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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lectures, we discussed learning node feature 
representations.

v Node feature vectors 𝒛!, also called a node embedding, are 
low-dimensional vectors that represent the node on a low-
dimensional space.
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Node Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In the previous lectures, we discussed learning node feature 
representations.

v Node feature vectors 𝒛!, also called a node embedding, are 
low-dimensional vectors that represent the node on a low-
dimensional space.
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Shallow Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We have so far relied on shallow embedding method to learn 
node representations.

v In this method, an embedding look up takes the node index 𝑖
as input and returns an embedding 𝒛! ∈ ℝ" for the node.

v We directly learn node embeddings as model parameters.
Ø Model parameters are |𝑉| vectors of dimension 𝐷.
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Graph ML Tasks

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The learned node embeddings can be used in node-level
tasks.

Ø Node classification

v One can construct a feature vectors 𝒛 !,$ corresponding to 
edges (𝑣! , 𝑣$) by integrating pairs of node embeddings 𝒛! and 
𝒛$, to perform edge-level tasks.

Ø Link prediction

v Similarly, dummy node approach can be used to generate 
graph or subgraph-level embeddings.

Ø Graph-level tasks such as graph regression and graph 
classification.
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Shallow Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Shallow embedding methods have a few shortcomings:
Ø Embedding 𝒁 is learned as model parameter and nodes do 

not share parameters within the encoder.
Ø They are transductive and can’t learn embedding on nodes 

that were not seen during the training.
Ø They don’t leverage node attributes.
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Graph-based Neural Network

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Shallow embedding methods have a few shortcomings:
Ø Embedding 𝒁 is learned as model parameter and nodes do 

not share parameters within the encoder.
Ø They are transductive and can’t learn embedding on nodes 

that were not seen during the training.
Ø They don’t leverage node attributes.

v More sophisticated encoders based on deep learning 
models alleviate these limitations.

v Graph neural networks incorporate information from the 
structure of the graph, as well as the attributes on the nodes 
of the graph.
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Graph-based Neural Network

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Shallow embedding methods have a few shortcomings:
Ø Embedding 𝒁 is learned as model parameter and nodes do 

not share parameters within the encoder.
Ø They are transductive and can’t learn embedding on nodes 

that were not seen during the training.
Ø They don’t leverage node attributes.

v More sophisticated encoders based on deep learning 
models alleviate these limitations.

v Graph neural networks incorporate information from the 
structure of the graph, as well as the attributes on the nodes 
of the graph.

v To design a graph-based neural network, we need to define a 
layer-wise propagation rule for graph structured data.
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Fully-Connected Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One approach could be to pass a vector representation 𝒙% of 
the graph 𝐺 to a simple fully connected network 𝑓.

v To pass a graph to a neural network, we need to convert the 
graph to a vector representation.

v However, it is not clear how to construct this vector 
representation.

v One can use a flattened adjacency matrix as input

<latexit sha1_base64="gKIL+jNCgewZiAIfU5ZX3ka4cVM="></latexit>
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Permutation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To pass a graph to a neural network, we need to convert the 
graph to a vector representation.

v However, it is not clear how to construct this vector 
representation.

v One can use a flattened adjacency matrix as input

Ø Consider a graph 𝐺, with its adjacency matrix defined as
<latexit sha1_base64="O3XS02YAtN7RrpggMYnlgO8lJxI="></latexit>
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Permutation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To pass a graph to a neural network, we need to convert the 
graph to a vector representation.

v However, it is not clear how to construct this vector 
representation.

v One can use a flattened adjacency matrix as input

Ø Consider a graph 𝐺, with its adjacency matrix defined as
<latexit sha1_base64="O3XS02YAtN7RrpggMYnlgO8lJxI="></latexit>
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<latexit sha1_base64="G5iebVyXnLy0fVEV8yvyhAHPHjc="></latexit>

a b c d
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xG = (0, 1, 0, 1, 1, 0, 1, 0, 0, 1, 0, 1, 1, 0, 1, 0)
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Permutation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Let 𝑷 define a permutation matrix

v We can construct a permuted graph 𝐺′ with adjacency matrix. 

