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v Real world information can be stored in the form of entities
and the relationships between them.

v To that end, a fact can be represented using triple 
(𝑠𝑢𝑏𝑗𝑒𝑐𝑡, 𝑝𝑟𝑒𝑑𝑖𝑐𝑎𝑡𝑒, 𝑜𝑏𝑗𝑒𝑐𝑡)

where 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 and 𝑜𝑏𝑗𝑒𝑐𝑡 are entities and 𝑝𝑟𝑒𝑑𝑖𝑐𝑎𝑡𝑒 is their 
relation.

v The set of these triples represents knowledge.
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v Consider the statement 

Matthew Perry is an actor who portrayed the character  
Chandler Bing in the television sitcom Friends.
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v Consider the statement 

Matthew Perry is an actor who portrayed the character  
Chandler Bing in the television sitcom Friends.

v This information can be represented using the following set of 
triples.

Subject Predicate Object
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v Consider the statement 

Matthew Perry is an actor who portrayed the character  
Chandler Bing in the television sitcom Friends.

v This information can be represented using the following set of 
triples.

Subject Predicate Object

Matthew Perry profession Actor
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v Consider the statement 

Matthew Perry is an actor who portrayed the character  
Chandler Bing in the television sitcom Friends.

v This information can be represented using the following set of 
triples.

Subject Predicate Object

Matthew Perry profession Actor

Matthew Perry starredIn Friends
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v Consider the statement 

Matthew Perry is an actor who portrayed the character  
Chandler Bing in the television sitcom Friends.

v This information can be represented using the following set of 
triples.

Subject Predicate Object

Matthew Perry profession Actor

Matthew Perry starredIn Friends

Matthew Perry portrayed Chandler Bing
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v Consider the statement 

Matthew Perry is an actor who portrayed the character  
Chandler Bing in the television sitcom Friends.

v This information can be represented using the following set of 
triples.

Subject Predicate Object

Matthew Perry profession Actor

Matthew Perry starredIn Friends

Matthew Perry portrayed Chandler Bing

Chandler Bing characterIn Friends
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v Consider the statement 

Matthew Perry is an actor who portrayed the character  
Chandler Bing in the television sitcom Friends.

v This information can be represented using the following set of 
triples.

Subject Predicate Object

Matthew Perry profession Actor

Matthew Perry starredIn Friends

Matthew Perry portrayed Chandler Bing

Chandler Bing characterIn Friends

Friends genre Sitcom



10

Knowledge Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Alternatively, one can combine these triples and represent 
them using a graph structure.

v In this representation, we show entities of interest with nodes 
and the relations between these entities using edges.

<latexit sha1_base64="IZ93TbGYjMm3XvAghg3GTZjE6dI="></latexit>vt
<latexit sha1_base64="uDFWQNyKzhW8xBYCh5YoXfzaxvI="></latexit>vh
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v Alternatively, one can combine these triples and represent 
them using a graph structure.

v In this representation, we show entities of interest with nodes 
and the relations between these entities using edges.

v Each 3-tuple (𝑣!, 𝜏, 𝑣") specifies a fact that holds between 
nodes 𝑣! and 𝑣".

v This graph-structured representation of information is known 
as knowledge graph.

v Knowledge graphs can be used to represent the factual 
information and the knowledge of the real world.

<latexit sha1_base64="IZ93TbGYjMm3XvAghg3GTZjE6dI="></latexit>vt
<latexit sha1_base64="uDFWQNyKzhW8xBYCh5YoXfzaxvI="></latexit>vh
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Ø We can represent the set of triplets in our example in a graph-
structured manner.
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Ø We can represent the set of triplets in our example in a graph-
structured manner.

v Knowledge graphs are consist of various types of nodes and 
edges and therefore are heterogenous graphs.
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Heterogeneous Graphs

v Heterogeneous graphs are constructed of nodes and edges
that have different types.

v Each edge is defined by 𝑢, 𝜏, 𝑣 ∈ E, where 𝜏 is the type of the 
edge.

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar
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Heterogeneous Graphs

v Heterogeneous graphs are constructed of nodes and edges
that have different types.

v Each edge is defined by 𝑢, 𝜏, 𝑣 ∈ E, where 𝜏 is the type of the 
edge.

v In a heterogeneous graph 

Here, 𝑉# is set of nodes with type 𝑗.
v Edges of specific type 𝜏$ usually only connect nodes of certain 

types.

