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Shallow Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The node embedding methods discussed so far learn based 
on a shallow embedding.

v Shallow embedding methods have a few shortcomings:
Ø They do not share parameters within nodes in the encoder.
• This is computationally more expensive and statistically less 

efficient.
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v The node embedding methods discussed so far learn based 
on a shallow embedding.

v Shallow embedding methods have a few shortcomings:
Ø They do not share parameters within nodes in the encoder.
• This is computationally more expensive and statistically less 

efficient.
Ø They are transductive.

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>
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on a shallow embedding.

v Shallow embedding methods have a few shortcomings:
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• This is computationally more expensive and statistically less 

efficient.
Ø They are transductive.
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G

<latexit sha1_base64="ARvTEJNHM+YYRq7qbEAi2GvXBB0="></latexit>z1

<latexit sha1_base64="GpDm/4t12H0nqK4eUXGhj5pW5Kg="></latexit>z|V |

<latexit sha1_base64="DQQB+mQlSWniSJ7SUfVuvIqp1+o="></latexit>zi
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G
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Shallow Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The node embedding methods discussed so far learn based 
on a shallow embedding.

v Shallow embedding methods have a few shortcomings:
Ø They do not share parameters within nodes in the encoder.
• This is computationally more expensive and statistically less 

efficient.
Ø They are transductive.
• Can’t learn embedding on nodes not seen during the training.
Ø They don’t leverage node attributes.
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Shallow Embedding

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v The node embedding methods discussed so far learn based 
on a shallow embedding.

v Shallow embedding methods have a few shortcomings:
Ø They do not share parameters within nodes in the encoder.
• This is computationally more expensive and statistically less 

efficient.
Ø They are transductive.
• Can’t learn embedding on nodes not seen during the training.
Ø They don’t leverage node attributes.

v More sophisticated encoders based on deep learning models 
alleviate these limitations
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Supervised Learning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Solving supervised ML problems involves approximating a 
mapping 𝑓: 𝑥 → 𝑦 between the inputs 𝑥 and outputs 𝑦.
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Supervised Learning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Solving supervised ML problems involves approximating a 
mapping 𝑓: 𝑥 → 𝑦 between the inputs 𝑥 and outputs 𝑦.

Ø Regression

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f
<latexit sha1_base64="NG+W/0G43D90I6szR6t5RM71mwA="></latexit>y
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Supervised Learning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Solving supervised ML problems involves approximating a 
mapping 𝑓: 𝑥 → 𝑦 between the inputs 𝑥 and outputs 𝑦.

Ø Regression

Ø Classification

<latexit sha1_base64="ZTT1+0PtMh/ErDX3kzMp7m9ZNxo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRom6EohuXFewD2lAmk2k7dDKJMxOhhn6JGxeKuPVT3Pk3TtMstPXAvRzOuZe5c/yYM6Ud59taWV1b39gsbBW3d3b3Svb+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vhm5rcfqVQsEvd6ElMvxEPBBoxgbaS+XWpUOle9hwQHWTvt22Wn6mRAy8TNSRlyNPr2Vy+ISBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzQ6fohOjBGgQSVNCo0z9vZHiUKlJ6JvJEOuRWvRm4n9eN9GDSy9lIk40FWT+0CDhSEdolgIKmKRE84khmEhmbkVkhCUm2mRVNCG4i19eJq2zqnterd3VyvXrPI4CHMExVMCFC6jDLTSgCQQSeIZXeLOerBfr3fqYj65Y+c4h/IH1+QPPRJKO</latexit>

P (X = )

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="ZTT1+0PtMh/ErDX3kzMp7m9ZNxo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRom6EohuXFewD2lAmk2k7dDKJMxOhhn6JGxeKuPVT3Pk3TtMstPXAvRzOuZe5c/yYM6Ud59taWV1b39gsbBW3d3b3Svb+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vhm5rcfqVQsEvd6ElMvxEPBBoxgbaS+XWpUOle9hwQHWTvt22Wn6mRAy8TNSRlyNPr2Vy+ISBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzQ6fohOjBGgQSVNCo0z9vZHiUKlJ6JvJEOuRWvRm4n9eN9GDSy9lIk40FWT+0CDhSEdolgIKmKRE84khmEhmbkVkhCUm2mRVNCG4i19eJq2zqnterd3VyvXrPI4CHMExVMCFC6jDLTSgCQQSeIZXeLOerBfr3fqYj65Y+c4h/IH1+QPPRJKO</latexit>

P (X = )

<latexit sha1_base64="NG+W/0G43D90I6szR6t5RM71mwA="></latexit>y
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Supervised Learning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Linear models map data 𝒙 to the output 𝒚 using a function of 
the form 

where 𝜽 = {𝑾, 𝑏}.

Ø The linearity assumption in these models is restricting.