<latexit sha1_base64="fqmjUNwJ7r6bLdxHCkjLPMcuGLc="></latexit>
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Permutation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Let 𝑷 define a permutation matrix

v We can construct a permuted graph 𝐺′ with adjacency matrix 

<latexit sha1_base64="fqmjUNwJ7r6bLdxHCkjLPMcuGLc="></latexit>
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Permutation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Let 𝑷 define a permutation matrix

v We can construct a permuted graph 𝐺′ with adjacency matrix 

<latexit sha1_base64="fqmjUNwJ7r6bLdxHCkjLPMcuGLc="></latexit>
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Permutation

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Let 𝑷 define a permutation matrix

v We can construct a permuted graph 𝐺′ with adjacency matrix 

<latexit sha1_base64="fqmjUNwJ7r6bLdxHCkjLPMcuGLc="></latexit>
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0 0 0 1
0 0 1 0

3

775
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xG0 = (0, 1, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1, 0)

<latexit sha1_base64="a6LOEPWDd2OzDWTPBFui0Jdod1E="></latexit>

a b d c
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Permutation Invariance and Equivariance

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v There are 24 different permutations of a simple graph of size 4.

v The output 𝑓(𝒙%) constructed in this way depends on ordering 
of the nodes.

v To avoid this, the propagation rule 𝑓 should satisfy either
Ø Permutation invariance:

Ø Permutation equivariance:

<latexit sha1_base64="9cJMI696BR5wmiw4Ot4Ks2Msd/o=">AAACF3icbVBNS8MwGE7n15xfVY9egkOYMEorQ70IQw96nOA+YCslzdItLE1Lkoqj7F948a948aCIV735b0y3HnTzhTc8eZ73JXkeP2ZUKtv+NgpLyyura8X10sbm1vaOubvXklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/usr09j0Rkkb8To1j4oZowGlAMVKa8kyrFyI19IP0YeJdX1TsqlPNenba1bn7sWeWbcueFlwETg7KIK+GZ371+hFOQsIVZkjKrmPHyk2RUBQzMin1EklihEdoQLoachQS6aZTXxN4pJk+DCKhmys4ZX9vpCiUchz6ejJzIee1jPxP6yYqOHdTyuNEEY5nDwUJgyqCWUiwTwXBio01QFhQ/VeIh0ggrHSUJR2CM295EbROLOfUqt3WyvXLPI4iOACHoAIccAbq4AY0QBNg8AiewSt4M56MF+Pd+JiNFox8Zx/8KePzBx0vmY4=</latexit>

xG = (0, 1, 0, 1, 1, 0, 1, 0, 0, 1, 0, 1, 1, 0, 1, 0)
<latexit sha1_base64="tl8LEXTWot6gnyoAcb7+cdZz/9E=">AAACGnicbVBNS8MwGE7n15xfVY9eikOcICOVoV6EoQc9TnAfsJWRZukWlqYlScVR+ju8+Fe8eFDEm3jx35h2FXT6hDc8PO/7kjyPGzIqFYSfRmFufmFxqbhcWlldW98wN7daMogEJk0csEB0XCQJo5w0FVWMdEJBkO8y0nbHF2m/fUuEpAG/UZOQOD4acupRjJSW+qbd85EauV58l/Tjy/3krAIPbX1gVt8c5oq+D/pmGVZhBusvsXNSBjkaffO9Nwhw5BOuMENSdm0YKidGQlHMSFLqRZKECI/RkHQ15cgn0okza4m1p5WB5QVCF1dWpv7ciJEv5cR39WRqRM72UvG/XjdS3qkTUx5GinA8fciLmKUCK83JGlBBsGITTRAWVP/VwiMkEFY6zZIOwZ61/Je0jqr2cbV2XSvXz/M4imAH7IIKsMEJqIMr0ABNgME9eATP4MV4MJ6MV+NtOlow8p1t8AvGxxd2gZrL</latexit>

xG0 = (0, 1, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1, 0)
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Permutation Invariance and Equivariance

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v There are 24 different permutations of a simple graph of size 4.

v The output 𝑓(𝒙%) constructed in this way depends on ordering 
of the nodes.

v To avoid this, the propagation rule 𝑓 should satisfy either
Ø Permutation invariance:
• Output is not affected by the permutation of the input graph

Ø Permutation equivariance:
• Output is permuted in the same order as the input matrix.

