+rviYT4So19V3f6BIZq3kvF/7xODN6lk/AgioEFdPaQFwsMIU7TwH0uGQUx1kCo5PqvmA6JJBR0ZgUdgj2/8iI0zyr2eaV6Xy3WrrM48ugQHaESstEFqqE7VEcNRNEEPaNX9GY8GS/Gu/Exa80Z2cw++lPG5w9HxJRH</latexit>

�f(t) = f(t+ 1)� f(t)
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Shift and Difference

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Convolution operation is characterized by its shift 
equivariance and difference equivariance properties.

v The difference operation is defined as

v Difference equivariance conveys that

<latexit sha1_base64="pKsQtweCOIIl9lljzuGq4xcH08Q=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrSIZUaKuhGKunBZwV6gHUomzbShmQvJGaEM3fgqblwo4tbHcOfbmGlnoa0HEj7+/xyS87uR4Aos69vILS2vrK7l1wsbm1vbO+buXlOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3ST+q1HJhUPgwcYR8zxySDgHqcEtNQzD7q3TADBXgnKV/o6scunKffMolWxpoUXwc6giLKq98yvbj+ksc8CoIIo1bGtCJyESOBUsEmhGysWEToiA9bRGBCfKSeZLjDBx1rpYy+U+gSAp+rviYT4So19V3f6BIZq3kvF/7xODN6lk/AgioEFdPaQFwsMIU7TwH0uGQUx1kCo5PqvmA6JJBR0ZgUdgj2/8iI0zyr2eaV6Xy3WrrM48ugQHaESstEFqqE7VEcNRNEEPaNX9GY8GS/Gu/Exa80Z2cw++lPG5w9HxJRH</latexit>

�f(t) = f(t+ 1)� f(t)

<latexit sha1_base64="wX0sjxCiyQYO6Xz4XmsMDUUFDCo=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARWhdlRkp1IxR14bKCvUA7lEyaaUMzF5IzQil9Eze+ihsXioi7vo2Z6Sy09UDIx/+fQ3J+NxJcgWXNjdza+sbmVn67sLO7t39gHh61VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nbHt4nffmJS8TB4hEnEHJ8MA+5xSkBLfbPWu2MCCPZKUMbneKiv64wzJ5UWXPKSlrIW+mbRqlhp4VWwMyiirBp987s3CGnsswCoIEp1bSsCZ0okcCrYrNCLFYsIHZMh62oMiM+UM033m+EzrQywF0p9AsCp+ntiSnylJr6rO30CI7XsJeJ/XjcG78qZ8iCKgQV08ZAXCwwhTsLCAy4ZBTHRQKjk+q+YjogkFHSkBR2CvbzyKrQuKnatUn2oFus3WRx5dIJOUQnZ6BLV0T1qoCai6Bm9onf0YbwYb8an8bVozRnZzDH6U8b8B0Nnnis=</latexit>

�f(t) ⇤ g(t) = f(t) ⇤�g(t) = �(f ⇤ g)(t)
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Shift and Difference

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Convolution operation is characterized by its shift 
equivariance and difference equivariance properties.

v The difference operation is defined as

v Difference equivariance conveys that

v To motivate these definitions, we rely on the ring graphs.

<latexit sha1_base64="pKsQtweCOIIl9lljzuGq4xcH08Q=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrSIZUaKuhGKunBZwV6gHUomzbShmQvJGaEM3fgqblwo4tbHcOfbmGlnoa0HEj7+/xyS87uR4Aos69vILS2vrK7l1wsbm1vbO+buXlOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3ST+q1HJhUPgwcYR8zxySDgHqcEtNQzD7q3TADBXgnKV/o6scunKffMolWxpoUXwc6giLKq98yvbj+ksc8CoIIo1bGtCJyESOBUsEmhGysWEToiA9bRGBCfKSeZLjDBx1rpYy+U+gSAp+rviYT4So19V3f6BIZq3kvF/7xODN6lk/AgioEFdPaQFwsMIU7TwH0uGQUx1kCo5PqvmA6JJBR0ZgUdgj2/8iI0zyr2eaV6Xy3WrrM48ugQHaESstEFqqE7VEcNRNEEPaNX9GY8GS/Gu/Exa80Z2cw++lPG5w9HxJRH</latexit>

�f(t) = f(t+ 1)� f(t)

<latexit sha1_base64="wX0sjxCiyQYO6Xz4XmsMDUUFDCo=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARWhdlRkp1IxR14bKCvUA7lEyaaUMzF5IzQil9Eze+ihsXioi7vo2Z6Sy09UDIx/+fQ3J+NxJcgWXNjdza+sbmVn67sLO7t39gHh61VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nbHt4nffmJS8TB4hEnEHJ8MA+5xSkBLfbPWu2MCCPZKUMbneKiv64wzJ5UWXPKSlrIW+mbRqlhp4VWwMyiirBp987s3CGnsswCoIEp1bSsCZ0okcCrYrNCLFYsIHZMh62oMiM+UM033m+EzrQywF0p9AsCp+ntiSnylJr6rO30CI7XsJeJ/XjcG78qZ8iCKgQV08ZAXCwwhTsLCAy4ZBTHRQKjk+q+YjogkFHSkBR2CvbzyKrQuKnatUn2oFus3WRx5dIJOUQnZ6BLV0T1qoCai6Bm9onf0YbwYb8an8bVozRnZzDH6U8b8B0Nnnis=</latexit>

�f(t) ⇤ g(t) = f(t) ⇤�g(t) = �(f ⇤ g)(t)
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Ring Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A cycle graph, circular graph, or ring graph is a graph 
consisting of a single cycle.

v All nodes of the graph are connected through this closed cycle.

<latexit sha1_base64="gaeKLXvcyeIpe60X1kE3lASp4hg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LL3FmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPzp+Osg==</latexit>v0
<latexit sha1_base64="VXevX8qfwhIlEvm+UTwXuWQAn1c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LLvFmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP0CSOsw==</latexit>v1

<latexit sha1_base64="tXtgaRHo7kwM/szVymDk06ekTi8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiSCOYByRJmJ51kyOzsMjMbCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDfzm2NUmkfyyUxi9EM6kLzPGTVWao676cOFN+0WS27ZnYOsEi8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAqeFTqIxpmxEB9i2VNIQtZ/Oz52SM6v0SD9StqQhc/X3REpDrSdhYDtDaoZ62ZuJ/3ntxPRv/JTLODEo2WJRPxHERGT2O+lxhcyIiSWUKW5vJWxIFWXGJlSwIXjLL6+SxmXZuypXHiul6m0WRx5O4BTOwYNrqMI91KAODEbwDK/w5sTOi/PufCxac042cwx/4Hz+ANhdj0I=</latexit>vN�1
<latexit sha1_base64="O9rTKmO6z+Kn7QnGbwRncRz+Dxk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZDUI9BL54kgnlAEsLsZDYZMju7zPQGwpKP8OJBEa9+jzf/xkmyB00saCiquunu8mMpDLrut7O2vrG5tZ3bye/u7R8cFo6OGyZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90d3Mb465NiJSTziJeTekAyUCwShaqTnupQ+X5WmvUHRL7hxklXgZKUKGWq/w1elHLAm5QiapMW3PjbGbUo2CST7NdxLDY8pGdMDblioactNN5+dOyblV+iSItC2FZK7+nkhpaMwk9G1nSHFolr2Z+J/XTjC46aZCxQlyxRaLgkQSjMjsd9IXmjOUE0so08LeStiQasrQJpS3IXjLL6+SRrnkXZUqj5Vi9TaLIwencAYX4ME1VOEealAHBiN4hld4c2LnxXl3Phata042cwJ/4Hz+ANnij0M=</latexit>vN�2

<latexit sha1_base64="CIckZJOTV1fwc5M2M375NBQUhlc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmFpoQ9lsp+3SzSbsbgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqHVKNgkv0DTcC24lCGoUCn8Lx3dx/mqDSPJaPZppgENGh5APOqLGSP+lltVmvXHGr7gJknXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgrdVONCWVjOsSOpZJGqINsceyMXFilTwaxsiUNWai/JzIaaT2NQtsZUTPSq95c/M/rpGZwE2RcJqlByZaLBqkgJibzz0mfK2RGTC2hTHF7K2EjqigzNp+SDcFbfXmdtGpV76paf6hXGrd5HEU4g3O4BA+uoQH30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/0amOtA==</latexit>v2
<latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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Ring Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A cycle graph, circular graph, or ring graph is a graph 
consisting of a single cycle.

v All nodes of the graph are connected through this closed cycle.

v We can represent the signal f defined on discrete time 
domain

using ring graphs.