<latexit sha1_base64="ivCqdCj8uwQQ10vfgRDWF8G/O7k=">AAACMnicbVBNS8NAEN3U7/pV9eglWISKUBIp6kUQvehNwVqhCWWznbRLNx/sTqQl5Dd58ZcIHvSgiFd/hJtasVoHln2894aZeV4suELLejIKU9Mzs3PzC8XFpeWV1dLa+rWKEsmgziIRyRuPKhA8hDpyFHATS6CBJ6Dh9U5zvXELUvEovMJBDG5AOyH3OaOoqVbp3EHoo+eng+zIb6WOF4m2GgT6Sx3sAtIsq3xb+tnO0bihkf0ou16rVLaq1rDMSWCPQJmM6qJVenDaEUsCCJEJqlTTtmJ0UyqRMwFZ0UkUxJT1aAeaGoY0AOWmw5Mzc1szbdOPpH4hmkN2vCOlgcrX1M6AYlf91XLyP62ZoH/opjyME4SQfQ3yE2FiZOb5mW0ugaEYaECZ5HpXk3WppAx1ykUdgv335ElwvVe196u1y1r5+GQUxzzZJFukQmxyQI7JGbkgdcLIHXkkL+TVuDeejTfj/ctaMEY9G+RXGR+f3pWtjg==</latexit>

y = f✓(x) = Wx+ b
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Supervised Learning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Linear models map data 𝒙 to the output 𝒚 using a function of 
the form 

where 𝜽 = {𝑾, 𝑏}.

Ø The linearity assumption in these models is restricting.

v One way to alleviate this is by instead mapping some feature 
transformation 𝜙(𝒙) of input 𝒙

v The model is constructed of linear combination of fixed basis 
functions.

v 𝒚 is now an expansion in the basis function 𝜙.

<latexit sha1_base64="mgs3BoPcZR+raMiR7ZakrMvKb8s=">AAACFHicbVDLSgMxFM34rPU16tJNsAiVQpmRom6EohuXFewDOqVk0kwbmnmQ3JGWYT7Cjb/ixoUibl2482/MtBW09UDI4Zx7ufceNxJcgWV9GUvLK6tr67mN/ObW9s6uubffUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXmd+855JxcPgDsYR6/ikH3CPUwJa6polB9gIXC8Zp5eOG4qeGvv6S5qpEw148ccdpSclt2sWrLI1AV4k9owU0Ay1rvnp9EIa+ywAKohSbduKoJMQCZwKluadWLGI0CHps7amAfGZ6iSTo1J8rJUe9kKpXwB4ov7uSIivsmV1pU9goOa9TPzPa8fgXXQSHkQxsIBOB3mxwBDiLCHc45JREGNNCJVc74rpgEhCQeeY1yHY8ycvksZp2T4rV24rherVLI4cOkRHqIhsdI6q6AbVUB1R9ICe0At6NR6NZ+PNeJ+WLhmzngP0B8bHN3H8n68=</latexit>

y = W�(x) + b

<latexit sha1_base64="ivCqdCj8uwQQ10vfgRDWF8G/O7k=">AAACMnicbVBNS8NAEN3U7/pV9eglWISKUBIp6kUQvehNwVqhCWWznbRLNx/sTqQl5Dd58ZcIHvSgiFd/hJtasVoHln2894aZeV4suELLejIKU9Mzs3PzC8XFpeWV1dLa+rWKEsmgziIRyRuPKhA8hDpyFHATS6CBJ6Dh9U5zvXELUvEovMJBDG5AOyH3OaOoqVbp3EHoo+eng+zIb6WOF4m2GgT6Sx3sAtIsq3xb+tnO0bihkf0ou16rVLaq1rDMSWCPQJmM6qJVenDaEUsCCJEJqlTTtmJ0UyqRMwFZ0UkUxJT1aAeaGoY0AOWmw5Mzc1szbdOPpH4hmkN2vCOlgcrX1M6AYlf91XLyP62ZoH/opjyME4SQfQ3yE2FiZOb5mW0ugaEYaECZ5HpXk3WppAx1ykUdgv335ElwvVe196u1y1r5+GQUxzzZJFukQmxyQI7JGbkgdcLIHXkkL+TVuDeejTfj/ctaMEY9G+RXGR+f3pWtjg==</latexit>

y = f✓(x) = Wx+ b
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Supervised Learning

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v These models are easy to optimize as the model is linear in 
the parameter space.

Ø Hand designing 𝜙 poses limits on this approach and makes 
it less efficient.

Ø Also, when the dimension of the data increases, the 
applicability of these models gets limited.
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Neural Networks

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v These models are easy to optimize as the model is linear in 
the parameter space.

Ø Hand designing 𝜙 poses limits on this approach and makes 
it less efficient.

Ø Also, when the dimension of the data increases, the 
applicability of these models gets limited.

v One remedy to this problem is using basis functions that are 
adapted to the data.

v In other words, we extend the previous model and instead of 
defining 𝜙, learn 𝜙.
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Neural Networks

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v This can be done by parameterizing 𝜙 as

where 𝜽! is some parameter for basis function 𝜙.

v The learned parameters include 𝜽" = 𝑾, 𝑏 and 𝜽!.

