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v In the previous lecture, we used shallow embedding 
approach to define a framework for link prediction problem.

v One can enhance the performance of the model by introducing 
a multi-relational encoder.

v To define the information propagation rule for GNNs, we relied 
on the notion of neural message passing to learn node 
embeddings on graphs.

v This model can be generalized to account for the edge types.
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v The propagation rule for GCN models is defined as

where 𝐖 !"# ∈ ℝ$(")×$("$%) is a trainable parameter matrix 
and 𝜎 is a non-linear activation function.

v In this propagation rule, the aggregated message from node 
𝑣&’s neighborhood is updated by matrix 𝐖 !"# .
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v The propagation rule for GCN models is defined as

where 𝐖 !"# ∈ ℝ$(")×$("$%) is a trainable parameter matrix 
and 𝜎 is a non-linear activation function.

v In this propagation rule, the aggregated message from node 
𝑣&’s neighborhood is updated by matrix 𝐖 !"# .

v While this performs well for graphs with the same edge types, 
this does not take into account different relations of node 𝑣&
with its neighbors.
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v To alleviate this, one can use different parameter matrices to 
update the aggregated neighborhood information through 
different relation type 𝜏.

v To that end, one can redefine the message aggregation as

where 𝐖'
!"# is an update matrix which is shared by 

neighborhoods of type 𝜏, 𝑓( is a normalization function

v In the first summation, 𝜏) represents the introduced self-loop 
that integrates previous node embedding to the update.
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Ø We represent the diagram of message computation for node 
𝑣* in the relational GCN as following
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v One problem with such definition arises due to the number of 
parameters required by this model.

Ø The number of relation types in heterogenous graphs, such 
as knowledge graphs, can be in the order of hundreds of 
thousands.
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Relational GCN
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v One problem with such definition arises due to the number of 
parameters required by this model.

Ø The number of relation types in heterogenous graphs, such 
as knowledge graphs, can be in the order of hundreds of 
thousands.

v Therefore, introducing relation-specific weight matrices 𝐖'
can be prohibitively expensive.

v To alleviate this, we can reduce the parameter size using the 
following approaches:

Ø Basis Decomposition

Ø Block-diagonal Decomposition
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v In the basis decomposition approach, we redefine the 
weights as expansions in bases

where 𝐕+
! ∈ ℝ$ " ×$ "&% are basis matrices and 𝑎',+

! are 
coefficients.
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v In the basis decomposition approach, we redefine the 
weights as expansions in bases

where 𝐕+
! ∈ ℝ$ " ×$ "&% are basis matrices and 𝑎',+

! are 
coefficients.

v Sharing basis matrices 𝐕+
! between all relation-specific 

weights 𝐖'
! can significantly reduce the number of 

parameters in the model.

v Thus, 𝑎',+
! are the only relation-specific learnable parameters.
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v Another approach is to use sparse matrices to represent 
relation specific weights 𝐖'

! .
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v Another approach is to use sparse matrices to represent 
relation specific weights 𝐖'

! .

v To that end, we use block-diagonal decomposition to 
represent the weights 𝐖'

! .

v For two arbitrary matrices 𝑽# and 𝑽-, the directed sum of the 
two matrices is defined as
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v Another approach is to use sparse matrices to represent 
relation specific weights 𝐖'

! .

v To that end, we use block-diagonal decomposition to 
represent the weights 𝐖'

! .

v For two arbitrary matrices 𝑽# and 𝑽-, the directed sum of the 
two matrices is defined as

v In block-diagonal decomposition, we construct our weight as 
direct sum of dense blocks on the diagonal and use zero 
elsewhere to yield a sparse matrix.
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v Here, we construct the relation-specific weight matrix 𝐖'
! ∈

ℝ$(")×$("&%) as 

where 𝐕+
! ∈ ℝ

' "
( ×'

"&%
( are dense low-dimensional blocks of 

same dimensionality.
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v Here, we construct the relation-specific weight matrix 𝐖'
! ∈

ℝ$(")×$("&%) as 

where 𝐕+
! ∈ ℝ

' "
( ×'