<latexit sha1_base64="L0w8GyGY2Nkj2qboyAWvLqrolH0=">AAACLHicbZBdSwJBFIZn7cvsa6vLboYkMCjZFakuJW+6CoP8AFdkdpzVwdkPZs4GsviDuumvBNFFEt32Oxp1EbMODLw87zmcOa8bCa7AsiZGZm19Y3Mru53b2d3bPzAPjxoqjCVldRqKULZcopjgAasDB8FakWTEdwVrusPq1G8+Mal4GDzCKGIdn/QD7nFKQKOuWfUcwTwoQNdyJO8P4PwCL1BpgRzRC0EtWcn9pT1O7a6Zt4rWrPBfYacij9Kqdc03pxfS2GcBUEGUattWBJ2ESOBUsHHOiRWLCB2SPmtrGRCfqU4yO3aMzzTpYS+U+gWAZ3R5IiG+UiPf1Z0+gYFa9abwP68dg3fTSXgQxcACOl/kxQJDiKfJ4R6XjIIYaUGo5PqvmA6IJBR0vjkdgr168l/RKBXtq2L5oZyv3KZxZNEJOkUFZKNrVEF3qIbqiKJn9Io+0MR4Md6NT+Nr3pox0plj9KuM7x8Dwabf</latexit>

f (t0) , f (t2) , . . . , f (tN�1)
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Ring Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A cycle graph, circular graph, or ring graph is a graph 
consisting of a single cycle.

v All nodes of the graph are connected through this closed cycle.

v We can represent the signal f defined on discrete time 
domain

using ring graphs.

v In this representation, each time 𝑡 is represented by node 𝑣%
of the ring graph 

v Thus, function 𝑓’s value at time 𝑡 is represented by signal 
value 𝑓(𝑡) residing on node 𝑣%.

<latexit sha1_base64="L0w8GyGY2Nkj2qboyAWvLqrolH0=">AAACLHicbZBdSwJBFIZn7cvsa6vLboYkMCjZFakuJW+6CoP8AFdkdpzVwdkPZs4GsviDuumvBNFFEt32Oxp1EbMODLw87zmcOa8bCa7AsiZGZm19Y3Mru53b2d3bPzAPjxoqjCVldRqKULZcopjgAasDB8FakWTEdwVrusPq1G8+Mal4GDzCKGIdn/QD7nFKQKOuWfUcwTwoQNdyJO8P4PwCL1BpgRzRC0EtWcn9pT1O7a6Zt4rWrPBfYacij9Kqdc03pxfS2GcBUEGUattWBJ2ESOBUsHHOiRWLCB2SPmtrGRCfqU4yO3aMzzTpYS+U+gWAZ3R5IiG+UiPf1Z0+gYFa9abwP68dg3fTSXgQxcACOl/kxQJDiKfJ4R6XjIIYaUGo5PqvmA6IJBR0vjkdgr168l/RKBXtq2L5oZyv3KZxZNEJOkUFZKNrVEF3qIbqiKJn9Io+0MR4Md6NT+Nr3pox0plj9KuM7x8Dwabf</latexit>

f (t0) , f (t2) , . . . , f (tN�1)
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Ring Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words, 𝐟 is represented on the graph, such that 𝐟% is 
signal value corresponding to node 𝑣%.

<latexit sha1_base64="gaeKLXvcyeIpe60X1kE3lASp4hg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LL3FmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPzp+Osg==</latexit>v0
<latexit sha1_base64="VXevX8qfwhIlEvm+UTwXuWQAn1c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LLvFmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP0CSOsw==</latexit>v1

<latexit sha1_base64="tXtgaRHo7kwM/szVymDk06ekTi8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiSCOYByRJmJ51kyOzsMjMbCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDfzm2NUmkfyyUxi9EM6kLzPGTVWao676cOFN+0WS27ZnYOsEi8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAqeFTqIxpmxEB9i2VNIQtZ/Oz52SM6v0SD9StqQhc/X3REpDrSdhYDtDaoZ62ZuJ/3ntxPRv/JTLODEo2WJRPxHERGT2O+lxhcyIiSWUKW5vJWxIFWXGJlSwIXjLL6+SxmXZuypXHiul6m0WRx5O4BTOwYNrqMI91KAODEbwDK/w5sTOi/PufCxac042cwx/4Hz+ANhdj0I=</latexit>vN�1
<latexit sha1_base64="O9rTKmO6z+Kn7QnGbwRncRz+Dxk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZDUI9BL54kgnlAEsLsZDYZMju7zPQGwpKP8OJBEa9+jzf/xkmyB00saCiquunu8mMpDLrut7O2vrG5tZ3bye/u7R8cFo6OGyZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90d3Mb465NiJSTziJeTekAyUCwShaqTnupQ+X5WmvUHRL7hxklXgZKUKGWq/w1elHLAm5QiapMW3PjbGbUo2CST7NdxLDY8pGdMDblioactNN5+dOyblV+iSItC2FZK7+nkhpaMwk9G1nSHFolr2Z+J/XTjC46aZCxQlyxRaLgkQSjMjsd9IXmjOUE0so08LeStiQasrQJpS3IXjLL6+SRrnkXZUqj5Vi9TaLIwencAYX4ME1VOEealAHBiN4hld4c2LnxXl3Phata042cwJ/4Hz+ANnij0M=</latexit>vN�2

<latexit sha1_base64="CIckZJOTV1fwc5M2M375NBQUhlc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmFpoQ9lsp+3SzSbsbgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqHVKNgkv0DTcC24lCGoUCn8Lx3dx/mqDSPJaPZppgENGh5APOqLGSP+lltVmvXHGr7gJknXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgrdVONCWVjOsSOpZJGqINsceyMXFilTwaxsiUNWai/JzIaaT2NQtsZUTPSq95c/M/rpGZwE2RcJqlByZaLBqkgJibzz0mfK2RGTC2hTHF7K2EjqigzNp+SDcFbfXmdtGpV76paf6hXGrd5HEU4g3O4BA+uoQH30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/0amOtA==</latexit>v2
<latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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v In other words, 𝐟 is represented on the graph, such that 𝐟% is 
signal value corresponding to node 𝑣%.

v Using this representation, the shift operator is represented by 
the circulant adjacency matrix

<latexit sha1_base64="xMYXLmeUxXbczmif1mMIshD4tTI="></latexit>

[Ac]i,j =

(
1 if j = (i+ 1) mod N

0 otherwise

<latexit sha1_base64="gaeKLXvcyeIpe60X1kE3lASp4hg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LL3FmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPzp+Osg==</latexit>v0
<latexit sha1_base64="VXevX8qfwhIlEvm+UTwXuWQAn1c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LLvFmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP0CSOsw==</latexit>v1

<latexit sha1_base64="tXtgaRHo7kwM/szVymDk06ekTi8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiSCOYByRJmJ51kyOzsMjMbCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDfzm2NUmkfyyUxi9EM6kLzPGTVWao676cOFN+0WS27ZnYOsEi8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAqeFTqIxpmxEB9i2VNIQtZ/Oz52SM6v0SD9StqQhc/X3REpDrSdhYDtDaoZ62ZuJ/3ntxPRv/JTLODEo2WJRPxHERGT2O+lxhcyIiSWUKW5vJWxIFWXGJlSwIXjLL6+SxmXZuypXHiul6m0WRx5O4BTOwYNrqMI91KAODEbwDK/w5sTOi/PufCxac042cwx/4Hz+ANhdj0I=</latexit>vN�1
<latexit sha1_base64="O9rTKmO6z+Kn7QnGbwRncRz+Dxk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZDUI9BL54kgnlAEsLsZDYZMju7zPQGwpKP8OJBEa9+jzf/xkmyB00saCiquunu8mMpDLrut7O2vrG5tZ3bye/u7R8cFo6OGyZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90d3Mb465NiJSTziJeTekAyUCwShaqTnupQ+X5WmvUHRL7hxklXgZKUKGWq/w1elHLAm5QiapMW3PjbGbUo2CST7NdxLDY8pGdMDblioactNN5+dOyblV+iSItC2FZK7+nkhpaMwk9G1nSHFolr2Z+J/XTjC46aZCxQlyxRaLgkQSjMjsd9IXmjOUE0so08LeStiQasrQJpS3IXjLL6+SRrnkXZUqj5Vi9TaLIwencAYX4ME1VOEealAHBiN4hld4c2LnxXl3Phata042cwJ/4Hz+ANnij0M=</latexit>vN�2

<latexit sha1_base64="CIckZJOTV1fwc5M2M375NBQUhlc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmFpoQ9lsp+3SzSbsbgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqHVKNgkv0DTcC24lCGoUCn8Lx3dx/mqDSPJaPZppgENGh5APOqLGSP+lltVmvXHGr7gJknXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgrdVONCWVjOsSOpZJGqINsceyMXFilTwaxsiUNWai/JzIaaT2NQtsZUTPSq95c/M/rpGZwE2RcJqlByZaLBqkgJibzz0mfK2RGTC2hTHF7K2EjqigzNp+SDcFbfXmdtGpV76paf6hXGrd5HEU4g3O4BA+uoQH30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/0amOtA==</latexit>v2
<latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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v In other words, 𝐟 is represented on the graph, such that 𝐟% is 
signal value corresponding to node 𝑣%.