<latexit sha1_base64="Ocpp5jZtyzyF2WZvdU/AvrjiJcE=">AAACLHicbVDJSgNBEO1xjXGLevQyGARFCDMhqBchmIvHCGaBTBh6OjWmsWehu0YShvkgL/6KIB4M4tXvsLMIMVrQ9OO9elTV82LBFVrWyFhaXlldW89t5De3tnd2C3v7TRUlkkGDRSKSbY8qEDyEBnIU0I4l0MAT0PIeamO99QhS8Si8w2EM3YDeh9znjKKm3ELNQRig56fD7MrxItFTw0B/aStz4j5303nOwT4gzdxydvLjGmSnZ55bKFola1LmX2DPQJHMqu4WXp1exJIAQmSCKtWxrRi7KZXImYAs7yQKYsoe6D10NAxpAKqbTo7NzGPN9Ew/kvqFaE7YeUdKAzVeWHcGFPtqURuT/2mdBP3LbsrDOEEI2XSQnwgTI3OcnNnjEhiKoQaUSa53NVmfSspQ55vXIdiLJ/8FzXLJPi9VbivF6vUsjhw5JEfkhNjkglTJDamTBmHkibyQdzIyno0348P4nLYuGTPPAflVxtc3FBeqhA==</latexit>

y = W�✓2(x) + b
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Neural Networks

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v This can be done by parameterizing 𝜙 as

where 𝜽! is some parameter for basis function 𝜙.

v The learned parameters include 𝜽" = 𝑾, 𝑏 and 𝜽!.

v Neural networks are one such approach.

v A recursive application of this parameterized basis function 

can learn more complex functions.

v This is the main idea behind deep neural networks.

<latexit sha1_base64="ipEXjHwKZ28Y+TNiWNhZJqwVSSc="></latexit>

f✓(x) = fL(fL�1(. . . f1(x) . . . ))

<latexit sha1_base64="Ocpp5jZtyzyF2WZvdU/AvrjiJcE=">AAACLHicbVDJSgNBEO1xjXGLevQyGARFCDMhqBchmIvHCGaBTBh6OjWmsWehu0YShvkgL/6KIB4M4tXvsLMIMVrQ9OO9elTV82LBFVrWyFhaXlldW89t5De3tnd2C3v7TRUlkkGDRSKSbY8qEDyEBnIU0I4l0MAT0PIeamO99QhS8Si8w2EM3YDeh9znjKKm3ELNQRig56fD7MrxItFTw0B/aStz4j5303nOwT4gzdxydvLjGmSnZ55bKFola1LmX2DPQJHMqu4WXp1exJIAQmSCKtWxrRi7KZXImYAs7yQKYsoe6D10NAxpAKqbTo7NzGPN9Ew/kvqFaE7YeUdKAzVeWHcGFPtqURuT/2mdBP3LbsrDOEEI2XSQnwgTI3OcnNnjEhiKoQaUSa53NVmfSspQ55vXIdiLJ/8FzXLJPi9VbivF6vUsjhw5JEfkhNjkglTJDamTBmHkibyQdzIyno0348P4nLYuGTPPAflVxtc3FBeqhA==</latexit>

y = W�✓2(x) + b
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Neural Networks

Feed-Forward Neural Networks

v A fully-connected neural network 𝑓 is a non-linear function 
parametrized by 𝑾, that maps a set of input variables 𝒙 to output 
variables 𝒚.

and consists of a cascade of transformations

with 𝜽 = 𝑾ℓ"#,ℓ, 𝑏ℓ"# for 0 < ℓ ≤ L and 𝒚% = 𝒙, and 𝜎 is non-
linearity.

<latexit sha1_base64="QNAfcs+dvgaRJQ66Z3jT+5SP3JA="></latexit>

y` = �(W `�1,`y`�1 + b`�1)

<latexit sha1_base64="flWorwiE+4t5eboFxgVHogRtouY="></latexit>

y = f✓(x)
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Neural Networks

Feed-Forward Neural Networks

v A fully-connected neural network 𝑓 is a non-linear function 
parametrized by 𝑾, that maps a set of input variables 𝒙 to output 
variables 𝒚.

and consists of a cascade of transformations

with 𝜽 = 𝑾ℓ"#,ℓ, 𝑏ℓ"# for 0 < ℓ ≤ L and 𝒚% = 𝒙, and 𝜎 is non-
linearity.

v Each intermediate output 𝒚ℓ is called a hidden layer.