<latexit sha1_base64="7qpE/Xa06I6bRLpWZn92jXwOAxQ=">AAACGnicbVDLSsNAFJ34rPUVdekmWIR2UxIp6kZodeOyQl/QxjKZTtqhkwczN2IJ+Q43/oobF4q4Ezf+jdM2Um09MHA451zu3OOEnEkwzS9taXlldW09s5Hd3Nre2dX39hsyiAShdRLwQLQcLClnPq0DA05boaDYczhtOsOrsd+8o0KywK/BKKS2h/s+cxnBoKSubrn5DtB7cNy4mvywSjLTbmuFi1mmkhS6es4smhMYi8RKSQ6lqHb1j04vIJFHfSAcS9m2zBDsGAtghNMk24kkDTEZ4j5tK+pjj0o7npyWGMdK6RluINTzwZiovydi7Ek58hyV9DAM5Lw3Fv/z2hG453bM/DAC6pPpIjfiBgTGuCejxwQlwEeKYCKY+qtBBlhgAqrNrCrBmj95kTROitZpsXRTypUv0zoy6BAdoTyy0Bkqo2tURXVE0AN6Qi/oVXvUnrU37X0aXdLSmQP0B9rnN0dHoaE=</latexit>

f(PAPT ) = f(A)

<latexit sha1_base64="dAlebma0TRLuVC7nXm/z0Jino5I=">AAACJHicbVDLSgMxFM3UV62vUZduBovQbsqMFBVEaHXjskJf0NaSSTNtaOZBckcsw3yMG3/FjQsfuHDjt5i2I9XWA4GTc84luccOOJNgmp9aaml5ZXUtvZ7Z2Nza3tF39+rSDwWhNeJzXzRtLClnHq0BA06bgaDYtTlt2MOrsd+4o0Iy36vCKKAdF/c95jCCQUld/dzJtYHeg+1ElfiHleOZdlvNX8xus3Q5znf1rFkwJzAWiZWQLEpQ6epv7Z5PQpd6QDiWsmWZAXQiLIARTuNMO5Q0wGSI+7SlqIddKjvRZMnYOFJKz3B8oY4HxkT9PRFhV8qRa6uki2Eg572x+J/XCsE560TMC0KgHpk+5ITcAN8YN2b0mKAE+EgRTARTfzXIAAtMQPWaUSVY8ysvkvpxwTopFG+K2dJlUkcaHaBDlEMWOkUldI0qqIYIekBP6AW9ao/as/aufUyjKS2Z2Ud/oH19A+8PpjY=</latexit>

f(PAPT ) = Pf(A)

<latexit sha1_base64="9cJMI696BR5wmiw4Ot4Ks2Msd/o=">AAACF3icbVBNS8MwGE7n15xfVY9egkOYMEorQ70IQw96nOA+YCslzdItLE1Lkoqj7F948a948aCIV735b0y3HnTzhTc8eZ73JXkeP2ZUKtv+NgpLyyura8X10sbm1vaOubvXklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/usr09j0Rkkb8To1j4oZowGlAMVKa8kyrFyI19IP0YeJdX1TsqlPNenba1bn7sWeWbcueFlwETg7KIK+GZ371+hFOQsIVZkjKrmPHyk2RUBQzMin1EklihEdoQLoachQS6aZTXxN4pJk+DCKhmys4ZX9vpCiUchz6ejJzIee1jPxP6yYqOHdTyuNEEY5nDwUJgyqCWUiwTwXBio01QFhQ/VeIh0ggrHSUJR2CM295EbROLOfUqt3WyvXLPI4iOACHoAIccAbq4AY0QBNg8AiewSt4M56MF+Pd+JiNFox8Zx/8KePzBx0vmY4=</latexit>