"&%
( are dense low-dimensional blocks of 

same dimensionality.

v One drawback with this approach is that dimensions of 
embedding communicate more tightly with the nearby 
dimensions that fall within same block.
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Embedding Concatenation
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v So far, we have seen relational GNN models that learn 
embeddings for graphs with discrete relation types 𝜏 ∈ ℛ.

v These models accommodate this by introducing relation-
specific parameters 𝐖'

! .
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v So far, we have seen relational GNN models that learn 
embeddings for graphs with discrete relation types 𝜏 ∈ ℛ.

v These models accommodate this by introducing relation-
specific parameters 𝐖'

! .

v However, in some cases, the edge attributes can have more 
general forms, e.g., real-valued vectors.

v To that end, defining relation-specific weight parameters 𝐖'
!

may not be feasible.
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Embedding Concatenation
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v So far, we have seen relational GNN models that learn 
embeddings for graphs with discrete relation types 𝜏 ∈ ℛ.

v These models accommodate this by introducing relation-
specific parameters 𝐖'

! .

v However, in some cases, the edge attributes can have more 
general forms, e.g., real-valued vectors.

v To that end, defining relation-specific weight parameters 𝐖'
!

may not be feasible.

v To tackle this problem, one can use concatenation of 
embeddings in the neighborhood aggregation stage.
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v In concatenation approach, one can leverage edge attributes 
by concatenating them with node attributes during message-
passing.

v In other words, messages from each neighboring node is 
augmented with the corresponding edge feature.
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Embedding Concatenation
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v In concatenation approach, one can leverage edge attributes 
by concatenating them with node attributes during message-
passing.

v In other words, messages from each neighboring node is 
augmented with the corresponding edge feature.

v We modify the message aggregation step as

where 𝒉&
(!) ∈ ℝ$(") is the node embedding for node 𝑣& ∈ V and 

𝒉 &,0
(!) ∈ ℝ$)(") is the edge attributes for edge 𝑣& , 𝑣0 ∈ 𝐸. 

<latexit sha1_base64="1BRgsqBJYLtJXCnVMa6IpNKHocg="></latexit>

m(k�1)
Ni!i =

X

vj2N(vi)

h
h(k�1)
j � h(k�1)

(i,j)

i



32

Training

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v After defining modified neural message passing schemes 
based on relation-aware propagation of information, we now 
train this model.

v To train the model we need to define a decoder and a loss
function.

v There are three types of loss functions generally used to train 
relational GNNs:
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v After defining modified neural message passing schemes 
based on relation-aware propagation of information, we now 
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v To train the model we need to define a decoder and a loss
function.

v There are three types of loss functions generally used to train 
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v After defining modified neural message passing schemes 
based on relation-aware propagation of information, we now 
train this model.

v To train the model we need to define a decoder and a loss
function.

v There are three types of loss functions generally used to train 
relational GNNs:

Ø Reconstruction loss

Ø Cross-entropy loss

Ø Max-margin loss
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v A basic reconstruction loss compares the predicted plausibility 
score by the decoder with the multi-relational adjacency 
tensor.

v This basic reconstruction loss can be formulated as 

where 𝐴 ∈ ℝ 1 × ℛ × 1 is the adjacency tensor.
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Reconstruction Loss
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v A basic reconstruction loss compares the predicted plausibility 
score by the decoder with the multi-relational adjacency 
tensor.

v This basic reconstruction loss can be formulated as 

where 𝐴 ∈ ℝ 1 × ℛ × 1 is the adjacency tensor.

v However, there are two issues with this definition of the loss 
function.
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v A basic reconstruction loss compares the predicted plausibility 
score by the decoder with the multi-relational adjacency 
tensor.

v This basic reconstruction loss can be formulated as 

where 𝐴 ∈ ℝ 1 × ℛ × 1 is the adjacency tensor.

v However, there are two issues with this definition of the loss 
function.