v Using this representation, the shift operator is represented by 
the circulant adjacency matrix

v Then, time shift is performed using

<latexit sha1_base64="xMYXLmeUxXbczmif1mMIshD4tTI="></latexit>

[Ac]i,j =

(
1 if j = (i+ 1) mod N

0 otherwise

<latexit sha1_base64="YLav56IEfeRd/w8m5zKDsqG1H7A="></latexit>

[Acf ]t = f(t+1) mod N

<latexit sha1_base64="gaeKLXvcyeIpe60X1kE3lASp4hg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LL3FmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPzp+Osg==</latexit>v0
<latexit sha1_base64="VXevX8qfwhIlEvm+UTwXuWQAn1c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LLvFmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP0CSOsw==</latexit>v1

<latexit sha1_base64="tXtgaRHo7kwM/szVymDk06ekTi8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiSCOYByRJmJ51kyOzsMjMbCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDfzm2NUmkfyyUxi9EM6kLzPGTVWao676cOFN+0WS27ZnYOsEi8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAqeFTqIxpmxEB9i2VNIQtZ/Oz52SM6v0SD9StqQhc/X3REpDrSdhYDtDaoZ62ZuJ/3ntxPRv/JTLODEo2WJRPxHERGT2O+lxhcyIiSWUKW5vJWxIFWXGJlSwIXjLL6+SxmXZuypXHiul6m0WRx5O4BTOwYNrqMI91KAODEbwDK/w5sTOi/PufCxac042cwx/4Hz+ANhdj0I=</latexit>vN�1
<latexit sha1_base64="O9rTKmO6z+Kn7QnGbwRncRz+Dxk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZDUI9BL54kgnlAEsLsZDYZMju7zPQGwpKP8OJBEa9+jzf/xkmyB00saCiquunu8mMpDLrut7O2vrG5tZ3bye/u7R8cFo6OGyZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90d3Mb465NiJSTziJeTekAyUCwShaqTnupQ+X5WmvUHRL7hxklXgZKUKGWq/w1elHLAm5QiapMW3PjbGbUo2CST7NdxLDY8pGdMDblioactNN5+dOyblV+iSItC2FZK7+nkhpaMwk9G1nSHFolr2Z+J/XTjC46aZCxQlyxRaLgkQSjMjsd9IXmjOUE0so08LeStiQasrQJpS3IXjLL6+SRrnkXZUqj5Vi9TaLIwencAYX4ME1VOEealAHBiN4hld4c2LnxXl3Phata042cwJ/4Hz+ANnij0M=</latexit>vN�2

<latexit sha1_base64="CIckZJOTV1fwc5M2M375NBQUhlc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmFpoQ9lsp+3SzSbsbgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqHVKNgkv0DTcC24lCGoUCn8Lx3dx/mqDSPJaPZppgENGh5APOqLGSP+lltVmvXHGr7gJknXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgrdVONCWVjOsSOpZJGqINsceyMXFilTwaxsiUNWai/JzIaaT2NQtsZUTPSq95c/M/rpGZwE2RcJqlByZaLBqkgJibzz0mfK2RGTC2hTHF7K2EjqigzNp+SDcFbfXmdtGpV76paf6hXGrd5HEU4g3O4BA+uoQH30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/0amOtA==</latexit>v2
<latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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v In other words, 𝐟 is represented on the graph, such that 𝐟% is 
signal value corresponding to node 𝑣%.

v Using this representation, the shift operator is represented by 
the circulant adjacency matrix

v Then, time shift is performed using

v Intuitively, applying shift in signal 𝐟 residing on graph 𝐺
propagates information from one node to the other.

<latexit sha1_base64="xMYXLmeUxXbczmif1mMIshD4tTI="></latexit>

[Ac]i,j =

(
1 if j = (i+ 1) mod N

0 otherwise

<latexit sha1_base64="YLav56IEfeRd/w8m5zKDsqG1H7A="></latexit>

[Acf ]t = f(t+1) mod N
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v On the other hand, the difference operator is defined using the 
circulant Laplace matrix

<latexit sha1_base64="mtLU0jk++DUP/0fNLtyZ0JUmf/M=">AAACDXicbVDLSsNAFJ34rPUVdelmsApuLIkUdSNU3Si4qGAf0IYwmU7aoZNJmJkIJeQH3Pgrblwo4ta9O//GSZuCth4YOHPOvdx7jxcxKpVlfRtz8wuLS8uFleLq2vrGprm13ZBhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7jK/OYDEZKG/F4NI+IEqMepTzFSWnLN/U6AVN/zk9vUxeeTz016NKEXWnfNklW2RoCzxM5JCeSoueZXpxviOCBcYYakbNtWpJwECUUxI2mxE0sSITxAPdLWlKOASCcZXZPCA610oR8K/biCI/V3R4ICKYeBpyuzHeW0l4n/ee1Y+WdOQnkUK8LxeJAfM6hCmEUDu1QQrNhQE4QF1btC3EcCYaUDLOoQ7OmTZ0njuGyflCt3lVL1Mo+jAHbBHjgENjgFVXANaqAOMHgEz+AVvBlPxovxbnyMS+eMvGcH/IHx+QMPhpwy</latexit>

Lc = I�Ac

<latexit sha1_base64="gaeKLXvcyeIpe60X1kE3lASp4hg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LL3FmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPzp+Osg==</latexit>v0
<latexit sha1_base64="VXevX8qfwhIlEvm+UTwXuWQAn1c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LLvFmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP0CSOsw==</latexit>v1

<latexit sha1_base64="tXtgaRHo7kwM/szVymDk06ekTi8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiSCOYByRJmJ51kyOzsMjMbCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDfzm2NUmkfyyUxi9EM6kLzPGTVWao676cOFN+0WS27ZnYOsEi8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAqeFTqIxpmxEB9i2VNIQtZ/Oz52SM6v0SD9StqQhc/X3REpDrSdhYDtDaoZ62ZuJ/3ntxPRv/JTLODEo2WJRPxHERGT2O+lxhcyIiSWUKW5vJWxIFWXGJlSwIXjLL6+SxmXZuypXHiul6m0WRx5O4BTOwYNrqMI91KAODEbwDK/w5sTOi/PufCxac042cwx/4Hz+ANhdj0I=</latexit>vN�1
<latexit sha1_base64="O9rTKmO6z+Kn7QnGbwRncRz+Dxk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZDUI9BL54kgnlAEsLsZDYZMju7zPQGwpKP8OJBEa9+jzf/xkmyB00saCiquunu8mMpDLrut7O2vrG5tZ3bye/u7R8cFo6OGyZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90d3Mb465NiJSTziJeTekAyUCwShaqTnupQ+X5WmvUHRL7hxklXgZKUKGWq/w1elHLAm5QiapMW3PjbGbUo2CST7NdxLDY8pGdMDblioactNN5+dOyblV+iSItC2FZK7+nkhpaMwk9G1nSHFolr2Z+J/XTjC46aZCxQlyxRaLgkQSjMjsd9IXmjOUE0so08LeStiQasrQJpS3IXjLL6+SRrnkXZUqj5Vi9TaLIwencAYX4ME1VOEealAHBiN4hld4c2LnxXl3Phata042cwJ/4Hz+ANnij0M=</latexit>vN�2

<latexit sha1_base64="CIckZJOTV1fwc5M2M375NBQUhlc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmFpoQ9lsp+3SzSbsbgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqHVKNgkv0DTcC24lCGoUCn8Lx3dx/mqDSPJaPZppgENGh5APOqLGSP+lltVmvXHGr7gJknXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgrdVONCWVjOsSOpZJGqINsceyMXFilTwaxsiUNWai/JzIaaT2NQtsZUTPSq95c/M/rpGZwE2RcJqlByZaLBqkgJibzz0mfK2RGTC2hTHF7K2EjqigzNp+SDcFbfXmdtGpV76paf6hXGrd5HEU4g3O4BA+uoQH30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/0amOtA==</latexit>v2
<latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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v On the other hand, the difference operator is defined using the 
circulant Laplace matrix

v Using 𝐋', one can apply difference operation on signal 𝐟 as

v In this equation, applying the difference operator computes the 
difference between 𝐟 at node 𝑣% with its neighbors.