<latexit sha1_base64="aetfN5jtKf44511/R/FqTv+YdR8=">AAACK3icbVC7TsMwFLV5lvJqywhCERUSU5UgBIwVLAwMrUQfUhtFjuO2Vp04sh1EFGXkN1hhYe9/MIFYmfgJnLYDfVzJ8tE55+oeHTdkVCrT/IQrq2vrG5u5rfz2zu7efqFYakoeCUwamDMu2i6ShNGANBRVjLRDQZDvMtJyh7eZ3nokQlIePKg4JLaP+gHtUYyUppxCqety5snY118Sp05ynzqFslkxx2MsAmsKytWjUf33+XhUc4oQdj2OI58ECjMkZccyQ2UnSCiKGUnz3UiSEOEh6pOOhgHyibSTcfjUONWMZ/S40C9Qxpj9v5EgX2b5tNNHaiDntYxcpnUi1bu2ExqEkSIBnhzqRcxQ3MiaMDwqCFYs1gBhQXVWAw+QQFjpvmavsD7XhoGfLqcpzkqz5itaBM3zinVZuajr9m7AZHLgEJyAM2CBK1AFd6AGGgCDJ/ACXsEbfIcf8At+T6wrcLpzAGYG/vwBErOsFQ==</latexit>yL
<latexit sha1_base64="kW84K0XVSgy7s14/oMLZlQ+OSyw=">AAACJXicbVDLSgMxFE3qq46vVpdugkVwVWZE1I1YdOOygn1AO5ZMJm1DM5MhyYhlmP9wqy78FFfuRHHlr5hpu7CPCyGHc87lHo4Xcaa0bf/A3NLyyupaft3a2Nza3ikUd+tKxJLQGhFcyKaHFeUspDXNNKfNSFIceJw2vMF1pjceqFRMhHd6GFE3wL2QdRnB2lD3bU9wXw0D8yWPaadQssv2aNA8cCagdPluXUSv31a1U4Sw7QsSBzTUhGOlWo4daTfBUjPCaWq1Y0UjTAa4R1sGhjigyk1GsVN0aBgfdYU0L9RoxP7fSHCgsmzGGWDdV7NaRi7SWrHunrsJC6NY05CMD3VjjrRAWQfIZ5ISzYcGYCKZyYpIH0tMtGlq+grvCWPoB+limpGsNGe2onlQPy47p+WTW7tUuQLjyYN9cACOgAPOQAXcgCqoAQIkeALP4AW+wQ/4Cb/G1hyc7OyBqYG/f3i5qa4=</latexit>x

<latexit sha1_base64="ssyQGZJWluKjwUgDaPhpRa4s7Zc="></latexit>

�,W 0,1
<latexit sha1_base64="7CUJkvdxNA0xXdi5ynWDQ0BLioo=">AAACHHicbVDLSgMxFE3qq9ZXq0s3wSK4KjMi6kYsunFZwWkL7VAyaaYNTTJDkhHKMN/gVjdu/BXBhbhV/BvTx8I+DgQO55zLvTlBzJk2jvMLcyura+sb+c3C1vbO7l6xtF/XUaII9UjEI9UMsKacSeoZZjhtxopiEXDaCAa3I7/xSJVmkXwww5j6AvckCxnBxkpeuxsZ3SmWnYozBlok7pSUrz8KV/HbT6HWKUFoB0kiqDSEY61brhMbP8XKMMJpVmgnmsaYDHCPtiyVWFDtp+NrM3RslS4KI2WfNGis/p9IsdB6KAKbFNj09bw3Epd5rcSEl37KZJwYKslkUZhwZCI0+jrqMkWJ4UNLMFHM3opIHytMjC1odgvvRTbQF9lymZHMlubOV7RI6qcV97xydu+Uqzdggjw4BEfgBLjgAlTBHagBDxDAwBN4Bi/wFb7DT/g1iebgdOYAzAB+/wFYtaVn</latexit>. . .

<latexit sha1_base64="nQurDsdQW/S6vdoG3TwftqhWhqk="></latexit>

�,W 2,3
<latexit sha1_base64="mNSaZm5t18B+0jkIjKnXGy/kRec=">AAACNXicbVC7SgNBFJ3x/TZqqcVgFCwk7AZRS9HGUsEYIVmW2dlJMjiPZWY2EJZt/BpbLfQD/AoLO7G10trZxMKYXBjmcM653HtPlHBmrOe9wonJqemZ2bn5hcWl5ZXV0tr6tVGpJrRGFFf6JsKGciZpzTLL6U2iKRYRp/Xo9qzQ612qDVPyyvYSGgjclqzFCLaOCktbTcPaAu+jZqR4bHrCfVk9DzN/v5qHpbJX8fqFRoH/C8onO19PL93F74twDcJmrEgqqLSEY2MavpfYIMPaMsJpvtBMDU0wucVt2nBQYkFNkPXPyNGuY2LUUto9aVGf/duRYWGKDZ1TYNsx/7WCHKc1Uts6DjImk9RSSQaDWilHVqEiExQzTYnlPQcw0cztikgHa0ysS254Cm8rZ+iIfDzNSBGa/z+iUXBdrfiHlYNLl94pGNQc2ATbYA/44AicgHNwAWqAgDtwDx7AI3yGb/AdfgysE/C3ZwMMFfz8AaWZr/E=</latexit>