<latexit sha1_base64="TEaol3SU8ppoomLQTD4na1cW8gI="></latexit>

V = V1 [ . . . [ Vk, Vi \ Vj = ;, 8i 6= j

<latexit sha1_base64="pcU/HaQ6sExcKbuhOTMNOoLCbiY="></latexit>

(u, ⌧i, v) 2 " ! u 2 Vj , v 2 Vk

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar
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Heterogeneous Graphs

Ø Polypharmacy side-effect graph
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⌧1 : Protein-protein interaction

⌧2 : Protein-drug interaction

⌧3 : Polypharmacy side-e↵ect

<latexit sha1_base64="zlA22uXym2EedyMEYV5/doLw2ok="></latexit>
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<latexit sha1_base64="z/ySiEhoA3Ci6q7cvZTuyxQKYEQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHaw42H</latexit>
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v In recent years, a large number of Knowledge graphs have 
been created.
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been created.

Ø DBpedia: Wikipedia
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v In recent years, a large number of Knowledge graphs have 
been created.

Ø DBpedia: Wikipedia

Ø Freebase: Human contributor
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v In recent years, a large number of Knowledge graphs have 
been created.

Ø DBpedia: Wikipedia

Ø Freebase: Human contributor

Ø Commerce: Amazon, Uber, Airbnb
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v In recent years, a large number of Knowledge graphs have 
been created.

Ø DBpedia: Wikipedia

Ø Freebase: Human contributor

Ø Commerce: Amazon, Uber, Airbnb

Ø Finance: Bloomberg, Capital One.
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v In recent years, a large number of Knowledge graphs have 
been created.

Ø DBpedia: Wikipedia

Ø Freebase: Human contributor

Ø Commerce: Amazon, Uber, Airbnb

Ø Finance: Bloomberg, Capital One.

Ø Social Media: LinkedIn
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v In recent years, a large number of Knowledge graphs have 
been created.

Ø DBpedia: Wikipedia

Ø Freebase: Human contributor

Ø Commerce: Amazon, Uber, Airbnb

Ø Finance: Bloomberg, Capital One.

Ø Social Media: LinkedIn

Ø AstraZeneca: Genomic research
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Ø Web Search

• Google knowledge graph

• Bing knowledge graph (Satori)
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KG Completion
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v Human knowledge about the relation between different entities 
is notoriously incomplete.

v The “place of birth” is missing for 71% of the people on the 
Freebase knowledge graph.

v As a result, knowledge graphs are often riddled with missing 
edges.
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v Human knowledge about the relation between different entities 
is notoriously incomplete.

v The “place of birth” is missing for 71% of the people on the 
Freebase knowledge graph.

v As a result, knowledge graphs are often riddled with missing 
edges.

v Knowledge graph completion approaches are the set of 
techniques aiming to fill the missing edges.

v In addition, they can be used to predict new facts about the 
world.
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v In general, the knowledge graph completion involves link 
prediction problem, while in some cases we may deal with 
node classification as well.

v Link prediction refers to predicting existence of missing 
edges.

Ø

KG Completion

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar
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v In general, the knowledge graph completion involves link 
prediction problem, while in some cases we may deal with 
node classification as well.

v Link prediction refers to predicting existence of missing 
edges.

Ø

KG Completion
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v In general, the knowledge graph completion involves link 
prediction problem, while in some cases we may deal with 
node classification as well.

v Link prediction refers to predicting existence of missing 
edges.

Ø

KG Completion

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar
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KG Embeddings
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v In general, the knowledge graph completion involves link 
prediction problem, while in some cases we may deal with 
node classification as well.

v Link prediction refers to predicting existence of missing 
edges.

v To tackle this link prediction problem with machine learning 
models, we use knowledge graph embedding techniques to 
construct graph embeddings.

v These embeddings consist of entity embeddings 𝒛! and 𝒛"
for nodes 𝑣$ , 𝑣# ∈ 𝑉, and relational embedding 𝑟% that relates 
a pair of  entities
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Relational Patterns 
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v The relations represented on a knowledge graph follow 
different logical patterns.
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v The relations represented on a knowledge graph follow 
different logical patterns.

Ø A relation 𝜏 is symmetric if

•

<latexit sha1_base64="Mrxg0PYL2MPMFL2lwN+puL6aclw="></latexit>
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v The relations represented on a knowledge graph follow 
different logical patterns.

Ø A relation 𝜏 is symmetric if

•
(Bill, marriedTo, Hillary) ⇔ (Hillary, marriedTo, Bill)

<latexit sha1_base64="Mrxg0PYL2MPMFL2lwN+puL6aclw="></latexit>
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Relational Patterns 
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v The relations represented on a knowledge graph follow 
different logical patterns.

Ø A relation 𝜏 is symmetric if

•
(Bill, marriedTo, Hillary) ⇔ (Hillary, marriedTo, Bill)

Ø An anti-symmetric relation 𝜏 indicates that

<latexit sha1_base64="Mrxg0PYL2MPMFL2lwN+puL6aclw="></latexit>
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v The relations represented on a knowledge graph follow 
different logical patterns.