xG = (0, 1, 0, 1, 1, 0, 1, 0, 0, 1, 0, 1, 1, 0, 1, 0)
<latexit sha1_base64="tl8LEXTWot6gnyoAcb7+cdZz/9E=">AAACGnicbVBNS8MwGE7n15xfVY9eikOcICOVoV6EoQc9TnAfsJWRZukWlqYlScVR+ju8+Fe8eFDEm3jx35h2FXT6hDc8PO/7kjyPGzIqFYSfRmFufmFxqbhcWlldW98wN7daMogEJk0csEB0XCQJo5w0FVWMdEJBkO8y0nbHF2m/fUuEpAG/UZOQOD4acupRjJSW+qbd85EauV58l/Tjy/3krAIPbX1gVt8c5oq+D/pmGVZhBusvsXNSBjkaffO9Nwhw5BOuMENSdm0YKidGQlHMSFLqRZKECI/RkHQ15cgn0okza4m1p5WB5QVCF1dWpv7ciJEv5cR39WRqRM72UvG/XjdS3qkTUx5GinA8fciLmKUCK83JGlBBsGITTRAWVP/VwiMkEFY6zZIOwZ61/Je0jqr2cbV2XSvXz/M4imAH7IIKsMEJqIMr0ABNgME9eATP4MV4MJ6MV+NtOlow8p1t8AvGxxd2gZrL</latexit>

xG0 = (0, 1, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1, 0)
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Another approach could be to use a convolutional neural 
network.

v In this model, a kernel or filter is convolved with grid structured 
data to extract features from the input signal.
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Another approach could be to use a convolutional neural 
network.

v In this model, a kernel or filter is convolved with grid structured 
data to extract features from the input signal.

v Convolution on structured grid performed by sliding the filter 
over the grid structures.
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Another approach could be to use a convolutional neural 
network.

v In this model, a kernel or filter is convolved with grid structured 
data to extract features from the input signal.

v Convolution on structured grid performed by sliding the filter 
over the grid structures.
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Another approach could be to use a convolutional neural 
network.

v In this model, a kernel or filter is convolved with grid structured 
data to extract features from the input signal.

v Convolution on structured grid performed by sliding the filter 
over the grid structures.
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v When translating this to graphs, it is not clear how to directly 
operate convolution on graphs.

v One issue is how to slide the kernel window over the graph.
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v When translating this to graphs, it is not clear how to directly 
operate convolution on graphs.

v One issue is how to slide the kernel window over the graph.
Ø How to select nodes when sliding
Ø How many nodes in the window after sliding
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To address this, we resort to the notion of gathering local 
information in the convolutional layers.
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To address this, we resort to the notion of gathering local 
information in the convolutional layers.

v A convolution filter summarizes the information in a small-
sized, spatially-defined window.
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Convolutional Layer

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To address this, we resort to the notion of gathering local 
information in the convolutional layers.

v A convolution filter summarizes the information in a small-
sized, spatially-defined window.

v This can be extended to graphs using the notation of local 
neighborhood of a node.

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="16KuzjtcVi6KWqXPY4lw1f1kG6o=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvXiSCvYD2hA22027drOJu5tACf0dXjwo4tUf481/47bNQasPBh7vzTAzz485U9q2v6zCyura+kZxs7S1vbO7V94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH1/P/E5KpWKRuNeTmLohHgoWMIK1kdzUe+gzgW6rqcdOvXLFrtlzoL/EyUkFcjS98md/EJEkpEITjpXqOXas3QxLzQin01I/UTTGZIyHtGeowCFVbjY/eopOjDJAQSRNCY3m6s+JDIdKTULfdIZYj9SyNxP/83qJDi7djIk40VSQxaIg4UhHaJYAGjBJieYTQzCRzNyKyAhLTLTJqWRCcJZf/kvaZzXnvFa/q1caV3kcRTiCY6iCAxfQgBtoQgsIPMITvMCrlVrP1pv1vmgtWPnMIfyC9fENw+WRdA==</latexit>

vj 2 N(vi)
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Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To address this, we resort to the notion of gathering local 
information in the convolutional layers.

v A convolution filter summarizes the information in a small-
sized, spatially-defined window.

v This can be extended to graphs using the notation of local 
neighborhood of a node.

v At each iteration, node 𝑣! collects information from a 
neighborhood 𝑁 𝑣! .