�,W 1,2<latexit sha1_base64="rnwg/Ko9VYi8XLWjKHY2G1AXfCc=">AAACKXicbVDLSsNAFJ3xWesr1aUiwSK4KomIuiy6cdmCfUAbwmQybYdOMmFmUgghS//CrW78gf6GO3Xr0p9w0nZhHxeGOZxzLvdwvIhRqSzrC66tb2xubRd2irt7+weHRumoKXksMGlgzrhoe0gSRkPSUFQx0o4EQYHHSMsbPuR6a0SEpDx8UklEnAD1Q9qjGClNuYbR9TjzZRLoL00y13aNslWxJmMuA3sGytXTcf33+Wxcc0sQdn2O44CECjMkZce2IuWkSCiKGcmK3ViSCOEh6pOOhiEKiHTSSfTMvNCMb/a40C9U5oT9v5GiQObptDNAaiAXtZxcpXVi1btzUhpGsSIhnh7qxcxU3Mx7MH0qCFYs0QBhQXVWEw+QQFjptuavsD7XhkGQraYpznRp9mJFy6B5VbFvKtd13d49mE4BnIBzcAlscAuq4BHUQANgMAIv4BW8wXf4AT/h99S6Bmc7x2Bu4M8f5X6q7g==</latexit>y1
<latexit sha1_base64="9kBrMxeHz4pnk0DOD3YmP8dJ+kw=">AAACKXicbVDLSgMxFE3qq9ZXq0tFBovgqswUUZdFNy5bsA9oy5DJpG1oMhmSTGEYZulfuNWNP9DfcKduXfoTpo+FfVwIOZxzLvdwvJBRpW37C2Y2Nre2d7K7ub39g8OjfOG4oUQkMaljwYRseUgRRgNS11Qz0golQdxjpOkNHyZ6c0SkoiJ40nFIuhz1A9qjGGlDufl8xxPMVzE3XxKnbtnNF+2SPR1rFThzUKycjWu/z+fjqluAsOMLHHESaMyQUm3HDnU3QVJTzEia60SKhAgPUZ+0DQwQJ6qbTKOn1qVhfKsnpHmBtqbs/40EcTVJZ5wc6YFa1ibkOq0d6d5dN6FBGGkS4NmhXsQsLaxJD5ZPJcGaxQYgLKnJauEBkghr09biFdYXxjDg6Xqa4tSU5ixXtAoa5ZJzU7qumfbuwWyy4BRcgCvggFtQAY+gCuoAgxF4Aa/gDb7DD/gJv2fWDJzvnICFgT9/5zKq7w==</latexit>y2

<latexit sha1_base64="QNAfcs+dvgaRJQ66Z3jT+5SP3JA="></latexit>

y` = �(W `�1,`y`�1 + b`�1)

<latexit sha1_base64="flWorwiE+4t5eboFxgVHogRtouY="></latexit>

y = f✓(x)
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Activation Function

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v There are a number of non-linear activation functions that are 
used.

Ø Tanh
<latexit sha1_base64="GDXYyKJ/d/m5vufqVe0nXocSRGQ=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VokZakFHUjFN24rGAf0IQymU7aoTNJmJlIS8jajb/ixoUibv0Cd/6N08dCWw9cOJxzL/fe40WMSmVZ30ZmZXVtfSO7mdva3tndM/cPmjKMBSYNHLJQtD0kCaMBaSiqGGlHgiDuMdLyhjcTv/VAhKRhcK/GEXE56gfUpxgpLXXNY0fSPkeFUfHK8QXCSSVN7DOHjKJCqTIqpiW7a+atsjUFXCb2nOTBHPWu+eX0QhxzEijMkJQd24qUmyChKGYkzTmxJBHCQ9QnHU0DxIl0k+krKTzVSg/6odAVKDhVf08kiEs55p7u5EgN5KI3Ef/zOrHyL92EBlGsSIBni/yYQRXCSS6wRwXBio01QVhQfSvEA6QTUTq9nA7BXnx5mTQrZfu8XL2r5mvX8ziy4AicgAKwwQWogVtQBw2AwSN4Bq/gzXgyXox342PWmjHmM4fgD4zPH9tMmRY=</latexit>

�(x) =
2

1 + exp(�2x)
� 1



20

Activation Function

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v There are a number of non-linear activation functions that are 
used.

Ø Sigmoid
<latexit sha1_base64="crioN75QfimsAr9sT2TOus1N9Mo="></latexit>

�(x) =
1

1 + exp(�x)
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Activation Function

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v There are a number of non-linear activation functions that are 
used.

Ø ReLU
<latexit sha1_base64="/uYGEPxsO7V5WjGbaOOuNWzpg8k="></latexit>

�(x) =

(
x if x � 0

0 if x < 0
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Activation Function

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v There are a number of non-linear activation functions that are 
used.

Ø LeakyReLU
<latexit sha1_base64="NShXjkH/KEtagGdqwbJXHa7OgSY="></latexit>

�(x) =

(
x if x � 0

�x if x < 0



23

Activation Function

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v There are a number of non-linear activation functions that are 
used.