Ø A relation 𝜏 is symmetric if

•
(Bill, marriedTo, Hillary) ⇔ (Hillary, marriedTo, Bill)

Ø An anti-symmetric relation 𝜏 indicates that

Ø A relation 𝜏& is inverse to relation 𝜏' if for all 𝑣!, 𝑣" ∈ V.

<latexit sha1_base64="Mrxg0PYL2MPMFL2lwN+puL6aclw="></latexit>

(vh, ⌧, vt) 2 E () (vt, ⌧, vh) 2 E

<latexit sha1_base64="XZExVxEAE44Yv4vXWu/sKkJSzfA="></latexit>

(vh, ⌧1, vt) 2 E () (vt, ⌧2, vh) 2 E

<latexit sha1_base64="dRxvqGQaJVNvxjOmrCSh9Bd6puw="></latexit>

(vh, ⌧, vt) 2 E =) (vt, ⌧, vh) /2 E
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v The relations represented on a knowledge graph follow 
different logical patterns.

Ø A relation 𝜏 is symmetric if

•
(Bill, marriedTo, Hillary) ⇔ (Hillary, marriedTo, Bill)

Ø An anti-symmetric relation 𝜏 indicates that

Ø A relation 𝜏& is inverse to relation 𝜏' if for all 𝑣!, 𝑣" ∈ V.

•
(Jesus, childOf, Mary)⇔(Mary, parentOf, Jesus)

<latexit sha1_base64="Mrxg0PYL2MPMFL2lwN+puL6aclw="></latexit>

(vh, ⌧, vt) 2 E () (vt, ⌧, vh) 2 E

<latexit sha1_base64="XZExVxEAE44Yv4vXWu/sKkJSzfA="></latexit>

(vh, ⌧1, vt) 2 E () (vt, ⌧2, vh) 2 E

<latexit sha1_base64="dRxvqGQaJVNvxjOmrCSh9Bd6puw="></latexit>

(vh, ⌧, vt) 2 E =) (vt, ⌧, vh) /2 E
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Ø Compositionality: Relation 𝜏( is composed of relations 𝜏& and 
𝜏' if for all 𝑣$ , 𝑣# , 𝑣) ∈ V,

<latexit sha1_base64="C7TLBfV90L6Nu0YkEPwIEGnHb98="></latexit>

(vi, ⌧1, vj) 2 E ^ (vj , ⌧2, vk) =) (vi, ⌧3, vk) 2 E
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Ø Compositionality: Relation 𝜏( is composed of relations 𝜏& and 
𝜏' if for all 𝑣$ , 𝑣# , 𝑣) ∈ V,

• College varsity teams draft players from students enrolled in 
that college.

(Ian Book, draftedBy, Fighting Irish)∧ (Fighting Irish, school, Notre Dame)

→ (Ian Book, enrolledAt, Notre Dame)

<latexit sha1_base64="C7TLBfV90L6Nu0YkEPwIEGnHb98="></latexit>

(vi, ⌧1, vj) 2 E ^ (vj , ⌧2, vk) =) (vi, ⌧3, vk) 2 E
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v While in principle one can use GNN models to learn these 
embeddings, for simplicity, we are focusing on learning 
approaches based on shallow embedding.

v In the shallow embedding approach, we need to define a loss, 
a similarity measure, and a decoder.
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v While in principle one can use GNN models to learn these 
embeddings, for simplicity, we are focusing on learning 
approaches based on shallow embedding.

v In the shallow embedding approach, we need to define a loss, 
a similarity measure, and a decoder.

v Learning node embeddings involves reconstructing the local 
structure of a node 𝑣$ given its embedding 𝒛$.

v While learning node embeddings, we used various node-node 
similarity measures to define this local structure.
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v While in principle one can use GNN models to learn these 
embeddings, for simplicity, we are focusing on learning 
approaches based on shallow embedding.

v In the shallow embedding approach, we need to define a loss, 
a similarity measure, and a decoder.

v Learning node embeddings involves reconstructing the local 
structure of a node 𝑣$ given its embedding 𝒛$.

v While learning node embeddings, we used various node-node 
similarity measures to define this local structure.

v Similarly, in knowledge graph completion, we aim to 
reconstruct the relation between nodes 𝑣$ and 𝑣# given the 
embeddings 𝒛$ and 𝒛#.
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v While reconstructing node’s neighborhood in simple graphs 
involves prediction of existence of edges, in knowledge 
graphs, we deal with various edge types.

v Therefore, we simply predict multi-relational neighbors.
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v While reconstructing node’s neighborhood in simple graphs 
involves prediction of existence of edges, in knowledge 
graphs, we deal with various edge types.