Ø Computational cost
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v A basic reconstruction loss compares the predicted plausibility 
score by the decoder with the multi-relational adjacency 
tensor.

v This basic reconstruction loss can be formulated as 

where 𝐴 ∈ ℝ 1 × ℛ × 1 is the adjacency tensor.

v However, there are two issues with this definition of the loss 
function.

Ø Computational cost

Ø Nature of the task
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v The major drawback of this method is that the reconstruction 
loss defined above is very expensive.

v Due to the three summations in the loss function, this 
approach requires 𝑂( 𝑉 - 𝑅 ) operations to compute the loss.
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v The major drawback of this method is that the reconstruction 
loss defined above is very expensive.

v Due to the three summations in the loss function, this 
approach requires 𝑂( 𝑉 - 𝑅 ) operations to compute the loss.

v However, multi-relational graphs are typically sparse, i.e.,
|𝐸| << 𝑉 -|𝑅|

v One can benefit from this sparse nature and define a function 
that requires 𝑂(|𝐸|) operations to compute the loss.
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v Secondly, the multi-relational adjacency tensor is typically 
composed of binary values 

<latexit sha1_base64="k2ecaiy7y8hAXqjf+ZAqix62hYU="></latexit>

A 2 [0, 1]|V |⇥|R|⇥|V |
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Reconstruction Loss
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v Secondly, the multi-relational adjacency tensor is typically 
composed of binary values 

v Therefore, predicting links is, in essence, a classification
problem where different classes are represented by different 
edge types.

v While we can use the reconstruction loss to train multi-
relational embeddings, MSE loss is better suited for training 
regression models.

<latexit sha1_base64="k2ecaiy7y8hAXqjf+ZAqix62hYU="></latexit>

A 2 [0, 1]|V |⇥|R|⇥|V |

<latexit sha1_base64="0l7swypp+F9Zu0D3w9ryUpTxdxw=">AAACKHicbVBNTwIxEO3iF+LXqkcvG4mJB0J2CVEvRqIXj2jkI2EJ6ZYCDd3upp01Icv+HC/+FS/GaAxXf4ld4IDgJE1f37yZzjwv5EyBbU+MzNr6xuZWdju3s7u3f2AeHtVVEElCayTggWx6WFHOBK0BA06boaTY9zhteMO7NN94plKxQDzBKKRtH/cF6zGCQVMd88YFHLlMuD6GAcE8fkyu3TglO05hepUKbjcANXvE4wXhOHGTjpm3i/Y0rFXgzEEezaPaMT90OxL5VADhWKmWY4fQjrEERjhNcm6kaIjJEPdpS0OBfara8XTRxDrTTNfqBVIfAdaUXayIsa/UyPe0Mh1TLedS8r9cK4LeVTtmIoyACjL7qBdxCwIrdc3qMkkJ8JEGmEimZ7XIAEtMQHub0yY4yyuvgnqp6FwUyw/lfOV2bkcWnaBTdI4cdIkq6B5VUQ0R9ILe0Cf6Ml6Nd+PbmMykGWNec4z+hPHzCyzjp+w=</latexit>

⌧ 2 R = {⌧1, ⌧2, . . . , ⌧|R|}
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Cross-Entropy Loss

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Another type of loss function is based on the cross-entropy
loss with negative sampling.
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Cross-Entropy Loss

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Another type of loss function is based on the cross-entropy
loss with negative sampling.

Ø Using this loss, we maximize the probability of true triplet 
(𝑣3, 𝜏, 𝑣4) in the graph.

Ø Additionally, we use negative sampling in this approach, 
which minimizes the probability of the triplets (𝑣3, 𝜏, 𝑣() that 
do not exist. 

v We refer to the triplet (𝑣3, 𝜏, 𝑣() as corrupted edge or 
corrupted triplet.
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Cross-Entropy Loss
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v Another type of loss function is based on the cross-entropy
loss with negative sampling.

Ø Using this loss, we maximize the probability of true triplet 
(𝑣3, 𝜏, 𝑣4) in the graph.