Ø SoftPlus
<latexit sha1_base64="X9hGut/wm2zJEbG78Qs7UhiM3nA=">AAACF3icbVDLSgNBEJyNrxhfqx69DAYhQQi7EtSLEPTiMYJ5QHYJs5PeZMjsg5lZSVjyF178FS8eFPGqN//GSbIHTSxoKKq66e7yYs6ksqxvI7eyura+kd8sbG3v7O6Z+wdNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxveTP3WAwjJovBejWNwA9IPmc8oUVrqmhVHsn5ASqPyFXZ8QSi2seOBItjhUb9knzowiktzZVQud82iVbFmwMvEzkgRZah3zS+nF9EkgFBRTqTs2Fas3JQIxSiHScFJJMSEDkkfOpqGJADpprO/JvhEKz3sR0JXqPBM/T2RkkDKceDpzoCogVz0puJ/XidR/qWbsjBOFIR0vshPOFYRnoaEe0wAVXysCaGC6VsxHRCdjtJRFnQI9uLLy6R5VrHPK9W7arF2ncWRR0foGJWQjS5QDd2iOmogih7RM3pFb8aT8WK8Gx/z1pyRzRyiPzA+fwAjj51p</latexit>

�(x) =
1

�
log(1 + exp(�x))
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Training

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Constructing a model requires 

Ø An architecture.

Ø An objective function.

Ø An optimization procedure.
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Training

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Constructing a model requires 

Ø An architecture.

Ø An objective function.

Ø An optimization procedure.

v In a data-driven approach, an objective function based on the 
training data 𝒟 is optimized to yield the model parameters.

v This is referred to as training or model fitting.

v Assuming that training data is sampled from a true distribution 
𝑝#$%$, we define the model 𝑝& and find parameters that give 
high probability to the observed data. 



26

Training

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In most occasions, the model represents a parametric
conditional probability distribution, 

v Assuming data points are independently sampled from 𝑝#$%$, 
we rewrite likelihood as

v This is assuming training data is Independent and identically 
distributed (iid).

v Given training data 𝒟 = 𝑥((), 𝑦(() (*+, the objective is to 
maximize the probability of the observed data 𝒟.

<latexit sha1_base64="JfNdyrHKnZ1UoAUGtoTjmEDnQhg=">AAACI3icbVDLSgMxFM3UV62vqks3g0WomzIjouKq6MZlBfuATi2Z9I4NzTxI7ohlnH9x46+4caEUNy78F9N2BG09EHI4516Sc9xIcIWW9WnkFhaXllfyq4W19Y3NreL2TkOFsWRQZ6EIZculCgQPoI4cBbQiCdR3BTTdweXYb96DVDwMbnAYQcendwH3OKOopW7xPOomjhuKnhr6+koc7APSNC07CA/oeskwvU3K/DB9/BEeMuGwWyxZFWsCc57YGSmRDLVuceT0Qhb7ECATVKm2bUXYSahEzgSkBSdWEFE2oHfQ1jSgPqhOMsmYmgda6ZleKPUJ0JyovzcS6qtxBj3pU+yrWW8s/ue1Y/TOOgkPohghYNOHvFiYGJrjwswel8BQDDWhTHL9V5P1qaQMda0FXYI9G3meNI4q9knl+Pq4VL3I6siTPbJPysQmp6RKrkiN1AkjT+SFvJF349l4NUbGx3Q0Z2Q7u+QPjK9vFS6mXA==</latexit>

p✓(y
(i)|x(i))

<latexit sha1_base64="qqocd3HtnCtawC7P1ppHA0Kg7lg="></latexit>

p✓(D) =
NY

i=1

p✓(y
(i)|x(i))
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Training

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v In other words

where

v Alternatively, we use negative log-likelihood for numerical 
stability

<latexit sha1_base64="Epkx+Hx1juxgYJxk5Y7mzcTJTYM="></latexit>

✓̂ = arg max
✓

p✓(D)

<latexit sha1_base64="qqocd3HtnCtawC7P1ppHA0Kg7lg="></latexit>

p✓(D) =
NY

i=1

p✓(y
(i)|x(i))

<latexit sha1_base64="BwdsXUOvhC0keFMiMwie53Pcbak="></latexit>

✓̂MLE = argmin
✓

�
NX

i=1

log p✓
⇣
y(i) | x(i)

⌘
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Optimization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Optimizing a function 𝐽(𝜽) refers to minimizing or maximizing 
𝐽(𝜽) by altering parameter 𝜽.

v A gradient-based optimization method uses gradient of the 
objective function to guide the parameter space.
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Optimization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Optimizing a function 𝐽(𝜽) refers to minimizing or maximizing 
𝐽(𝜽) by altering parameter 𝜽.

v A gradient-based optimization method uses gradient of the 
objective function to guide the parameter space.