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="16KuzjtcVi6KWqXPY4lw1f1kG6o=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvXiSCvYD2hA22027drOJu5tACf0dXjwo4tUf481/47bNQasPBh7vzTAzz485U9q2v6zCyura+kZxs7S1vbO7V94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH1/P/E5KpWKRuNeTmLohHgoWMIK1kdzUe+gzgW6rqcdOvXLFrtlzoL/EyUkFcjS98md/EJEkpEITjpXqOXas3QxLzQin01I/UTTGZIyHtGeowCFVbjY/eopOjDJAQSRNCY3m6s+JDIdKTULfdIZYj9SyNxP/83qJDi7djIk40VSQxaIg4UhHaJYAGjBJieYTQzCRzNyKyAhLTLTJqWRCcJZf/kvaZzXnvFa/q1caV3kcRTiCY6iCAxfQgBtoQgsIPMITvMCrlVrP1pv1vmgtWPnMIfyC9fENw+WRdA==</latexit>

vj 2 N(vi)
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The basic component of graph neural networks is neural 
message passing.

v In this algorithm, nodes pass messages to each other and 
then they are updated using neural networks.

v For a graph 𝐺 = (𝑉, 𝐸), the goal is to construct node 
embedding 𝒛! ∈ ℝ&

! for all nodes 𝑣! ∈ V through neural 
message passing.

v This propagation rule uses the graph structure 𝑨 and node 
attributes 𝑿 ∈ ℝ&×|)| and returns embeddings 𝒛! ∈ ℝ&

!.
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v At each iteration k, hidden activation 𝒉$
(+) of neighbor nodes 

𝑣$ ∈ 𝑁(𝑣!) are collected through an aggregation operator.

v An aggregate operator is a differentiable function that 
receives the neighborhood information and summarizes them 
into a message.

v Mathematically put
<latexit sha1_base64="qtyE5RIFxzcEutWc27IXJugouJA="></latexit>

m(k)
Ni!i = aggregate

⇣n
h(k)
j | vj 2 N (vi)

o⌘

<latexit sha1_base64="T1dpmFBBaWIGVfJE0MLXMRJnjI4=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuVoAoYK1gYi0QfUhsix3FaU8eObAepirLwKywMIMTKZ7DxNzhtBygcyfLROffq3nuChFGlHefLKi0tr6yuldcrG5tb2zv27l5HiVRi0saCCdkLkCKMctLWVDPSSyRBccBINxhfFX73gUhFBb/Vk4R4MRpyGlGMtJF8+2AQCBaqSWy+bJTfZbXxSe7fQ9+uOnVnCviXuHNSBXO0fPtzEAqcxoRrzJBSfddJtJchqSlmJK8MUkUShMdoSPqGchQT5WXTA3J4bJQQRkKaxzWcqj87MhSrYkdTGSM9UoteIf7n9VMdXXgZ5UmqCcezQVHKoBawSAOGVBKs2cQQhCU1u0I8QhJhbTKrmBDcxZP/ks5p3T2rN24a1eblPI4yOARHoAZccA6a4Bq0QBtgkIMn8AJerUfr2Xqz3melJWvesw9+wfr4Bsq1log=</latexit>

h(k)
j

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v At each iteration k, hidden activation 𝒉$
(+) of neighbor nodes 

𝑣$ ∈ 𝑁(𝑣!) are collected through an aggregation operator.

v An aggregate operator is a differentiable function that 
receives the neighborhood information and summarizes them 
into a message.

v Mathematically put

v Then, each node is modified using its neighborhood messages 
through an update operator.

v The update operator is a differentiable function parametrized 
by a neural network that combines the neighborhood 
messages with the current state of each node 𝒉!

(+).