Ø Additionally, we use negative sampling in this approach, 
which minimizes the probability of the triplets (𝑣3, 𝜏, 𝑣() that 
do not exist. 

v We refer to the triplet (𝑣3, 𝜏, 𝑣() as corrupted edge or 
corrupted triplet.

v To that end, we formulate the loss as a set of binary 
classification problems.
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Cross-Entropy Loss
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v During training, we maximize the probability

where 𝑉5 ⊂ 𝑉 is a subset of entities that are not related to 
entity 𝑣3 through relation 𝜏.

<latexit sha1_base64="dUw0AQA/P/YASuv1oFaaOvwa17s="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

p (D = 0 | (vh, ⌧, vn))
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Cross-Entropy Loss
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v During training, we maximize the probability

where 𝑉5 ⊂ 𝑉 is a subset of entities that are not related to 
entity 𝑣3 through relation 𝜏.

Ø 𝐷 = 1 is the event that the pair of entities 𝑣3 and 𝑣4 are 
related by relation 𝜏, with the binary probability

Ø 𝐷 = 0 is the event that the pair of entities 𝑣( and 𝑣4 are not 
related by relation 𝜏, with the binary probability

<latexit sha1_base64="rkrpngPeOZ7FHOD4ZyfR87QQi7g=">AAACGnicbVDLSgMxFM3UV62vUZdugkWoUMqMFHUjFHXhsoJ9QKcMmTTThmYeJHcKZeh3uPFX3LhQxJ248W9M21lo64GQk3Pu5eYeLxZcgWV9G7mV1bX1jfxmYWt7Z3fP3D9oqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNb6Z+a8Sk4lH4AOOYdQPSD7nPKQEtuaYdO4L5ULq9srET8N78NXIHZewAScp45IIjeX8Ap9nlmkWrYs2Al4mdkSLKUHfNT6cX0SRgIVBBlOrYVgzdlEjgVLBJwUkUiwkdkj7raBqSgKluOlttgk+00sN+JPUJAc/U3x0pCZQaB56uDAgM1KI3Ff/zOgn4l92Uh3ECLKTzQX4iMER4mhPucckoiLEmhEqu/4rpgEhCQadZ0CHYiysvk+ZZxT6vVO+rxdp1FkceHaFjVEI2ukA1dIfqqIEoekTP6BW9GU/Gi/FufMxLc0bWc4j+wPj6AWEwn94=</latexit>

p (D = 1 | (vh, ⌧, vt))

<latexit sha1_base64="gS2RXaX9tXm6fzI+jN+E6phiK5M=">AAACGnicbVDLSgMxFM3UV62vUZdugkWoUMqMFHUjFHXhsoJ9QKcMmTTThmYeJHcKZeh3uPFX3LhQxJ248W9M21lo64GQk3Pu5eYeLxZcgWV9G7mV1bX1jfxmYWt7Z3fP3D9oqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNb6Z+a8Sk4lH4AOOYdQPSD7nPKQEtuaYdO4L5ULq9srAT8N78NXIHZewAScp45IIjeX8Ap9nlmkWrYs2Al4mdkSLKUHfNT6cX0SRgIVBBlOrYVgzdlEjgVLBJwUkUiwkdkj7raBqSgKluOlttgk+00sN+JPUJAc/U3x0pCZQaB56uDAgM1KI3Ff/zOgn4l92Uh3ECLKTzQX4iMER4mhPucckoiLEmhEqu/4rpgEhCQadZ0CHYiysvk+ZZxT6vVO+rxdp1FkceHaFjVEI2ukA1dIfqqIEoekTP6BW9GU/Gi/FufMxLc0bWc4j+wPj6AV+Fn90=</latexit>

p (D = 0 | (vh, ⌧, vt))

<latexit sha1_base64="dUw0AQA/P/YASuv1oFaaOvwa17s="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

p (D = 0 | (vh, ⌧, vn))
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Cross-Entropy Loss
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v We can represent the binary probabilities using a sigmoid
function