<latexit sha1_base64="fX2uqHghLKHTwQv8JrDrlgIsuQo="></latexit>

✓1

<latexit sha1_base64="a+m2WMH/tzqLS0Tl4ZgJzvr27mg="></latexit>

✓2

<latexit sha1_base64="rAdRXF0SIXtaY2GvPTp36R7lliY="></latexit>

✓ <latexit sha1_base64="OBRfqA+a+J+2fheJaDOEaY2Oxio="></latexit>

r✓J

<latexit sha1_base64="LxOcIuCKypGE1lHfIN+79rzwV9I="></latexit>

J✓



30

Optimization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Optimizing a function 𝐽(𝜽) refers to minimizing or maximizing 
𝐽(𝜽) by altering parameter 𝜽.

v A gradient-based optimization method uses gradient of the 
objective function to guide the parameter space.

v The derivative of 𝐽(𝑥) returns the slope of 𝐽 at point 𝑥.

v To minimize a function 𝑓, we move in the direction of the 
negative of the derivative.

v For multivariate function 𝑓, we need to compute the partial
derivative of 𝑓(𝒙) with respect to variables 𝑥(.

<latexit sha1_base64="rokJt7vVpWoUiwQsfWWo+onfwMc="></latexit>

dJ(x)

dx
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Optimization

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v For a multivariate function 𝑓 𝒙 :ℝ, → ℝ and variable 𝒙 ∈ ℝ,, 
we represent the vector of partial derivatives using gradient

<latexit sha1_base64="jK9+RnuidajjeBOZAVBzpbSfnHA="></latexit>

rxf(x) =


@

@x1
f(x), . . . ,

@

@xn
f(x)

�
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Stochastic Gradient Decent

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v For a multivariate function 𝑓 𝒙 :ℝ, → ℝ and variable 𝒙 ∈ ℝ,, 
we represent the vector of partial derivatives using gradient

v In deep learning algorithms, the objective is usually to 
minimize a loss function computed based on the training data

v However, computing this gradient for whole dataset 𝒟 is 
computationally expensive.

<latexit sha1_base64="jK9+RnuidajjeBOZAVBzpbSfnHA="></latexit>

rxf(x) =


@

@x1
f(x), . . . ,

@

@xn
f(x)

�

<latexit sha1_base64="N6cuLb4HBCdwTEL2/ERxVjsgO7s="></latexit>

L =
1

N

NX

i=1

l(f✓(x
(i)), y(i))
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Stochastic Gradient Decent

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Most deep learning models instead rely on a method called 
stochastic gradient decent (SGD).

v This approach instead of computing the gradient for whole 
dataset, approximates the gradient using a mini-batch of data 
sampled uniformly from 𝒟

v The parameters are then updated iteratively using

<latexit sha1_base64="adCE8T4UVIPgKwXfIXUa44T6A50="></latexit>

r✓L ⇡ 1

N 0r✓

N 0X

i=1

l(f✓(x
(i), y(i)))

<latexit sha1_base64="OKKdFZw9FlMzbNWuJmhlbNK4iDY=">AAACNHicbVBNS8NAEN34bf2qevQSLIJQKIkU9SKIehC8KFhbaGLZbKZ26WYTdidCCflRXvwhXkTwoIhXf4PbmoPaPlj28d4MM/OCRHCNjvNiTU3PzM7NLyyWlpZXVtfK6xs3Ok4VgwaLRaxaAdUguIQGchTQShTQKBDQDPqnQ795D0rzWF7jIAE/oneSdzmjaKRO+cILYhHqQWS+zMMeIM1vM1l186PJTl71zkAgneB2yhWn5oxgjxO3IBVS4LJTfvLCmKURSGSCat12nQT9jCrkTEBe8lINCWV9egdtQyWNQPvZ6Ojc3jFKaHdjZZ5Ee6T+7shopIf7mcqIYk//94biJK+dYvfQz7hMUgTJfgZ1U2FjbA8TtEOugKEYGEKZ4mZXm/WoogxNziUTgvv/5HFys1dz92v1q3rl+KSIY4FskW2yS1xyQI7JObkkDcLIA3kmb+TderRerQ/r86d0yip6NskfWF/fINSuKw==</latexit>

✓n+1 = ✓n +�✓
<latexit sha1_base64="FcmlDtN5Fv87dXQtz2CUWhw+Jco=">AAACL3icbVBNS8NAEN34bf2KevQSLIIXSyKiXgRREQ8eFKwVmlIm26ld3GzC7kQoIf/Ii3/Fi4giXv0XbmoPfvTBMo83M+ybF6VSGPL9F2dsfGJyanpmtjI3v7C45C6vXJsk0xzrPJGJvonAoBQK6yRI4k2qEeJIYiO6Oy77jXvURiTqivoptmK4VaIrOJCV2u5peIKSIIwS2TH92JY8pB4SFAdboS2hgkhCOx8xUIQxUI+DzM+Ltlv1a/4A3n8SDEmVDXHRdp/CTsKzGBVxCcY0Az+lVg6aBJdYVMLMYAr8Dm6xaamCGE0rH9xbeBtW6XjdRNunyBuoPzdyiE3p1U6WFs3fXimO6jUz6u63cqHSjFDx74+6mfQo8crwvI7QyEn2LQGuhfXq8R5o4GQjrtgQgr8n/yfX27Vgt7ZzuVM9PBrGMcPW2DrbZAHbY4fsjF2wOuPsgT2xV/bmPDrPzrvz8T065gx3VtkvOJ9fkrqr2w==</latexit>

�✓ = �⌘r✓L

<latexit sha1_base64="OobIqfQG/kVl7AQaTI4VMKGTm7w="></latexit>

L ⇡ 1

N 0

N 0X

i=1

l
⇣
f✓

⇣
x(i), y(i)

⌘⌘
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Backprop

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given an input 𝒙 to a function 𝑓, representing a feed forward 
network, information propagate forward to yield prediction 7𝑦.