v Therefore, we simply predict multi-relational neighbors.
v To accommodate reconstructing multi-relational neighbors, 

we augment the decoder with relation specific embedding 𝒓%.
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v While reconstructing node’s neighborhood in simple graphs 
involves prediction of existence of edges, in knowledge 
graphs, we deal with various edge types.

v Therefore, we simply predict multi-relational neighbors.
v To accommodate reconstructing multi-relational neighbors, 

we augment the decoder with relation specific embedding 𝒓%.
v Therefore, we define the decoder as a map

𝑓*: 𝑅*× ℛ× 𝑅* → 𝑅+

to predict existence of edge types between nodes 𝑣$ and 𝑣#.
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v While reconstructing node’s neighborhood in simple graphs 
involves prediction of existence of edges, in knowledge 
graphs, we deal with various edge types.

v Therefore, we simply predict multi-relational neighbors.
v To accommodate reconstructing multi-relational neighbors, 

we augment the decoder with relation specific embedding 𝒓%.
v Therefore, we define the decoder as a map

𝑓*: 𝑅*× ℛ× 𝑅* → 𝑅+

to predict existence of edge types between nodes 𝑣$ and 𝑣#.

v Given node embeddings 𝒛$ and 𝒛# and relational embedding 𝒓%, 
a decoder 𝑓* evaluates the plausibility of the edge type 𝜏
between nodes 𝑣$ and 𝑣#.
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Multi-relational Decoder
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v When training the model for the link prediction task, we 
predict the plausibility of the relational data. These relations 
have been extracted from the external sources.

v Then, we used the trained model to predict the plausibility of 
existence of missing edges.
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v When training the model for the link prediction task, we 
predict the plausibility of the relational data. These relations 
have been extracted from the external sources.

v Then, we used the trained model to predict the plausibility of 
existence of missing edges.

v The decoders can generally be divided into two categories.
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v When training the model for the link prediction task, we 
predict the plausibility of the relational data. These relations 
have been extracted from the external sources.

v Then, we used the trained model to predict the plausibility of 
existence of missing edges.

v The decoders can generally be divided into two categories.

Ø Translational decoders

• These approaches derive the likelihood of a relation 
between two entities from the distance between their 
embeddings.
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Multi-relational Decoder
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v When training the model for the link prediction task, we 
predict the plausibility of the relational data. These relations 
have been extracted from the external sources.

v Then, we used the trained model to predict the plausibility of 
existence of missing edges.

v The decoders can generally be divided into two categories.

Ø Translational decoders

• These approaches derive the likelihood of a relation 
between two entities from the distance between their 
embeddings.

Ø Tensor decomposition decoders
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v In translational models, a distance function 𝑑 measures the 
closeness of the two entities.
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v In translational models, a distance function 𝑑 measures the 
closeness of the two entities.

v In the translational models, relational embeddings represent 
translations in the embedding space.

v In other words, we assume that the relational embedding 𝒓%
translates head node embedding 𝒛! to tail node embedding 
𝒛".
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v In translational models, a distance function 𝑑 measures the 
closeness of the two entities.

v In the translational models, relational embeddings represent 
translations in the embedding space.

v In other words, we assume that the relational embedding 𝒓%
translates head node embedding 𝒛! to tail node embedding 
𝒛".

v This closeness quantifies the probability of the two entities 
being in a relationship.

<latexit sha1_base64="KG1jtmlqt8Q6WGmYQ3Mmavc6K9E="></latexit>

fd (zh, ⌧, zt) = �d (zh + r⌧ , zt)
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v The most basic translational model is called TransE.

v Given a tuple (𝑣!, 𝜏, 𝑣") representing a fact, TransE learns entity 
and relational embeddings 𝒛!, 𝒛", and 𝒓% so as to minimize the 
distance between 𝒛! + 𝒓% and 𝒛".

v TransE scores (𝑣!, 𝜏, 𝑣") based on closeness of 𝒛! + 𝒓% and 𝒛".
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v The most basic translational model is called TransE.

v Given a tuple (𝑣!, 𝜏, 𝑣") representing a fact, TransE learns entity 
and relational embeddings 𝒛!, 𝒛", and 𝒓% so as to minimize the 
distance between 𝒛! + 𝒓% and 𝒛".

v TransE scores (𝑣!, 𝜏, 𝑣") based on closeness of 𝒛! + 𝒓% and 𝒛".

v Mathematically put, TransE defines the decoder as

where 𝒓% ∈ ℝ* is the relational embedding and 𝒛!, 𝒛" ∈ ℝ* are 
entity embeddings.

v Therefore, the distance between the translated entity 
embedding 𝒛! + 𝒓% and the entity embedding 𝒛" represents the 
likelihood of existence of relation type 𝜏 between 𝑣! and 𝑣".