<latexit sha1_base64="WbXLraP94qGYYBrer2SKHjn9ygs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQIpZEiroRim5cVrAPaEKZTCft0JkkzEykJWTnxl9x40IRt/6CO//GaZuFth64cDjnXu69x4sYlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0waOGShaHtIEkYD0lBUMdKOBEHcY6TlDW8mfuuBCEnD4F6NI+Jy1A+oTzFSWuqah46kfY5Ko/KV4wuEEztN7BOHjKLS6aicds2iVbGmgIvEzkgRZKh3zS+nF+KYk0BhhqTs2Fak3AQJRTEjacGJJYkQHqI+6WgaIE6km0z/SOGxVnrQD4WuQMGp+nsiQVzKMfd0J0dqIOe9ifif14mVf+kmNIhiRQI8W+THDKoQTkKBPSoIVmysCcKC6lshHiAdh9LRFXQI9vzLi6R5VrHPK9W7arF2ncWRBwfgCJSADS5ADdyCOmgADB7BM3gFb8aT8WK8Gx+z1pyRzeyDPzA+fwBwDphn</latexit>

�(x) =
1

1 + exp(�x)
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Cross-Entropy Loss
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v We can represent the binary probabilities using a sigmoid
function

v Given the score 𝑓$(𝒛3, 𝜏, 𝒛4), we compute the probability of 
event 𝐷 = 1 as

<latexit sha1_base64="UZTLMj1MhEJGv8+uzJUWOOtoMQI="></latexit>

p (D = 1 | (vh, ⌧, vt)) = �(fd(zh, ⌧, zt)) =
1

1 + exp(�fd(zh, ⌧, zt))

<latexit sha1_base64="WbXLraP94qGYYBrer2SKHjn9ygs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQIpZEiroRim5cVrAPaEKZTCft0JkkzEykJWTnxl9x40IRt/6CO//GaZuFth64cDjnXu69x4sYlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0waOGShaHtIEkYD0lBUMdKOBEHcY6TlDW8mfuuBCEnD4F6NI+Jy1A+oTzFSWuqah46kfY5Ko/KV4wuEEztN7BOHjKLS6aicds2iVbGmgIvEzkgRZKh3zS+nF+KYk0BhhqTs2Fak3AQJRTEjacGJJYkQHqI+6WgaIE6km0z/SOGxVnrQD4WuQMGp+nsiQVzKMfd0J0dqIOe9ifif14mVf+kmNIhiRQI8W+THDKoQTkKBPSoIVmysCcKC6lshHiAdh9LRFXQI9vzLi6R5VrHPK9W7arF2ncWRBwfgCJSADS5ADdyCOmgADB7BM3gFb8aT8WK8Gx+z1pyRzeyDPzA+fwBwDphn</latexit>

�(x) =
1

1 + exp(�x)
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Cross-Entropy Loss
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v The objective is then to maximize
<latexit sha1_base64="dUw0AQA/P/YASuv1oFaaOvwa17s="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

p (D = 0 | (vh, ⌧, vn))
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Cross-Entropy Loss
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v The objective is then to maximize
<latexit sha1_base64="dUw0AQA/P/YASuv1oFaaOvwa17s="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

p (D = 0 | (vh, ⌧, vn))

<latexit sha1_base64="lK4sZ83W+H91UJQ7kgHAIft0RdY="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

[1� p (D = 1 | (vh, ⌧, vn))]
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Cross-Entropy Loss
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v The objective is then to maximize
<latexit sha1_base64="dUw0AQA/P/YASuv1oFaaOvwa17s="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

p (D = 0 | (vh, ⌧, vn))

<latexit sha1_base64="lK4sZ83W+H91UJQ7kgHAIft0RdY="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

[1� p (D = 1 | (vh, ⌧, vn))]

<latexit sha1_base64="SSlwcuB61UxOSrvj8imgk1KrBrE="></latexit>

� (fd (zh, ⌧, zt))
Y

vn2V 0

[1� � (fd (zh, ⌧, zn))]
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Cross-Entropy Loss
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v The objective is then to maximize

v We can rewrite the objective as the minimization of negative 
log probability

<latexit sha1_base64="dUw0AQA/P/YASuv1oFaaOvwa17s="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

p (D = 0 | (vh, ⌧, vn))