<latexit sha1_base64="qtyE5RIFxzcEutWc27IXJugouJA="></latexit>

m(k)
Ni!i = aggregate

⇣n
h(k)
j | vj 2 N (vi)

o⌘
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A graph neural network’s propagation rule is a combination of 
two differentiable functions:

Ø Aggregate:

v Summarizes the hidden activations ℎ$
(+) in the neighborhood 

𝑣$ ∈ 𝑁(𝑣!) of node 𝑣! in a message 𝑚-"→!
(+)

Ø Update:

v Combines the message 𝑚-"→! with the hidden activation ℎ!
(+)

of node 𝑣!.
<latexit sha1_base64="TvHaaers+ms5T9e1Ujrwwlp5foI="></latexit>

h(k+1)
i = update(h(k)

i ,m(k)
Ni!i)

<latexit sha1_base64="MfsTCcYW8Fn85/WmJlWaVvwAx1A="></latexit>

m(k)
Ni!i = aggregate({h(k)

j |vj 2 N(vi)})
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In iteration 𝑘 = 0, the information on the nodes 𝑣! ∈ 𝑉 are the 
attributes 𝒙! ∈ ℝ& associated with each node.

v If the input graph does not contain node attributes, one can 
initialize ℎ!

(/) by measures of node importance.

v Alternatively, one can initialize nodes with one-hot vectors of 
node indices 𝒆(!) ∈ 0,1 |)|.

v The latter approach renders the method transductive.

<latexit sha1_base64="EmNIYRlf4LACt4/jHyLTWlQtwV0=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUpQBSxIFSyMRaIPqQ2R4zitVceJbAdRRfkEFn6FhQGEWBnZ+BuctkNpOZLlo3Pu1b33eDGjUlnWj1FYWl5ZXSuulzY2t7Z3zN29lowSgUkTRywSHQ9JwignTUUVI51YEBR6jLS94XXutx+IkDTid2oUEydEfU4DipHSkmse97yI+XIU6i8dZC69TyvWSXY5Kz9q2TXLVtUaAy4Se0rKYIqGa373/AgnIeEKMyRl17Zi5aRIKIoZyUq9RJIY4SHqk66mHIVEOun4oAweacWHQST04wqO1dmOFIUyX05XhkgN5LyXi/953UQFF05KeZwowvFkUJAwqCKYpwN9KghWbKQJwoLqXSEeIIGw0hmWdAj2/MmLpHVatc+qtdtauX41jaMIDsAhqAAbnIM6uAEN0AQYPIEX8AbejWfj1fgwPielBWPasw/+wPj6BfrJndQ=</latexit>

h(0)
i = xi



33

Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In iteration 𝑘 = 0, the information on the nodes 𝑣! ∈ 𝑉 are the 
attributes 𝒙! ∈ ℝ& associated with each node.

v If the input graph does not contain node attributes, one can 
initialize ℎ!

(/) by measures of node importance.

v Alternatively, one can initialize nodes with one-hot vectors of 
node indices 𝒆(!) ∈ 0,1 |)|.

v The latter approach renders the method transductive.
v In the final message passing iteration 𝐾, the update function 

returns the node embeddings 𝒛! ∈ ℝ&
! generated by the 

graph neural networks.

<latexit sha1_base64="EmNIYRlf4LACt4/jHyLTWlQtwV0=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUpQBSxIFSyMRaIPqQ2R4zitVceJbAdRRfkEFn6FhQGEWBnZ+BuctkNpOZLlo3Pu1b33eDGjUlnWj1FYWl5ZXSuulzY2t7Z3zN29lowSgUkTRywSHQ9JwignTUUVI51YEBR6jLS94XXutx+IkDTid2oUEydEfU4DipHSkmse97yI+XIU6i8dZC69TyvWSXY5Kz9q2TXLVtUaAy4Se0rKYIqGa373/AgnIeEKMyRl17Zi5aRIKIoZyUq9RJIY4SHqk66mHIVEOun4oAweacWHQST04wqO1dmOFIUyX05XhkgN5LyXi/953UQFF05KeZwowvFkUJAwqCKYpwN9KghWbKQJwoLqXSEeIIGw0hmWdAj2/MmLpHVatc+qtdtauX41jaMIDsAhqAAbnIM6uAEN0AQYPIEX8AbejWfj1fgwPielBWPasw/+wPj6BfrJndQ=</latexit>
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Basic GNN