<latexit sha1_base64="mtLU0jk++DUP/0fNLtyZ0JUmf/M=">AAACDXicbVDLSsNAFJ34rPUVdelmsApuLIkUdSNU3Si4qGAf0IYwmU7aoZNJmJkIJeQH3Pgrblwo4ta9O//GSZuCth4YOHPOvdx7jxcxKpVlfRtz8wuLS8uFleLq2vrGprm13ZBhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7jK/OYDEZKG/F4NI+IEqMepTzFSWnLN/U6AVN/zk9vUxeeTz016NKEXWnfNklW2RoCzxM5JCeSoueZXpxviOCBcYYakbNtWpJwECUUxI2mxE0sSITxAPdLWlKOASCcZXZPCA610oR8K/biCI/V3R4ICKYeBpyuzHeW0l4n/ee1Y+WdOQnkUK8LxeJAfM6hCmEUDu1QQrNhQE4QF1btC3EcCYaUDLOoQ7OmTZ0njuGyflCt3lVL1Mo+jAHbBHjgENjgFVXANaqAOMHgEz+AVvBlPxovxbnyMS+eMvGcH/IHx+QMPhpwy</latexit>

Lc = I�Ac

<latexit sha1_base64="tzulbaKiisK5WJ0rtfHb2NXSTLU="></latexit>

[Lcf ]t = ft � f(t+1) mod N

<latexit sha1_base64="gaeKLXvcyeIpe60X1kE3lASp4hg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LL3FmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPzp+Osg==</latexit>v0
<latexit sha1_base64="VXevX8qfwhIlEvm+UTwXuWQAn1c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsTgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grH93O/NeHaiFg94TThQUSHSgwEo2glf9LLvFmvXHGr7gJknXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+VuqnhCWVjOuQdSxWNuAmyxbEzcmGVPhnE2pZCslB/T2Q0MmYahbYzojgyq95c/M/rpDi4DTKhkhS5YstFg1QSjMn8c9IXmjOUU0so08LeStiIasrQ5lOyIXirL6+T5lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP0CSOsw==</latexit>v1

<latexit sha1_base64="tXtgaRHo7kwM/szVymDk06ekTi8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiSCOYByRJmJ51kyOzsMjMbCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDfzm2NUmkfyyUxi9EM6kLzPGTVWao676cOFN+0WS27ZnYOsEi8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAqeFTqIxpmxEB9i2VNIQtZ/Oz52SM6v0SD9StqQhc/X3REpDrSdhYDtDaoZ62ZuJ/3ntxPRv/JTLODEo2WJRPxHERGT2O+lxhcyIiSWUKW5vJWxIFWXGJlSwIXjLL6+SxmXZuypXHiul6m0WRx5O4BTOwYNrqMI91KAODEbwDK/w5sTOi/PufCxac042cwx/4Hz+ANhdj0I=</latexit>vN�1
<latexit sha1_base64="O9rTKmO6z+Kn7QnGbwRncRz+Dxk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZDUI9BL54kgnlAEsLsZDYZMju7zPQGwpKP8OJBEa9+jzf/xkmyB00saCiquunu8mMpDLrut7O2vrG5tZ3bye/u7R8cFo6OGyZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90d3Mb465NiJSTziJeTekAyUCwShaqTnupQ+X5WmvUHRL7hxklXgZKUKGWq/w1elHLAm5QiapMW3PjbGbUo2CST7NdxLDY8pGdMDblioactNN5+dOyblV+iSItC2FZK7+nkhpaMwk9G1nSHFolr2Z+J/XTjC46aZCxQlyxRaLgkQSjMjsd9IXmjOUE0so08LeStiQasrQJpS3IXjLL6+SRrnkXZUqj5Vi9TaLIwencAYX4ME1VOEealAHBiN4hld4c2LnxXl3Phata042cwJ/4Hz+ANnij0M=</latexit>vN�2

<latexit sha1_base64="CIckZJOTV1fwc5M2M375NBQUhlc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmFpoQ9lsp+3SzSbsbgol9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqHVKNgkv0DTcC24lCGoUCn8Lx3dx/mqDSPJaPZppgENGh5APOqLGSP+lltVmvXHGr7gJknXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgrdVONCWVjOsSOpZJGqINsceyMXFilTwaxsiUNWai/JzIaaT2NQtsZUTPSq95c/M/rpGZwE2RcJqlByZaLBqkgJibzz0mfK2RGTC2hTHF7K2EjqigzNp+SDcFbfXmdtGpV76paf6hXGrd5HEU4g3O4BA+uoQH30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/0amOtA==</latexit>v2
<latexit sha1_base64="jFyyjNrYHkgFkiRbmN/bX65uemI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buqXz5c1hq3RR1lOIFTOAcPrqEB99AEHxgIeIZXeHOU8+K8Ox+L0ZJTZI7hD5zPH/RWjss=</latexit>. . .
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Convolution on Chain Graph
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v Given a convolution matrix 𝑸 of filter function ℎ, we can 
perform convolution on signals on graph using the matrix 
product <latexit sha1_base64="nxFa0uRNkJtRZ4Q72RTO3ZqHVkI="></latexit>

(f ? h)(t) =
N�1X

⌧=0

f(⌧)h(⌧ � t)

= Qhf
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Convolution on Chain Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given a convolution matrix 𝑸 of filter function ℎ, we can 
perform convolution on signals on graph using the matrix 
product

v The convolution matrix 𝑸( though, has to follow shift and 
difference equivariance.

<latexit sha1_base64="nxFa0uRNkJtRZ4Q72RTO3ZqHVkI="></latexit>

(f ? h)(t) =
N�1X

⌧=0

f(⌧)h(⌧ � t)

= Qhf
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Convolution on Chain Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given a convolution matrix 𝑸 of filter function ℎ, we can 
perform convolution on signals on graph using the matrix 
product

v The convolution matrix 𝑸( though, has to follow shift and 
difference equivariance.

v In the matrix form, we can represent that as 

Ø Shift equivariance

Ø Difference equivariance

<latexit sha1_base64="nxFa0uRNkJtRZ4Q72RTO3ZqHVkI="></latexit>

(f ? h)(t) =
N�1X

⌧=0

f(⌧)h(⌧ � t)

= Qhf

<latexit sha1_base64="gNSbGYKBeTEt/dhEaWrNo1kutt4=">AAACHHicbVDLSsNAFL2pr1pfUZduBovgqiRa1I1QdeOyBfuANoTJdNIOnTyYmQgl9EPc+CtuXCjixoXg3zhpI9TqgYFzz7mXufd4MWdSWdaXUVhaXlldK66XNja3tnfM3b2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm8xv31MhWRTeqXFMnQAPQuYzgpWWXPO0F2A19Pz0auIS9FM0Ju7wcr5A822uWbYq1hToL7FzUoYcddf86PUjkgQ0VIRjKbu2FSsnxUIxwumk1EskjTEZ4QHtahrigEonnR43QUda6SM/EvqFCk3V+YkUB1KOA093ZjvKRS8T//O6ifIvnJSFcaJoSGYf+QlHKkJZUqjPBCWKjzXBRDC9KyJDLDBROs+SDsFePPkvaZ1U7LNKtVEt167zOIpwAIdwDDacQw1uoQ5NIPAAT/ACr8aj8Wy8Ge+z1oKRz+zDLxif394Ron0=</latexit>

AcQh = QhAc

<latexit sha1_base64="sH/GPA3/LC6/uvroQ8ejy1pCo+Q=">AAACHHicbVDLSsNAFL2pr1pfUZduBovgqiRa1I1QdOPCRQv2AW0Ik+mkHTp5MDMRSuiHuPFX3LhQxI0Lwb9x0kao1QMD555zL3Pv8WLOpLKsL6OwtLyyulZcL21sbm3vmLt7LRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2RteZ376nQrIovFPjmDoBHoTMZwQrLbnmaS/Aauj56e3EJeinaEzc4eV8gebbXLNsVawp0F9i56QMOequ+dHrRyQJaKgIx1J2bStWToqFYoTTSamXSBpjMsID2tU0xAGVTjo9boKOtNJHfiT0CxWaqvMTKQ6kHAee7sx2lIteJv7ndRPlXzgpC+NE0ZDMPvITjlSEsqRQnwlKFB9rgolgeldEhlhgonSeJR2CvXjyX9I6qdhnlWqjWq5d5XEU4QAO4RhsOIca3EAdmkDgAZ7gBV6NR+PZeDPeZ60FI5/Zh18wPr8BAWeikw==</latexit>

LcQh = QhLc
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Convolution on Chain Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words, 𝑸( should be commutative with respect to 𝐀'
and 𝐋'.

v One can show that defining the matrix 𝑸( as a polynomial 
function of the circular adjacency 𝐀' matrix would satisfy 
shift and difference equivariance.
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Convolution on Chain Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words, 𝑸( should be commutative with respect to 𝐀'
and 𝐋'.

v One can show that defining the matrix 𝑸( as a polynomial 
function of the circular adjacency 𝐀' matrix would satisfy 
shift and difference equivariance.

v In other words, 
<latexit sha1_base64="0FCDR7lBh8S6+7nWuRYzXVZtvOk="></latexit>

Qh = pN (Ac) =
N�1X

i=0

↵iA
i
c
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Convolution on Chain Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words, 𝑸( should be commutative with respect to 𝐀'
and 𝐋'.

v One can show that defining the matrix 𝑸( as a polynomial 
function of the circular adjacency 𝐀' matrix would satisfy 
shift and difference equivariance.

v In other words, 

v One can generalize the idea defined on cycle graph to perform 
convolution on arbitrary graphs.