<latexit sha1_base64="lK4sZ83W+H91UJQ7kgHAIft0RdY="></latexit>

p (D = 1 | (vh, ⌧, vt))
Y

vn2V 0

[1� p (D = 1 | (vh, ⌧, vn))]

<latexit sha1_base64="mSTcLvVjCTCSWTz7InbSRJJsPv4="></latexit>

� log (�(fd(zh, ⌧, zt)))�
X

vn2V 0

log (1� �(fd(zh, ⌧, zt)))

<latexit sha1_base64="SSlwcuB61UxOSrvj8imgk1KrBrE="></latexit>

� (fd (zh, ⌧, zt))
Y

vn2V 0

[1� � (fd (zh, ⌧, zn))]
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Cross-Entropy Loss
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v Using the identity

We rewrite the objective as minimizing

<latexit sha1_base64="GxP5UqJyChGDoYcCSLu686wSPHY=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhHbRMiNF3QhFNy4r2Au0Q8mkmTY0yQxJRlrGLnwVNy4UcetruPNtTNtZaOsPgY//nMM5+f2IUaUd59vKrKyurW9kN3Nb2zu7e/b+QUOFscSkjkMWypaPFGFUkLqmmpFWJAniPiNNf3gzrTcfiFQ0FPd6HBGPo76gAcVIG6trH7mljqJ9jgqj4lVKpVGxa+edsjMTXAY3hTxIVevaX51eiGNOhMYMKdV2nUh7CZKaYkYmuU6sSITwEPVJ26BAnCgvmd0/gafG6cEglOYJDWfu74kEcaXG3DedHOmBWqxNzf9q7VgHl15CRRRrIvB8URAzqEM4DQP2qCRYs7EBhCU1t0I8QBJhbSLLmRDcxS8vQ+Os7J6XK3eVfPU6jSMLjsEJKAAXXIAquAU1UAcYPIJn8ArerCfrxXq3PuatGSudOQR/ZH3+AOw1lMQ=</latexit>

1� �(x) = �(�x)

<latexit sha1_base64="op3CKpavFyeYgOQOuNQ/agTjjY4="></latexit>

L(h,t) = � log (� (fd (zh, ⌧, zf )))�
X

vn2V 0

log (� (�fd (zh, ⌧, zn)))
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Cross-Entropy Loss
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v Using the identity

We rewrite the objective as minimizing

v We formulate the cross-entropy loss with negative sampling as

where 𝑃(𝑉) is a distribution over nodes. 

<latexit sha1_base64="Y0chDGcn0f1DVAIu+tJAqf9gMjk="></latexit>

L = �
X

(vh,⌧,vt)2E


log (� (fd (zh, ⌧, zf )))

+
X

vn⇠p(V )

log (� (�fd (zh, ⌧, zn)))

�

<latexit sha1_base64="GxP5UqJyChGDoYcCSLu686wSPHY=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhHbRMiNF3QhFNy4r2Au0Q8mkmTY0yQxJRlrGLnwVNy4UcetruPNtTNtZaOsPgY//nMM5+f2IUaUd59vKrKyurW9kN3Nb2zu7e/b+QUOFscSkjkMWypaPFGFUkLqmmpFWJAniPiNNf3gzrTcfiFQ0FPd6HBGPo76gAcVIG6trH7mljqJ9jgqj4lVKpVGxa+edsjMTXAY3hTxIVevaX51eiGNOhMYMKdV2nUh7CZKaYkYmuU6sSITwEPVJ26BAnCgvmd0/gafG6cEglOYJDWfu74kEcaXG3DedHOmBWqxNzf9q7VgHl15CRRRrIvB8URAzqEM4DQP2qCRYs7EBhCU1t0I8QBJhbSLLmRDcxS8vQ+Os7J6XK3eVfPU6jSMLjsEJKAAXXIAquAU1UAcYPIJn8ArerCfrxXq3PuatGSudOQR/ZH3+AOw1lMQ=</latexit>

1� �(x) = �(�x)

<latexit sha1_base64="op3CKpavFyeYgOQOuNQ/agTjjY4="></latexit>

L(h,t) = � log (� (fd (zh, ⌧, zf )))�
X

vn2V 0

log (� (�fd (zh, ⌧, zn)))
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v In this method, we sample negative edges, i.e. edges that do 
not exist, by replacing the tail entity by a randomly selected 
node 𝑣(.