<latexit sha1_base64="H5uLnox17rKffAy/iAr6ExPJTYs="></latexit>

fd (zh, ⌧, zt) = �kzh + r⌧ � ztk
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Ø Symmetry:

Ø Anti-Symmetry:

<latexit sha1_base64="P5zwQ+JGSuFiaUrjnNDr1ZgS7Og="></latexit>zh

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1
<latexit sha1_base64="P5zwQ+JGSuFiaUrjnNDr1ZgS7Og="></latexit>zh

<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1

<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1<latexit sha1_base64="CR5KYbaMt+haWkC9gP19hzaJRf0="></latexit>

=) r⌧ = 0, zh = zt

<latexit sha1_base64="iiFL/Jh2EHslFEkOFk6VmHNQdZQ="></latexit>

zh + r⌧ = zt
<latexit sha1_base64="pPtNblMS2vUQp+FvATNjKopXqFM="></latexit>

zt + r⌧ = zh

<latexit sha1_base64="wxate5ZlU0ZLfitwgubm5g3T7FE="></latexit>

Cannot.

<latexit sha1_base64="iiFL/Jh2EHslFEkOFk6VmHNQdZQ="></latexit>

zh + r⌧ = zt
<latexit sha1_base64="EM3kbEt0cIPsRssteub2iXDtLFM="></latexit>

zt + r⌧ 6= zh
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v Inverse:

v Compositionality:

<latexit sha1_base64="HnYupOsNk3AkDiQ4+hbdtpqJL+s="></latexit>

zh + r⌧1 = zt
<latexit sha1_base64="JFPoDcGz/WMc0TQAQGo01FSmNAo="></latexit>

zt + r⌧2 = zh

<latexit sha1_base64="ShJ132uhLeH0bxZ80QehkvtO9CM="></latexit>

=) r⌧1 = �r⌧2
<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1

<latexit sha1_base64="xluDsFQ37t/BAAqTgt7GX7bfh0Q="></latexit>r⌧2

<latexit sha1_base64="P5zwQ+JGSuFiaUrjnNDr1ZgS7Og="></latexit>zh

<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt

<latexit sha1_base64="5JN63VhtoxY8rl3UHoKyipu/nec="></latexit>

zi + r⌧1 = zj
<latexit sha1_base64="ieH4yUbWJAHyT5IKkxFlUhyh730="></latexit>

zj + r⌧2 = zk
<latexit sha1_base64="Mi4Mv3PdFTQyu+AkL+SLmGjOBHk="></latexit>

zi + r⌧3 = zk

<latexit sha1_base64="+SJVwEPdltyS/ZOAF7uPUOXy+/g="></latexit>

=) r⌧1 + r⌧2 = r⌧3

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1

<latexit sha1_base64="xluDsFQ37t/BAAqTgt7GX7bfh0Q="></latexit>r⌧2

<latexit sha1_base64="z3Lwo+OhjqZ1fPrJp+GAv1ojqRo="></latexit>r⌧3

<latexit sha1_base64="d7ZTMz3mfSqq3OEjpBin9qjXCvE="></latexit>zi

<latexit sha1_base64="1sok65EOFsqtwQwu5zjOP80cCGI="></latexit>zj

<latexit sha1_base64="+6PLxQqCWKILzWQ1IuSFH8i4mBE="></latexit>zk
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v To address these issues, many variants of the TransE model 
have been proposed.
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v To address these issues, many variants of the TransE model 
have been proposed.

v TransR is defined based on the intuition that, entities have 
various aspects, and different relational spaces should 
represent different aspect of these entities.
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v To address these issues, many variants of the TransE model 
have been proposed.

v TransR is defined based on the intuition that, entities have 
various aspects, and different relational spaces should 
represent different aspect of these entities.

v TransR approach represents each relation type 𝜏 in a distinct 
vector space.

v TransR uses relation-specific projection matrices 𝑀% to project 
node embeddings onto the relation-specific vector space 
before translating them.