<latexit sha1_base64="0FCDR7lBh8S6+7nWuRYzXVZtvOk="></latexit>

Qh = pN (Ac) =
N�1X

i=0

↵iA
i
c
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words, we define convolution filter matrix 𝑸( for a 
general graph such that it commutes with respect to 
adjacency or Laplacian.
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words, we define convolution filter matrix 𝑸( for a 
general graph such that it commutes with respect to 
adjacency or Laplacian.

v Using the adjacency 𝐀, we can define convolution filter 
matrices as 

<latexit sha1_base64="31VcbKyj3O5n9sK1U3uk/jxSID8="></latexit>

Qh = ↵0I+ ↵1A+ ↵2A
2 + . . .+ ↵NAN
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words, we define convolution filter matrix 𝑸( for a 
general graph such that it commutes with respect to 
adjacency or Laplacian.

v Using the adjacency 𝐀, we can define convolution filter 
matrices as 

v We recall that 𝐀) represents neighbors of node 𝑣! that are 
within 𝒏 −hop distance from the node.

<latexit sha1_base64="31VcbKyj3O5n9sK1U3uk/jxSID8="></latexit>

Qh = ↵0I+ ↵1A+ ↵2A
2 + . . .+ ↵NAN
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words, we define convolution filter matrix 𝑸( for a 
general graph such that it commutes with respect to 
adjacency or Laplacian.

v Using the adjacency 𝐀, we can define convolution filter 
matrices as 

v We recall that 𝐀) represents neighbors of node 𝑣! that are 
within 𝒏 −hop distance from the node.

v Therefore, performing convolution 𝑸( on signal 𝑓 ∈ ℝ * in the 
nodal domain will collect information from an 𝑁 −hop 
neighborhood of each node 𝑣! ∈ 𝑉.

<latexit sha1_base64="31VcbKyj3O5n9sK1U3uk/jxSID8="></latexit>

Qh = ↵0I+ ↵1A+ ↵2A
2 + . . .+ ↵NAN
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Thus, 𝑸(𝐟 contains information from different 𝒏 −hop 
neighborhoods, 

where parameters 𝛼) regulates the influence if different 
𝑛 −hop neighbors.

<latexit sha1_base64="83rZ/wA+Tk0rMQTnne6c6rkM0eM="></latexit>

Qhf = ↵0If + ↵1Af + ↵2A
2f + . . .+ ↵NAN f
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Thus, 𝑸(𝐟 contains information from different 𝒏 −hop 
neighborhoods, 

where parameters 𝛼) regulates the influence if different 
𝑛 −hop neighbors.

v While 𝑸( defined for chain graphs are commutative with both 
adjacency and Laplacian matrices, this does not always 
extend to general graphs.

<latexit sha1_base64="83rZ/wA+Tk0rMQTnne6c6rkM0eM="></latexit>

Qhf = ↵0If + ↵1Af + ↵2A
2f + . . .+ ↵NAN f
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Thus, 𝑸(𝐟 contains information from different 𝒏 −hop 
neighborhoods, 

where parameters 𝛼) regulates the influence if different 
𝑛 −hop neighbors.

v While 𝑸( defined for chain graphs are commutative with both 
adjacency and Laplacian matrices, this does not always 
extend to general graphs.

v In addition to the Laplace and adjacency matrices, one can 
use normalized variants of them to define the convolution 
matrix,

<latexit sha1_base64="83rZ/wA+Tk0rMQTnne6c6rkM0eM="></latexit>

Qhf = ↵0If + ↵1Af + ↵2A
2f + . . .+ ↵NAN f

<latexit sha1_base64="wFxI8YIyfx8EvIHvO1jfyVtHW/A=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4scyUom6Eoi5cCFawD2hryaSZNjTzIMkIJeSz3PgZ7sSNC0Xc+gWm01G09UDgcM695J7jRowKadtPVmZufmFxKbucW1ldW9/Ib27VRRhzTGo4ZCFvukgQRgNSk1Qy0ow4Qb7LSMMdno39xh3hgobBjRxFpOOjfkA9ipE0Ujd/1faRHLieutRdlXDuKzHytT75ds71rTpoexxh5WhV0hr+7MAZr5sv2EU7AZwlTkoKIEW1m39s90Ic+ySQmCEhWo4dyY5CXFLMiM61Y0EihIeoT1qGBsgnoqOS4BruGaUHvZCbF0iYqL83FPKFCeOayfHJYtobi/95rVh6xx1FgyiWJMCTj7yYQRnCcYuwRznBko0MQZhTcyvEA2RqkKbrnCnBmY48S+qlonNYLF+XC5XTtI4s2AG7YB844AhUwAWoghrA4B48g1fwZj1YL9a79TEZzVjpzjb4A+vzCwIDruI=</latexit>

Lsym = D� 1
2LD� 1

2

<latexit sha1_base64="w7tHagKYEETJUpYBLKbfyHrIQ74=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4scyUom6E+li4s4J9QFtLJs20oZkHSUYoIZ/lxs9wJ25cKOLWLzCdjqKtBwKHc+4l9xw3YlRI236yMnPzC4tL2eXcyura+kZ+c6suwphjUsMhC3nTRYIwGpCapJKRZsQJ8l1GGu7wfOw37ggXNAxu5CgiHR/1A+pRjKSRuvmrto/kwPXUqe6qhHNfiZGv9cm3c6Fv1UHb4wgrR6uS1vBnB8543XzBLtoJ4CxxUlIAKard/GO7F+LYJ4HEDAnRcuxIdhTikmJGdK4dCxIhPER90jI0QD4RHZUE13DPKD3ohdy8QMJE/b2hkC9MGNdMjk8W095Y/M9rxdI77igaRLEkAZ585MUMyhCOW4Q9ygmWbGQIwpyaWyEeIFODNF3nTAnOdORZUi8VncNi+bpcqJyldWTBDtgF+8ABR6ACLkEV1AAG9+AZvII368F6sd6tj8loxkp3tsEfWJ9f3NSuzA==</latexit>

Asym = D� 1
2AD� 1

2
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Choosing which matrix to use is a matter of trade-off
between the pros and cons of each method.
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Choosing which matrix to use is a matter of trade-off
between the pros and cons of each method.

Ø We can define bounds for the spectrum of the normalized 
Laplacian and Adjacency matrixes, which results in numerical 
stability.
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Spatial Graph Convolution

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Choosing which matrix to use is a matter of trade-off
between the pros and cons of each method.

Ø We can define bounds for the spectrum of the normalized 
Laplacian and Adjacency matrixes, which results in numerical 
stability.

Ø Another plausible property of the normalized variants is that 
commutativity with respect to one will indicate commutativity 
with respect to the other one.
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Graph Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we have relied on the notion of convolution in the 
nodal domain.

v One can leverage tools from graph signal processing to define 
convolution in the graph spectral domain.
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Graph Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we have relied on the notion of convolution in the 
nodal domain.

v One can leverage tools from graph signal processing to define 
convolution in the graph spectral domain.

v To do so, we need to redefine the building block of signal 
processing tools, namely Fourier transform, on graph domain.
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Graph Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v So far, we have relied on the notion of convolution in the 
nodal domain.

v One can leverage tools from graph signal processing to define 
convolution in the graph spectral domain.

v To do so, we need to redefine the building block of signal 
processing tools, namely Fourier transform, on graph domain.

v In the earlier slides, we presented Fourier transform as

where we expand the signal in Fourier bases 𝑒"#!$%.