5

31

46

2
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Negative Sampling
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v In this method, we sample negative edges, i.e. edges that do 
not exist, by replacing the tail entity by a randomly selected 
node 𝑣(.

5

31

46

2

<latexit sha1_base64="nCFgH3RPks6BPeXntH8UyYMHR9M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47iHvXLFrbpzkFXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8WuqmhieUjeiAdyxVNOLGz+anTsmZVfokjLUthWSu/p7IaGTMJApsZ0RxaJa9mfif10kxvPEzoZIUuWKLRWEqCcZk9jfpC80ZyokllGlhbyVsSDVlaNMp2RC85ZdXSfOi6l1VLx8uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBxHo3q</latexit>vt

<latexit sha1_base64="A7flQHUSIdAylE6syp4l6ARLUXs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPeGvXLFrbpzkFXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgtNRNNSaUjegAO5ZKGqH2s/mpU3JmlT4JY2VLGjJXf09kNNJ6EgW2M6JmqJe9mfif10lNeONnXCapQckWi8JUEBOT2d+kzxUyIyaWUKa4vZWwIVWUGZtOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wde7o3e</latexit>vh
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v In this method, we sample negative edges, i.e. edges that do 
not exist, by replacing the tail entity by a randomly selected 
node 𝑣(.

5

31

46

2

True edgeCorrupted edge

<latexit sha1_base64="nCFgH3RPks6BPeXntH8UyYMHR9M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47iHvXLFrbpzkFXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8WuqmhieUjeiAdyxVNOLGz+anTsmZVfokjLUthWSu/p7IaGTMJApsZ0RxaJa9mfif10kxvPEzoZIUuWKLRWEqCcZk9jfpC80ZyokllGlhbyVsSDVlaNMp2RC85ZdXSfOi6l1VLx8uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBxHo3q</latexit>vt

<latexit sha1_base64="A7flQHUSIdAylE6syp4l6ARLUXs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPeGvXLFrbpzkFXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgtNRNNSaUjegAO5ZKGqH2s/mpU3JmlT4JY2VLGjJXf09kNNJ6EgW2M6JmqJe9mfif10lNeONnXCapQckWi8JUEBOT2d+kzxUyIyaWUKa4vZWwIVWUGZtOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wde7o3e</latexit>vh

<latexit sha1_base64="IZuLj1WsSXZfaqkfEJFrKHZ42mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPdkr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFoBo3k</latexit>vn
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Negative Sampling
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v In this method, we sample negative edges, i.e. edges that do 
not exist, by replacing the tail entity by a randomly selected 
node 𝑣(.

v While we have corrupted the edge by only replacing the tail 
node, this can lead to a directional bias during training.

v Therefore, it would be better to sample negative edges by 
corrupting either head or tail, but not both at the same time.
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Negative Sampling
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v In this method, we sample negative edges, i.e. edges that do 
not exist, by replacing the tail entity by a randomly selected 
node 𝑣(.

v While we have corrupted the edge by only replacing the tail 
node, this can lead to a directional bias during training.

v Therefore, it would be better to sample negative edges by 
corrupting either head or tail, but not both at the same time.

v In other words, for each triplet (𝑣3, 𝜏, 𝑣4), we can define the set 
of negative samples as 

<latexit sha1_base64="AUCfQnXvAv6BXlEAFzcujyuRZD8="></latexit>

E0
(vh,⌧,vt)

= {(vh, ⌧, vn)|vn ⇠ p(V )} [ {(vn, ⌧, vt)|vn ⇠ p(V )}
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v The distribution 𝑃(𝑉) can be a uniform distribution.
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v The distribution 𝑃(𝑉) can be a uniform distribution.
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v The distribution 𝑃(𝑉) can be a uniform distribution.

v One issue with this is the possibility of having false negatives, 
i.e., corrupted edges that actually, exist.