<latexit sha1_base64="RTR9Z+1sIh64zwxCBRvzk+Kusb0=">AAACYnicjVFNS8NAFNxEq7Vqm9qjHoJF8CAlkaJehKIXL0IFWwtNDZvNpl26+ejui1hD/qQ3T178IW4/Dtp6cGDZYd4b3ttZL+FMgmV9aPrGZmFru7hT2t3bL1eM6kFXxqkgtENiHouehyXlLKIdYMBpLxEUhx6nT974dlZ/eqFCsjh6hGlCByEeRixgBIOSXGPqeDH35TRUV/aWu6PnzAGc5tcO0Ffwguw+dxfKauOZM5mk2F+R4b9+cI261bDmMNeJvSR1tETbNd4dPyZpSCMgHEvZt60EBhkWwAineclJJU0wGeMh7Ssa4ZDKQTaPKDdPlOKbQSzUicCcqz8dGQ7lbDnVGWIYydXaTPyr1k8huBpkLEpSoBFZDApSbkJszvI2fSYoAT5VBBPB1K4mGWGBCahfKakQ7NUnr5PuecO+aDQfmvXWzTKOIjpEx+gU2egStdAdaqMOIuhTK2hlraJ96SW9qtcWrbq29NTQL+hH3wXWvSk=</latexit>

z⌧
h = M⌧zh, z⌧

t = M⌧zt
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v We can formulate the TransR model as

where 𝒛!, 𝒛" ∈ ℝ*, 𝒓% ∈ ℝ) and 𝐌% ∈ ℝ)×*.

<latexit sha1_base64="T7mFwmRAdn1SHopVoCoPM/lZhhQ="></latexit>

fd (zh, ⌧, zt) = �kM⌧zh + r⌧ �M⌧ztk

<latexit sha1_base64="vXy8Mzqot4nhyMyI1n1o7lIV+qI="></latexit>

M⌧

<latexit sha1_base64="P5zwQ+JGSuFiaUrjnNDr1ZgS7Og="></latexit>zh

<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt

<latexit sha1_base64="MU5b1Ip9JAbzWhOhdhu6sHAtFoI="></latexit>

z⌧
h

<latexit sha1_base64="n3cJngoe7nG/c2OYEYzqXftjoV8="></latexit>

z⌧
t

<latexit sha1_base64="usmp0o3tg919VVkptRYfOyK9mj4="></latexit>r⌧
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Ø Symmetry:

Ø Anti-Symmetry:

<latexit sha1_base64="n07DlkEAi5KYQC0tcRe7wBR98nw="></latexit>

M⌧zh + r⌧ = M⌧zt
<latexit sha1_base64="ofz7aa3A82P+HbtN85PpnMsPt9Y="></latexit>
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M⌧zh = M⌧zt
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<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt
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h

<latexit sha1_base64="n3cJngoe7nG/c2OYEYzqXftjoV8="></latexit>

z⌧
t

<latexit sha1_base64="vXy8Mzqot4nhyMyI1n1o7lIV+qI="></latexit>

M⌧
<latexit sha1_base64="P5zwQ+JGSuFiaUrjnNDr1ZgS7Og="></latexit>zh

<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt

<latexit sha1_base64="MU5b1Ip9JAbzWhOhdhu6sHAtFoI="></latexit>

z⌧
h

<latexit sha1_base64="n3cJngoe7nG/c2OYEYzqXftjoV8="></latexit>

z⌧
t

<latexit sha1_base64="usmp0o3tg919VVkptRYfOyK9mj4="></latexit>r⌧
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v Inverse:

v If 𝑀%! = 𝑀%", we can project entity embeddings to the same 
relation specific space, and we can use

<latexit sha1_base64="RdIho3DiUpCb5yS4+DgQSY6IZH0="></latexit>r⌧1 = �r⌧2

<latexit sha1_base64="JWnzZ7YTKKY6/N/HqMjZFVrJO+M="></latexit>

M⌧1zh + r⌧1 =M⌧1zt

M⌧2zt + r⌧2 =M⌧2zh

<latexit sha1_base64="P5zwQ+JGSuFiaUrjnNDr1ZgS7Og="></latexit>zh

<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt
<latexit sha1_base64="LxPtN19dbxM4FcfJZdQworvfQrw="></latexit>

M⌧1

<latexit sha1_base64="/mFR8eluuUpJo3GGgMCRdSU/JOs="></latexit>

M⌧2
<latexit sha1_base64="OSfG35KdRrRzTjNYz6lGOb7kixc="></latexit>

z⌧1
h

<latexit sha1_base64="rohi/cN5mxEwzib0YBYaQ6Fwncw="></latexit>

z⌧2
h

<latexit sha1_base64="g2y6tfZ1J0mHQB/RmFd4kJphi5s="></latexit>

z⌧2
t <latexit sha1_base64="kHlUQzhMsQQMtE//Ok7fsPzgzwE="></latexit>

z⌧1
t

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1

<latexit sha1_base64="xluDsFQ37t/BAAqTgt7GX7bfh0Q="></latexit>r⌧2
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Ø Compositionality:

v Since translations between relation specific spaces are not 
defined, we can’t represent compositional patterns using 
TransR.