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The basic graph neural network is represented as

where 𝑾0
(+),𝑾-

(+) ∈ ℝ&($%&)×&($) are model parameters in 
iteration 𝑘 and 𝜎 is the non-linear activation function.

v This index notation represents a basic GNN in the node level.
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Basic GNN

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The basic graph neural network is represented as

where 𝑾0
(+),𝑾-

(+) ∈ ℝ&($%&)×&($) are model parameters in 
iteration 𝑘 and 𝜎 is the non-linear activation function.

v This index notation represents a basic GNN in the node level.
v We can represent a graph-level relation using matrix notation

where 𝑯(+) ∈ ℝ ) ×& is the hidden activation.
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Basic GNN

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v We can rewrite this using the aggregate and update framework 
as 

and

where 𝑾!
(+) and 𝑾-

(+) are model parameters in iteration 𝑘.

v This representation of basic GNN as linear combination of 
inputs followed by a non-linear layer is analogues to feed-
forward networks.

v Therefore, the update operator is a linear combination of 
embedding 𝒉! and messages 𝑚-"→! followed by a non-linearity.
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Subtree Pattern

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One can demonstrate the message passing in terms of the 
unfolded subtree pattern of each node 𝑣!.
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Subtree Pattern

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One can demonstrate the message passing in terms of the 
unfolded subtree pattern rooted at each node 𝑣!.

v In one iteration of message passing, node 𝑣1 receives 
information from its 1 −hop neighborhood.
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Subtree Pattern

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One can demonstrate the message passing in terms of the 
unfolded subtree pattern rooted at each node 𝑣!.

v In one iteration of message passing, node 𝑣1 receives 
information from its 1 −hop neighborhood.

v In iteration 𝑘 = 2, 𝑣1 receives information from its 2 −hop 
neighbors.
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Subtree Pattern

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One can demonstrate the message passing in terms of the 
unfolded subtree pattern rooted at each node 𝑣!.

v In one iteration of message passing, node 𝑣1 receives 
information from its 1 −hop neighborhood.

v In iteration 𝑘 = 2, 𝑣1 receives information from its 2 −hop 
neighbors.

v This can be shown using an unfolded height 2 subtree pattern 
rooted at 𝑣1.
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Subtree Pattern

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One can demonstrate the message passing in terms of the 
unfolded subtree pattern rooted at each node 𝑣!.

v In one iteration of message passing, node 𝑣1 receives 
information from its 1 −hop neighborhood.

v In iteration 𝑘 = 2, 𝑣1 receives information from its 2 −hop 
neighbors.

v This can be shown using an unfolded height 2 subtree pattern 
rooted at 𝑣1.
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Subtree Pattern

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v One can demonstrate the message passing in terms of the 
unfolded subtree pattern rooted at each node 𝑣!.

v In one iteration of message passing, node 𝑣1 receives 
information from its 1 −hop neighborhood.

v In iteration 𝑘 = 2, 𝑣1 receives information from its 2 −hop 
neighbors.

v This can be shown using an unfolded height 2 subtree pattern 
rooted at 𝑣1.
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A neural message passing propagation rule uses an unfolded, 
height 𝑘 subtree pattern rooted at node 𝑣! to construct node 
embeddings.
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A neural message passing propagation rule uses an unfolded, 
height 𝑘 subtree pattern rooted at node 𝑣! to construct node 
embeddings.
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v A neural message passing propagation rule uses an unfolded, 
height 𝑘 subtree pattern rooted at node 𝑣! to construct node 
embeddings.

v All such iterations rooted at target nodes 𝑣! ∈ 𝑉 are 
parameterized by shared parameters 𝑾(+).
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v There are various ways to this layer-wise propagation rule

Ø Spectral graph convolutions.

Ø Differentiable loopy belief propagation.