<latexit sha1_base64="5gs7tygsZbcJb4OD6mr35E9zgUk="></latexit>

F(f(t)) =

Z

R
f(t)e�2⇡istdt
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Graph Fourier Transform

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We recall that the Laplace operator is defined as
<latexit sha1_base64="yNQYFsRO47QrELaLWy1i6RpPfyU=">AAACJ3icbVBNSwMxEM36bf2qevQSLIJeym4p6kUp6sGjgtVCt5bZNKuh2eySzApl6b/x4l/xIqiIHv0nZmsVrT4IvHkzk+S9IJHCoOu+OWPjE5NT0zOzhbn5hcWl4vLKuYlTzXidxTLWjQAMl0LxOgqUvJFoDlEg+UXQPcz7FzdcGxGrM+wlvBXBlRKhYIBWahf3/SMuEWi4iVt0z1cQSLisfJWhBpb5CWgUIHO5/11RvKz0C+1iyS27A9C/xBuSEhnipF189DsxSyOukEkwpum5Cbay/E4meb/gp4YnwLpwxZuWKoi4aWUDn326YZUODWNtj0I6UH9uZBAZ04sCOxkBXpvRXi7+12umGO62MqGSFLlinw+FqfUY0zw02hGaM5Q9S4BpYf9K2TXYcNBGm4fgjVr+S84rZW+7XD2tlmoHwzhmyBpZJ5vEIzukRo7JCakTRm7JPXkiz86d8+C8OK+fo2POcGeV/ILz/gE0xqRe</latexit>

�f(t) = r2f(t) =
@2f

@t2
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Graph Fourier Transform
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v We recall that the Laplace operator is defined as

v We can show that bases of the Fourier domain are 
eigenfunctions of the Laplace operator

<latexit sha1_base64="yNQYFsRO47QrELaLWy1i6RpPfyU=">AAACJ3icbVBNSwMxEM36bf2qevQSLIJeym4p6kUp6sGjgtVCt5bZNKuh2eySzApl6b/x4l/xIqiIHv0nZmsVrT4IvHkzk+S9IJHCoOu+OWPjE5NT0zOzhbn5hcWl4vLKuYlTzXidxTLWjQAMl0LxOgqUvJFoDlEg+UXQPcz7FzdcGxGrM+wlvBXBlRKhYIBWahf3/SMuEWi4iVt0z1cQSLisfJWhBpb5CWgUIHO5/11RvKz0C+1iyS27A9C/xBuSEhnipF189DsxSyOukEkwpum5Cbay/E4meb/gp4YnwLpwxZuWKoi4aWUDn326YZUODWNtj0I6UH9uZBAZ04sCOxkBXpvRXi7+12umGO62MqGSFLlinw+FqfUY0zw02hGaM5Q9S4BpYf9K2TXYcNBGm4fgjVr+S84rZW+7XD2tlmoHwzhmyBpZJ5vEIzukRo7JCakTRm7JPXkiz86d8+C8OK+fo2POcGeV/ILz/gE0xqRe</latexit>

�f(t) = r2f(t) =
@2f

@t2

<latexit sha1_base64="30mWUJNZNTDo4DvrOOH+7qs1GWo="></latexit>

��
�
e2⇡ist

�
= � @2

@t2
�
e2⇡ist

�
= (2⇡s)2e2⇡ist
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v We recall that the Laplace operator is defined as

v We can show that bases of the Fourier domain are 
eigenfunctions of the Laplace operator

v The corresponding eigenvalues 2𝜋𝑠 "
$∈ℝ contain a notion of 

frequency, where:

<latexit sha1_base64="yNQYFsRO47QrELaLWy1i6RpPfyU=">AAACJ3icbVBNSwMxEM36bf2qevQSLIJeym4p6kUp6sGjgtVCt5bZNKuh2eySzApl6b/x4l/xIqiIHv0nZmsVrT4IvHkzk+S9IJHCoOu+OWPjE5NT0zOzhbn5hcWl4vLKuYlTzXidxTLWjQAMl0LxOgqUvJFoDlEg+UXQPcz7FzdcGxGrM+wlvBXBlRKhYIBWahf3/SMuEWi4iVt0z1cQSLisfJWhBpb5CWgUIHO5/11RvKz0C+1iyS27A9C/xBuSEhnipF189DsxSyOukEkwpum5Cbay/E4meb/gp4YnwLpwxZuWKoi4aWUDn326YZUODWNtj0I6UH9uZBAZ04sCOxkBXpvRXi7+12umGO62MqGSFLlinw+FqfUY0zw02hGaM5Q9S4BpYf9K2TXYcNBGm4fgjVr+S84rZW+7XD2tlmoHwzhmyBpZJ5vEIzukRo7JCakTRm7JPXkiz86d8+C8OK+fo2POcGeV/ILz/gE0xqRe</latexit>

�f(t) = r2f(t) =
@2f

@t2

<latexit sha1_base64="30mWUJNZNTDo4DvrOOH+7qs1GWo="></latexit>

��
�
e2⇡ist

�
= � @2

@t2
�
e2⇡ist

�
= (2⇡s)2e2⇡ist
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v We recall that the Laplace operator is defined as

v We can show that bases of the Fourier domain are 
eigenfunctions of the Laplace operator

v The corresponding eigenvalues 2𝜋𝑠 "
$∈ℝ contain a notion of 

frequency, where:

Ø For s close to zero, the corresponding basis component 
oscillates slowly (smooth).

<latexit sha1_base64="yNQYFsRO47QrELaLWy1i6RpPfyU=">AAACJ3icbVBNSwMxEM36bf2qevQSLIJeym4p6kUp6sGjgtVCt5bZNKuh2eySzApl6b/x4l/xIqiIHv0nZmsVrT4IvHkzk+S9IJHCoOu+OWPjE5NT0zOzhbn5hcWl4vLKuYlTzXidxTLWjQAMl0LxOgqUvJFoDlEg+UXQPcz7FzdcGxGrM+wlvBXBlRKhYIBWahf3/SMuEWi4iVt0z1cQSLisfJWhBpb5CWgUIHO5/11RvKz0C+1iyS27A9C/xBuSEhnipF189DsxSyOukEkwpum5Cbay/E4meb/gp4YnwLpwxZuWKoi4aWUDn326YZUODWNtj0I6UH9uZBAZ04sCOxkBXpvRXi7+12umGO62MqGSFLlinw+FqfUY0zw02hGaM5Q9S4BpYf9K2TXYcNBGm4fgjVr+S84rZW+7XD2tlmoHwzhmyBpZJ5vEIzukRo7JCakTRm7JPXkiz86d8+C8OK+fo2POcGeV/ILz/gE0xqRe</latexit>

�f(t) = r2f(t) =
@2f

@t2

<latexit sha1_base64="30mWUJNZNTDo4DvrOOH+7qs1GWo="></latexit>

��
�
e2⇡ist

�
= � @2

@t2
�
e2⇡ist

�
= (2⇡s)2e2⇡ist
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v We recall that the Laplace operator is defined as

v We can show that bases of the Fourier domain are 
eigenfunctions of the Laplace operator

v The corresponding eigenvalues 2𝜋𝑠 "
$∈ℝ contain a notion of 

frequency, where:

Ø For s close to zero, the corresponding basis component 
oscillates slowly (smooth).

Ø For s far larger than zero, the associated exponential 
component oscillates more rapidly.

<latexit sha1_base64="yNQYFsRO47QrELaLWy1i6RpPfyU=">AAACJ3icbVBNSwMxEM36bf2qevQSLIJeym4p6kUp6sGjgtVCt5bZNKuh2eySzApl6b/x4l/xIqiIHv0nZmsVrT4IvHkzk+S9IJHCoOu+OWPjE5NT0zOzhbn5hcWl4vLKuYlTzXidxTLWjQAMl0LxOgqUvJFoDlEg+UXQPcz7FzdcGxGrM+wlvBXBlRKhYIBWahf3/SMuEWi4iVt0z1cQSLisfJWhBpb5CWgUIHO5/11RvKz0C+1iyS27A9C/xBuSEhnipF189DsxSyOukEkwpum5Cbay/E4meb/gp4YnwLpwxZuWKoi4aWUDn326YZUODWNtj0I6UH9uZBAZ04sCOxkBXpvRXi7+12umGO62MqGSFLlinw+FqfUY0zw02hGaM5Q9S4BpYf9K2TXYcNBGm4fgjVr+S84rZW+7XD2tlmoHwzhmyBpZJ5vEIzukRo7JCakTRm7JPXkiz86d8+C8OK+fo2POcGeV/ILz/gE0xqRe</latexit>

�f(t) = r2f(t) =
@2f

@t2

<latexit sha1_base64="30mWUJNZNTDo4DvrOOH+7qs1GWo="></latexit>

��
�
e2⇡ist

�
= � @2

@t2
�
e2⇡ist

�
= (2⇡s)2e2⇡ist
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v Recall from earlier lecture that Laplacian matrix is analogue 
of the multivariate Laplace operator in the graph domain.

v One can exploit this analogy and define the Fourier bases for 
the graph domain.
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v Recall from earlier lecture that Laplacian matrix is analogue 
of the multivariate Laplace operator in the graph domain.

v One can exploit this analogy and define the Fourier bases for 
the graph domain.

v Since the Laplace matrix is a positive semi-definite matrix, it 
has a set of orthonormal eigenvectors 𝑢ℓ ℓ-.,…,123 and 
associated real non-negative eigenvalues 𝜆ℓ ℓ-.,…,123 that 
satisfy

for ℓ = 0,… ,𝑁 − 1.