<latexit sha1_base64="R5RwvK8tM9W9N6fg6pFHlQSJcy4="></latexit>

M⌧1zi + r⌧1 = M⌧1zj

M⌧2zj + r⌧2 = M⌧2zk

M⌧3zi + r⌧3 = M⌧3zk
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v RotatE, learns translational embeddings in the complex space.

v In this method, relations are modeled as element-wise 
rotations in the complex vector space.

v Based on Euler’s identity

A unitary complex number can represent a relation in the 
complex plane.

v Motivated by Euler’s identity, RotatE defines the decoder as

where 𝒛!, 𝒛", 𝒓% ∈ ℂ* and                 .

<latexit sha1_base64="UOWwDF/clDAsrLVeZ5sfymYZQOw="></latexit>

ei✓ = cos ✓ + i sin ✓

<latexit sha1_base64="O01Od/2vxdGuygZMqygz5GVCyCc="></latexit>

fd (zh, ⌧, zt) = �kzh � r⌧ � ztk
<latexit sha1_base64="kw1dwOk/QOjTR/4LMxGr0ftHg7g=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSJ0VRIRdSMU3bisYB+QhDCZTNqhkwczN0JJ8wtu/BU3LhRx686df+Ok7UJbDwxzOOde7r3HTzmTYJrfWmVldW19o7pZ29re2d3T9w+6MskEoR2S8ET0fSwpZzHtAANO+6mgOPI57fmjm9LvPVAhWRLfwzilboQHMQsZwaAkT284nIYwsR0/4YEcR+rLReHlDuCscD3mCDYYwuTK8vS62TSnMJaJNSd1NEfb07+cICFZRGMgHEtpW2YKbo4FMMJpUXMySVNMRnhAbUVjHFHp5tOLCuNEKYERJkK9GIyp+rsjx5Est1WVEYahXPRK8T/PziC8dHMWpxnQmMwGhRk3IDHKeIyACUqAjxXBRDC1q0GGWGACKsSaCsFaPHmZdE+b1nnz7O6s3rqex1FFR+gYNZCFLlAL3aI26iCCHtEzekVv2pP2or1rH7PSijbvOUR/oH3+AGxanqU=</latexit>

|[r⌧ ]i| = 1
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RotatE: Relational Patterns
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v Symmetry:

v Anti-Symmetry:

<latexit sha1_base64="OZjrHOW8bSsWmwDpVpIkD7dbESw="></latexit>

zh � r⌧ =zt

zt � r⌧ =zh

=) [r⌧ ]j = �1

<latexit sha1_base64="0KfSVrFykshk7sP09QojpxDj9ho="></latexit>

zh � r⌧ =zt

zt � r⌧ 6=zh

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1

<latexit sha1_base64="P5zwQ+JGSuFiaUrjnNDr1ZgS7Og="></latexit>zh

<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt

<latexit sha1_base64="P5zwQ+JGSuFiaUrjnNDr1ZgS7Og="></latexit>zh

<latexit sha1_base64="e/cjrqSvC/Ss2isNT8/2PkysCNQ="></latexit>zt

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1

<latexit sha1_base64="Tk5ixwCUlLNfw+N0QXqk9WWaLzw="></latexit>r⌧1
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v Inverse:

v Compositionality:

<latexit sha1_base64="DBPM3vKfaaQJEdp3qGXBt6YZ8Mg="></latexit>r⌧1

<latexit sha1_base64="yS0aVX4JofHJU1781njjMUc707o="></latexit>r⌧2

<latexit sha1_base64="z3Lwo+OhjqZ1fPrJp+GAv1ojqRo="></latexit>r⌧3

<latexit sha1_base64="d7ZTMz3mfSqq3OEjpBin9qjXCvE="></latexit>zi

<latexit sha1_base64="1sok65EOFsqtwQwu5zjOP80cCGI="></latexit>zj

<latexit sha1_base64="+6PLxQqCWKILzWQ1IuSFH8i4mBE="></latexit>zk

<latexit sha1_base64="8ih+Qui/EwdwmXcWwQs3PT0OOQ0="></latexit>

✓3 = ✓2 + ✓1

<latexit sha1_base64="YBc2DkgWsgAf5Lw1zd+riW4dvAo="></latexit>

r⌧2 = r̄⌧1
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Tensor Decomposition Models
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v Another group of decoding models are tensor decomposition 
models.

v Here we review the following methods

Ø RESCAL

Ø DistMult

Ø ComplEx
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RESCAL
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v RESCAL is one of the earliest learning approaches for multi-
relational embeddings.

v RESCAL defines a decoder based on pair-wise interaction of 
the embeddings

where 𝒓% ∈ ℝ*×* is a learnable relation-specific matrix and 
𝒛!, 𝒛" ∈ ℝ* are entity embeddings.

v Element 𝒓% $,# indicates how much embedding dimensions 
𝒛! $ and 𝒛" # interact in the relation type 𝜏.