5

31

46

2

<latexit sha1_base64="nCFgH3RPks6BPeXntH8UyYMHR9M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47iHvXLFrbpzkFXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8WuqmhieUjeiAdyxVNOLGz+anTsmZVfokjLUthWSu/p7IaGTMJApsZ0RxaJa9mfif10kxvPEzoZIUuWKLRWEqCcZk9jfpC80ZyokllGlhbyVsSDVlaNMp2RC85ZdXSfOi6l1VLx8uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBxHo3q</latexit>vt

<latexit sha1_base64="A7flQHUSIdAylE6syp4l6ARLUXs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPeGvXLFrbpzkFXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgtNRNNSaUjegAO5ZKGqH2s/mpU3JmlT4JY2VLGjJXf09kNNJ6EgW2M6JmqJe9mfif10lNeONnXCapQckWi8JUEBOT2d+kzxUyIyaWUKa4vZWwIVWUGZtOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wde7o3e</latexit>vh
<latexit sha1_base64="IZuLj1WsSXZfaqkfEJFrKHZ42mQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPdkr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFoBo3k</latexit>vn

<latexit sha1_base64="0PQYYOrCms58bZ62rHvg3Zj63Yc=">AAAB/HicbVBNS8NAEN34WetXtEcvi0WoUEoiRT0WRfBYwX5AU8Jmu22XbjZhd1Ioof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL4gF1+A439ba+sbm1nZuJ7+7t39waB8dN3WUKMoaNBKRagdEM8ElawAHwdqxYiQMBGsFo9uZ3xozpXkkH2ESs25IBpL3OSVgJN8ulMb+sOwBScpjX557XOI73y46FWcOvErcjBRRhrpvf3m9iCYhk0AF0brjOjF0U6KAU8GmeS/RLCZ0RAasY6gkIdPddH78FJ8ZpYf7kTIlAc/V3xMpCbWehIHpDAkM9bI3E//zOgn0r7spl3ECTNLFon4iMER4lgTuccUoiIkhhCpubsV0SBShYPLKmxDc5ZdXSfOi4l5Wqg/VYu0miyOHTtApKiEXXaEaukd11EAUTdAzekVv1pP1Yr1bH4vWNSubKaA/sD5/ADRdk9k=</latexit>

(vh, ⌧, vn) 2 E

False negative sample



65

Negative Sampling

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The distribution 𝑃(𝑉) can be a uniform distribution.

v One issue with this is the possibility of having false negatives, 
i.e., corrupted edges that actually, exist.

v More sophisticated approaches use filtering to remove such 
samples.

v After sampling the corrupted edges, Monte Carlo methods are 
used to compute the loss.
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(vh, ⌧, vn) 2 E
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v The last type of loss function we can use is max-margin loss.

v In this method, also referred to as hinge loss, we don’t use 
probabilities, but instead compare the score for the edges in 
the training set with negative samples.
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v The last type of loss function we can use is max-margin loss.

v In this method, also referred to as hinge loss, we don’t use 
probabilities, but instead compare the score for the edges in 
the training set with negative samples.

v Max-margin loss is defined as

where Δ > 0 is the margin parameter.

v By using max-margin loss, we dictate that the true triplet score 
by 𝑓$ should be larger than the corrupted triplet’s score by at 
least a margin size Δ.

<latexit sha1_base64="9WT4Z9G/cht3y1+fBsyPtlVbH7E="></latexit>

L =
X

(vh,⌧,vt)

X

vn⇠P (V )

max (0,�fd (zh, ⌧, zt) + fd (zh, ⌧, zn) +�)
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v Multi-relational Graph Neural Networks

Ø Relational GCN

• Basis Decomposition

• Block-diagonal Decomposition

Ø Concatenation-based 

v Loss

v Reconstruction loss

v Cross entropy loss with negative sampling

v Max-margin loss