Ø Classical graph isomorphism tests.

v Here, we use the Weisfeiler-leman algorithm to motivate the 
neural message passing propagation rule in graph-based 
neural networks.
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Weisfeilier-Leman Algorithm

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given a label function ℎ, WL algorithm follows the steps below:

Ø Set initial label ℎ!
/ for each node 𝑣! ∈ 𝑉.

Ø At each iteration 𝑘, for 𝑣! ∈ 𝑉,
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Weisfeilier-Leman Algorithm

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given a label function ℎ, WL algorithm follows the steps below:

Ø Set initial label ℎ!
/ for each node 𝑣! ∈ 𝑉.

Ø At each iteration 𝑘, for 𝑣! ∈ 𝑉,
o Aggregate and sort labels of neighboring nodes.

<latexit sha1_base64="0np/l+wG/P14ve3SZKJrmb9RO+Y="></latexit>
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Weisfeilier-Leman Algorithm

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given a label function ℎ, WL algorithm follows the steps below:

Ø Set initial label ℎ!
/ for each node 𝑣! ∈ 𝑉.

Ø At each iteration 𝑘, for 𝑣! ∈ 𝑉,
o Aggregate and sort labels of neighboring nodes.

o Construct a tuple of the current label ℎ!
+21 and the multiset 

of the sorted neighborhood labels.

<latexit sha1_base64="0np/l+wG/P14ve3SZKJrmb9RO+Y="></latexit>
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Weisfeilier-Leman Algorithm

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given a label function ℎ, WL algorithm follows the steps below:

Ø Set initial label ℎ!
/ for each node 𝑣! ∈ 𝑉.

Ø At each iteration 𝑘, for 𝑣! ∈ 𝑉,
o Aggregate and sort labels of neighboring nodes.

o Construct a tuple of the current label ℎ!
+21 and the multiset 

of the sorted neighborhood labels.

o Hash each unique tuple as ℎ!
(+).

<latexit sha1_base64="0np/l+wG/P14ve3SZKJrmb9RO+Y="></latexit>
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Weisfeilier-Leman Algorithm

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given a label function ℎ, WL algorithm follows the steps below:

Ø Set initial label ℎ!
/ for each node 𝑣! ∈ 𝑉.

Ø At each iteration 𝑘, for 𝑣! ∈ 𝑉,
o Aggregate and sort labels of neighboring nodes.

o Construct a tuple of the current label ℎ!
+21 and the multiset 

of the sorted neighborhood labels.

o Hash each unique tuple as ℎ!
(+).

o Set ℎ!
(+) as the new label for 𝑣!.

<latexit sha1_base64="0np/l+wG/P14ve3SZKJrmb9RO+Y="></latexit>
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The graph-based propagation rule replaces the sort and hash 
functions with differentiable functions.

v In other words, the presented propagation rule is a 
differentiable and parametrized version of the WL algorithm.
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The graph-based propagation rule replaces the sort and hash 
functions with differentiable functions.

v In other words, the presented propagation rule is a 
differentiable and parametrized version of the WL algorithm.
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The graph-based propagation rule replaces the sort and hash 
functions with differentiable functions.

v In other words, the presented propagation rule is a 
differentiable and parametrized version of the WL algorithm.
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Neural Message Passing

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The graph-based propagation rule replaces the sort and hash 
functions with differentiable functions.

v In other words, the presented propagation rule is a 
differentiable and parametrized version of the WL algorithm.
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Message Passing with Self-loop

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In some cases, the update equation can be combined with the 
aggregate by introducing self-loops to the graph.

v Let 𝐺 be a graph with adjacency matrix 𝑨.
v We can add self-loop to all nodes in the graph and redefine the 

adjacency matrix as 

v Then, the aggregate function written in the matrix form

would also combine the hidden state ℎ! with neighborhood 
message.

v This removes the need to explicitly define an update function.
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Summary

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Node Embedding shortcomings
v Permutation
v Permutation invariance
v Permutation equivariance
v Neural message passing
v Aggregate-update framework
v Basic GNN
v Unfolded subtree pattern
v Analogy based on graph isomorphism tests
v Message Passing with Self-loop