<latexit sha1_base64="zp2dbBKnA+OblcuUeBZmU/z3KE0="></latexit>

fd (zh, ⌧, zt) = zT
h r⌧zt
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RESCAL
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v RESCAL is one of the earliest learning approaches for multi-
relational embeddings.

v RESCAL defines a decoder based on pair-wise interaction of 
the embeddings

where 𝒓% ∈ ℝ*×* is a learnable relation-specific matrix and 
𝒛!, 𝒛" ∈ ℝ* are entity embeddings.

v Element 𝒓% $,# indicates how much embedding dimensions 
𝒛! $ and 𝒛" # interact in the relation type 𝜏.

v While RESCAL can infer the discussed relational patterns, it is 
computationally expensive.

<latexit sha1_base64="zp2dbBKnA+OblcuUeBZmU/z3KE0="></latexit>

fd (zh, ⌧, zt) = zT
h r⌧zt
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v DistMult method defines the decoder 𝑓* using element-wise 
product between head embedding 𝒛!, relational embedding 𝒓%
and the tail embedding 𝒛"

where 𝒛!, 𝒛", 𝒓% ∈ ℝ*.

v This type of decoder is a generalization of the dot-product 
decoders.

<latexit sha1_base64="R/Ab9fsYPr90fUqT3VNwM0HL2kU="></latexit>

fd (zh, ⌧, zt) =
dX

i=1

[zh]i[r⌧ ]i[zt]i
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DistMult: Relational Patterns
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Ø Symmetry:

Therefore,

Ø Anti-Symmetry:

• Since 𝑓* is commutative, DistMult can model symmetric 
relational patters, but not anti-symmetric patterns.

<latexit sha1_base64="yNMeRGZ2xr9g+nK08D6fkavpNIw="></latexit>

fd (zh, ⌧, zt) =
dX

i=1

[zh]i [r⌧ ]i [zt]i

=
dX

i=1

[zt]i [r⌧ ]i [zh]i

= fd (zt, ⌧, zh)

<latexit sha1_base64="Mrxg0PYL2MPMFL2lwN+puL6aclw="></latexit>

(vh, ⌧, vt) 2 E () (vt, ⌧, vh) 2 E



72

DistMult: Relational Patterns
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Ø Inverse:

v For two node embeddings with inverse relations,

Therefore, we conclude that
𝒓%! = 𝒓%"

v This is not acceptable as two different relations are 
represented with the same embedding.

<latexit sha1_base64="8oaKcyjfJnKsqtt9PAk6NwPBxNw="></latexit>

dX

i=1

[zh]i [r⌧1 ]i [zt]i =
dX

i=1

[zt]i [r⌧2 ]i [zh]i
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ComplEx
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v ComplEx approach improves DistMult by generalizing entity 
and relational embeddings to the complex domain.

v The ComplEx model is formulated as

where 𝒛!, 𝒓%, 𝒛" ∈ ℂ* and E𝒛"represent the complex conjugate of 
𝒛".

v Using the complex conjugate for entity 𝑣" facilities modeling 
asymmetric relations.

<latexit sha1_base64="Kzk83YiQzLkJuFpQC6odA5oJP/M="></latexit>

fd (zh, ⌧, zt) = Re

 
dX

i=1

[zh]i[r⌧ ]i[z̄t]i

!
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ComplEx: Relational Patterns
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v Symmetry:

v If 𝐼𝑚(𝒓%) = 0, then

<latexit sha1_base64="j8EBcduBZvzuFteBOq3h+727XLg="></latexit>

df (zh, ⌧, zt) = Re

 
dX

i=1

[zh]i [r⌧ ]i [z̄t]i

!

=
dX

i=1

Re ([zh]i [r⌧ ]i [z̄t]i)

<latexit sha1_base64="112gcmRm3WzfX5EWpnDGA02Aomk="></latexit>

=
dX

i=1

[r⌧ ]i Re ([zh]i [z̄t]i)

=
dX

i=1

[r⌧ ]i Re ([z̄h]i [zt]i)

= Re

 
dX

i=1

[zt]i [r⌧ ]i [z̄h]i

!

= df (zt, ⌧, zh)
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ComplEx: Relational Patterns
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Ø Inverse:

v By setting
𝑟%! = �̅�%"

It can represent inverse relations

Ø Compositionality:

v It can’t represent compositional relations
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Summary
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v Knowledge graphs

v Knowledge graph Completion

v Multi-relational decoders

Ø TransE

Ø TransR

Ø RotatE

Ø RESCAL

Ø DistMult

Ø ComplEx