<latexit sha1_base64="f456mzxu2F1PlTsgfZjFt3/QFd0=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrsCtBbYSgjYVFBPOAbFhmJ3eTIbMPZu6KYckf2PgrNhaK2Nra+TdOHoUmHhjmzLn3cOceP5FCo21/WwuLS8srq7m1/PrG5tZ2YWe3ruNUcajxWMaq6TMNUkRQQ4ESmokCFvoSGn7/alRv3IPSIo7ucJBAO2TdSASCMzSSVzhyER7QD7KbYeplLkg5vHCl8XeYN3rRdHx5haJdsseg88SZkiKZouoVvtxOzNMQIuSSad1y7ATbGVMouIRh3k01JIz3WRdahkYsBN3OxvsM6aFROjSIlTkR0rH625GxUOtB6JvOkGFPz9ZG4n+1VorBeTsTUZIiRHwyKEglxZiOwqEdoYCjHBjCuBLmr5T3mGIcTYR5E4Izu/I8qZ+UnNNS+bZcrFxO48iRfXJAjolDzkiFXJMqqRFOHskzeSVv1pP1Yr1bH5PWBWvq2SN/YH3+APyRnUE=</latexit>

Lu` = �`u`
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v In the matrix form 

where 𝐔 is the eigenvector matrix and 𝚲 is a diagonal matrix 
with eigenvalues 𝜆ℓ of 𝐋 as its diagonal elements.

v The set of eigenvalues

is the spectrum of graph 𝐺, where we assume 

<latexit sha1_base64="7AFa8WbNKcR1CuRURXvkr7VXrvA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXJVERLsRim5cdFHBtIUmlslk0g6dXJiZCCXkVdz4Km5cKNKd+DJO2hS19cDAx38uc87vxowKaRifWmlldW19o7xZ2dre2d3T9w/aIko4JhaOWMS7LhKE0ZBYkkpGujEnKHAZ6bijmzzfeSRc0Ci8l+OYOAEahNSnGEkl9fW6HSA5dP20mV3N0crgHO2mGuWhH8HKHlJbRnHW16tGzZgGXAazgCoootXXJ7YX4SQgocQMCdEzjVg6KeKSYkayip0IEiM8QgPSUxiigAgnnV6YwROleNCPuHqhhFP1d0eKAiHGgasq80XFYi4X/8v1EunXnZSGcSJJiGcf+QmDMoK5XdCjnGDJxgoQ5lTtCvEQcYSlMrWiTDAXT16G9lnNvKid351XG9eFHWVwBI7BKTDBJWiAW9ACFsDgCbyAN/CuPWuv2oc2mZWWtKLnEPwJ7esboYulEQ==</latexit>

L = U⇤U>

<latexit sha1_base64="FkHW9tPMwp2ZQtai9GC8FnSt9Uk=">AAACKnicbZDLSgMxFIYz9VbrrerSTbAIFbTMSFE3QtWNC5EK9gKdUjJppg3NXEjOiGWY53Hjq7jpQilufRDTi6itBwIf/7nl/E4ouALTHBqphcWl5ZX0amZtfWNzK7u9U1VBJCmr0EAEsu4QxQT3WQU4CFYPJSOeI1jN6V2P8rVHJhUP/Afoh6zpkY7PXU4JaKmVvbQV73gkbwN7AseNb5PDCzu2hZ7QJi3zCH+jpbEdgPpR4rtjK7GTVjZnFsxx4HmwppBD0yi3sgM9iEYe84EKolTDMkNoxkQCp4IlGTtSLCS0RzqsodEnHlPNeHxqgg+00sZuIPXzAY/V3x0x8ZTqe46u9Ah01WxuJP6Xa0Tgnjdj7ocRMJ9OFrmRwBDgkW+4zSWjIPoaCJVc/xXTLpGEgnY3o02wZk+eh+pJwTotFO+LudLV1I402kP7KI8sdIZK6AaVUQVR9Ixe0Rt6N16MgTE0PialKWPas4v+hPH5BQ4Ypmk=</latexit>

�(L) = {�0,�1, . . . ,�N�1}

<latexit sha1_base64="b4fTCa/6b/TuVCzIcIStgsvppF4=">AAACMnicbZDLSsNAFIYnXmu9RV26GSyCG0siRV0oFN3oRirYCzQhTCbTduhkEmcmYgl5Jjc+ieBCF4q49SGcthG09cDAx/+fw5nz+zGjUlnWizEzOze/sFhYKi6vrK6tmxubDRklApM6jlgkWj6ShFFO6ooqRlqxICj0GWn6/fOh37wjQtKI36hBTNwQdTntUIyUljzz0jp1mG4PkGed/JANHUZuoYODSMmccyu92rezCckJ0T3MPLNkla1RwWmwcyiBvGqe+eQEEU5CwhVmSMq2bcXKTZFQFDOSFZ1EkhjhPuqStkaOQiLddHRyBne1EsBOJPTjCo7U3xMpCqUchL7uDJHqyUlvKP7ntRPVOXZTyuNEEY7HizoJgyqCw/xgQAXBig00ICyo/ivEPSQQVjrlog7Bnjx5GhoHZfuwXLmulKpneRwFsA12wB6wwRGoggtQA3WAwQN4Bm/g3Xg0Xo0P43PcOmPkM1vgTxlf3wUOqXk=</latexit>

0 = �0 < �1  · · ·  �N�1  �max
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v Using the eigenvectors U as Fourier bases, we can define the 
Fourier transform of a signal 𝐟 ∈ ℝ1 in the graph domain as 

v In the matrix form

<latexit sha1_base64="Iq2w/VoRjDYGQQnmYU3wM3worYw="></latexit>

f̂ (�`) := hf, u`i =
NX

i=1

f(i)u`(i)

<latexit sha1_base64="cX7qLhToxJSB0bPmB/OPikng+Zs=">AAACFnicbZDLSsNAFIYn9VbrrerSzWAR3FgSKepGKLpxWcFeoIllMp20QycXZk6EEvIUbnwVNy4UcSvufBsnbURtPTDw8f/nMOf8biS4AtP8NAoLi0vLK8XV0tr6xuZWeXunpcJYUtakoQhlxyWKCR6wJnAQrBNJRnxXsLY7usz89h2TiofBDYwj5vhkEHCPUwJa6pWP7CGBxPYJDF0v8dL0/Jub6W1iQxil+MftlStm1ZwUngcrhwrKq9Erf9j9kMY+C4AKolTXMiNwEiKBU8HSkh0rFhE6IgPW1RgQnyknmZyV4gOt9LEXSv0CwBP190RCfKXGvqs7sw3VrJeJ/3ndGLwzJ+FBFAML6PQjLxYYQpxlhPtcMgpirIFQyfWumA6JJBR0kiUdgjV78jy0jqvWSbV2XavUL/I4imgP7aNDZKFTVEdXqIGaiKJ79Iie0YvxYDwZr8bbtLVg5DO76E8Z71+GRaDc</latexit>

f̂ = U>f
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v Using the eigenvectors U as Fourier bases, we can define the 
Fourier transform of a signal 𝐟 ∈ ℝ1 in the graph domain as 

v In the matrix form

v Analogously, one can define the inverse graph Fourier 
transform as 

v In the matrix notation

<latexit sha1_base64="Iq2w/VoRjDYGQQnmYU3wM3worYw="></latexit>

f̂ (�`) := hf, u`i =
NX

i=1

f(i)u`(i)

<latexit sha1_base64="cX7qLhToxJSB0bPmB/OPikng+Zs=">AAACFnicbZDLSsNAFIYn9VbrrerSzWAR3FgSKepGKLpxWcFeoIllMp20QycXZk6EEvIUbnwVNy4UcSvufBsnbURtPTDw8f/nMOf8biS4AtP8NAoLi0vLK8XV0tr6xuZWeXunpcJYUtakoQhlxyWKCR6wJnAQrBNJRnxXsLY7usz89h2TiofBDYwj5vhkEHCPUwJa6pWP7CGBxPYJDF0v8dL0/Jub6W1iQxil+MftlStm1ZwUngcrhwrKq9Erf9j9kMY+C4AKolTXMiNwEiKBU8HSkh0rFhE6IgPW1RgQnyknmZyV4gOt9LEXSv0CwBP190RCfKXGvqs7sw3VrJeJ/3ndGLwzJ+FBFAML6PQjLxYYQpxlhPtcMgpirIFQyfWumA6JJBR0kiUdgjV78jy0jqvWSbV2XavUL/I4imgP7aNDZKFTVEdXqIGaiKJ79Iie0YvxYDwZr8bbtLVg5DO76E8Z71+GRaDc</latexit>

f̂ = U>f

<latexit sha1_base64="9+9pEHsYTd8BzjjXnA3tmahOZCY="></latexit>

f(i) =
N�1X

`=0

f̂ (�`)u`(i)

<latexit sha1_base64="20m092iMvZR5NNRNUek3CkNUS38=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FScFUSEXUjFN24rGDaQhPKZDpph04uzEyEEvIEbnwVNy4UcevanW/jtI2orQcGPv7/HOac3084k8qyPo3S0vLK6lp5vbKxubW9Y+7utWScCkIdEvNYdHwsKWcRdRRTnHYSQXHoc9r2R1cTv31HhWRxdKvGCfVCPIhYwAhWWuqZNTfEaugHWZBffKOTu0Ossh8n75lVq25NCy2CXUAVimr2zA+3H5M0pJEiHEvZta1EeRkWihFO84qbSppgMsID2tUY4ZBKL5uek6OaVvooiIV+kUJT9fdEhkMpx6GvOycrynlvIv7ndVMVnHsZi5JU0YjMPgpSjlSMJtmgPhOUKD7WgIlgeldEhlhgonSCFR2CPX/yIrSO6/Zp/eTmpNq4LOIowwEcwhHYcAYNuIYmOEDgHh7hGV6MB+PJeDXeZq0lo5jZhz9lvH8BEKadZw==</latexit>

f = Uf̂
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v In this analogy, eigenvalues 𝜆ℓ present a notion of frequency
for graphs, where
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v In this analogy, eigenvalues 𝜆ℓ present a notion of frequency
for graphs, where

Ø The eigenvector 𝑢. associated with 𝜆ℓ = 0 is constant 
throughout the graph.

<latexit sha1_base64="t6TkMtI3YGykJ+qpraS/bWtzPKc=">AAACH3icbVDLSgMxFM3UV62vqks3wSK4KjNSqhuh6MaVVLAP6JSSSTNtaGYyJHfUMsyfuPFX3LhQRNz1b8y0XWjrhZDDOfeQnONFgmuw7YmVW1ldW9/Ibxa2tnd294r7B00tY0VZg0ohVdsjmgkesgZwEKwdKUYCT7CWN7rO9NYDU5rL8B7GEesGZBByn1MChuoVq64nRV+PA3MlcdqzL11fEYodfItdaZyKD4ZAlJKPiQvsCTw/cdK0VyzZZXs6eBk4c1BC86n3it9uX9I4YCFQQbTuOHYE3YQo4FSwtODGmkWEjsiAdQwMScB0N5nmS/GJYfrYl8qcEPCU/e1ISKCzCGYzIDDUi1pG/qd1YvAvugkPoxhYSGcP+bHAIHFWFu5zxSiIsQGEKm7+iumQmH7AVFowJTiLkZdB86zsVMuVu0qpdjWvI4+O0DE6RQ46RzV0g+qogSh6Rq/oHX1YL9ab9Wl9zVZz1txziP6MNfkBbdaj3g==</latexit>

u0 =
1

N

�!
1
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v In this analogy, eigenvalues 𝜆ℓ present a notion of frequency
for graphs, where

Ø The eigenvector 𝑢. associated with 𝜆ℓ = 0 is constant 
throughout the graph.

Ø The eigenvector 𝑢. associated with smaller eigenvalues 𝜆ℓ
change slowly across the graph.

• E.g. Interests of friends.

<latexit sha1_base64="t6TkMtI3YGykJ+qpraS/bWtzPKc=">AAACH3icbVDLSgMxFM3UV62vqks3wSK4KjNSqhuh6MaVVLAP6JSSSTNtaGYyJHfUMsyfuPFX3LhQRNz1b8y0XWjrhZDDOfeQnONFgmuw7YmVW1ldW9/Ibxa2tnd294r7B00tY0VZg0ohVdsjmgkesgZwEKwdKUYCT7CWN7rO9NYDU5rL8B7GEesGZBByn1MChuoVq64nRV+PA3MlcdqzL11fEYodfItdaZyKD4ZAlJKPiQvsCTw/cdK0VyzZZXs6eBk4c1BC86n3it9uX9I4YCFQQbTuOHYE3YQo4FSwtODGmkWEjsiAdQwMScB0N5nmS/GJYfrYl8qcEPCU/e1ISKCzCGYzIDDUi1pG/qd1YvAvugkPoxhYSGcP+bHAIHFWFu5zxSiIsQGEKm7+iumQmH7AVFowJTiLkZdB86zsVMuVu0qpdjWvI4+O0DE6RQ46RzV0g+qogSh6Rq/oHX1YL9ab9Wl9zVZz1txziP6MNfkBbdaj3g==</latexit>

u0 =
1

N

�!
1
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v In this analogy, eigenvalues 𝜆ℓ present a notion of frequency
for graphs, where

Ø The eigenvector 𝑢. associated with 𝜆ℓ = 0 is constant 
throughout the graph.

Ø The eigenvector 𝑢. associated with smaller eigenvalues 𝜆ℓ
change slowly across the graph.

• E.g. Interests of friends.

Ø The eigenvector 𝑢. associated with larger eigenvalues 𝜆ℓ
change rapidly across the graph.

<latexit sha1_base64="t6TkMtI3YGykJ+qpraS/bWtzPKc=">AAACH3icbVDLSgMxFM3UV62vqks3wSK4KjNSqhuh6MaVVLAP6JSSSTNtaGYyJHfUMsyfuPFX3LhQRNz1b8y0XWjrhZDDOfeQnONFgmuw7YmVW1ldW9/Ibxa2tnd294r7B00tY0VZg0ohVdsjmgkesgZwEKwdKUYCT7CWN7rO9NYDU5rL8B7GEesGZBByn1MChuoVq64nRV+PA3MlcdqzL11fEYodfItdaZyKD4ZAlJKPiQvsCTw/cdK0VyzZZXs6eBk4c1BC86n3it9uX9I4YCFQQbTuOHYE3YQo4FSwtODGmkWEjsiAdQwMScB0N5nmS/GJYfrYl8qcEPCU/e1ISKCzCGYzIDDUi1pG/qd1YvAvugkPoxhYSGcP+bHAIHFWFu5zxSiIsQGEKm7+iumQmH7AVFowJTiLkZdB86zsVMuVu0qpdjWvI4+O0DE6RQ46RzV0g+qogSh6Rq/oHX1YL9ab9Wl9zVZz1txziP6MNfkBbdaj3g==</latexit>

u0 =
1

N

�!
1
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v Consider the graph 𝐺 below:

v We can visualize the graph Fourier bases for G as:
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v Consider the graph 𝐺 below:

v We can visualize the graph Fourier bases for G as:
<latexit sha1_base64="RbZgwPO0jvbfdNdKiwqnIhX1Zsk="></latexit>

�0 = 0
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v Consider the graph 𝐺 below:

v We can visualize the graph Fourier bases for G as:
<latexit sha1_base64="RbZgwPO0jvbfdNdKiwqnIhX1Zsk="></latexit>

�0 = 0
<latexit sha1_base64="votStVr5xgQyl5XnBVS3mCUiAD8="></latexit>

�1
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v Consider the graph 𝐺 below:

v We can visualize the graph Fourier bases for G as:
<latexit sha1_base64="RbZgwPO0jvbfdNdKiwqnIhX1Zsk="></latexit>

�0 = 0
<latexit sha1_base64="CEbDuo9Q/2kHZdw6BN7plWNUpPo="></latexit>

�max
<latexit sha1_base64="votStVr5xgQyl5XnBVS3mCUiAD8="></latexit>

�1
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v So far, we have used graph Laplacian matrix to construct 
graph Fourier bases.

v While this is the most popular approach, other matrices have 
been adapted to define the notion of graph Fourier domain.
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v So far, we have used graph Laplacian matrix to construct 
graph Fourier bases.

v While this is the most popular approach, other matrices have 
been adapted to define the notion of graph Fourier domain.

v One alternative is normalized graph Laplacian D𝐋, in which 
elements 𝐀!4 are normalized by 3

5!5"
.

v However, the eigenvalues associated with the smallest 
eigenvalue D𝜆. does not have constant elements anymore.
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v So far, we have used graph Laplacian matrix to construct 
graph Fourier bases.

v While this is the most popular approach, other matrices have 
been adapted to define the notion of graph Fourier domain.

v One alternative is normalized graph Laplacian D𝐋, in which 
elements 𝐀!4 are normalized by 3

5!5"
.

v However, the eigenvalues associated with the smallest 
eigenvalue D𝜆. does not have constant elements anymore.

v Another approach is to use the stochastic matrix

where each element 𝑷!4 is the probability of going from 𝑣! to 𝑣4
in one step.
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v Signal Processing on Graphs

v Convolution

v Fourier transform

v Discrete Fourier transform

v Shift and Difference

v Chain Graph

v Shift and Difference on Chain Graph

v Convolution on Chain Graph

v Graph Convolution

v Graph Fourier Transform