<latexit sha1_base64="kW84K0XVSgy7s14/oMLZlQ+OSyw=">AAACJXicbVDLSgMxFE3qq46vVpdugkVwVWZE1I1YdOOygn1AO5ZMJm1DM5MhyYhlmP9wqy78FFfuRHHlr5hpu7CPCyGHc87lHo4Xcaa0bf/A3NLyyupaft3a2Nza3ikUd+tKxJLQGhFcyKaHFeUspDXNNKfNSFIceJw2vMF1pjceqFRMhHd6GFE3wL2QdRnB2lD3bU9wXw0D8yWPaadQssv2aNA8cCagdPluXUSv31a1U4Sw7QsSBzTUhGOlWo4daTfBUjPCaWq1Y0UjTAa4R1sGhjigyk1GsVN0aBgfdYU0L9RoxP7fSHCgsmzGGWDdV7NaRi7SWrHunrsJC6NY05CMD3VjjrRAWQfIZ5ISzYcGYCKZyYpIH0tMtGlq+grvCWPoB+limpGsNGe2onlQPy47p+WTW7tUuQLjyYN9cACOgAPOQAXcgCqoAQIkeALP4AW+wQ/4Cb/G1hyc7OyBqYG/f3i5qa4=</latexit>x

<latexit sha1_base64="ssyQGZJWluKjwUgDaPhpRa4s7Zc="></latexit>

�,W 0,1
<latexit sha1_base64="7CUJkvdxNA0xXdi5ynWDQ0BLioo=">AAACHHicbVDLSgMxFE3qq9ZXq0s3wSK4KjMi6kYsunFZwWkL7VAyaaYNTTJDkhHKMN/gVjdu/BXBhbhV/BvTx8I+DgQO55zLvTlBzJk2jvMLcyura+sb+c3C1vbO7l6xtF/XUaII9UjEI9UMsKacSeoZZjhtxopiEXDaCAa3I7/xSJVmkXwww5j6AvckCxnBxkpeuxsZ3SmWnYozBlok7pSUrz8KV/HbT6HWKUFoB0kiqDSEY61brhMbP8XKMMJpVmgnmsaYDHCPtiyVWFDtp+NrM3RslS4KI2WfNGis/p9IsdB6KAKbFNj09bw3Epd5rcSEl37KZJwYKslkUZhwZCI0+jrqMkWJ4UNLMFHM3opIHytMjC1odgvvRTbQF9lymZHMlubOV7RI6qcV97xydu+Uqzdggjw4BEfgBLjgAlTBHagBDxDAwBN4Bi/wFb7DT/g1iebgdOYAzAB+/wFYtaVn</latexit>. . .

<latexit sha1_base64="nQurDsdQW/S6vdoG3TwftqhWhqk="></latexit>

�,W 2,3
<latexit sha1_base64="mNSaZm5t18B+0jkIjKnXGy/kRec=">AAACNXicbVC7SgNBFJ3x/TZqqcVgFCwk7AZRS9HGUsEYIVmW2dlJMjiPZWY2EJZt/BpbLfQD/AoLO7G10trZxMKYXBjmcM653HtPlHBmrOe9wonJqemZ2bn5hcWl5ZXV0tr6tVGpJrRGFFf6JsKGciZpzTLL6U2iKRYRp/Xo9qzQ612qDVPyyvYSGgjclqzFCLaOCktbTcPaAu+jZqR4bHrCfVk9DzN/v5qHpbJX8fqFRoH/C8onO19PL93F74twDcJmrEgqqLSEY2MavpfYIMPaMsJpvtBMDU0wucVt2nBQYkFNkPXPyNGuY2LUUto9aVGf/duRYWGKDZ1TYNsx/7WCHKc1Uts6DjImk9RSSQaDWilHVqEiExQzTYnlPQcw0cztikgHa0ysS254Cm8rZ+iIfDzNSBGa/z+iUXBdrfiHlYNLl94pGNQc2ATbYA/44AicgHNwAWqAgDtwDx7AI3yGb/AdfgysE/C3ZwMMFfz8AaWZr/E=</latexit>

�,W 1,2<latexit sha1_base64="rnwg/Ko9VYi8XLWjKHY2G1AXfCc=">AAACKXicbVDLSsNAFJ3xWesr1aUiwSK4KomIuiy6cdmCfUAbwmQybYdOMmFmUgghS//CrW78gf6GO3Xr0p9w0nZhHxeGOZxzLvdwvIhRqSzrC66tb2xubRd2irt7+weHRumoKXksMGlgzrhoe0gSRkPSUFQx0o4EQYHHSMsbPuR6a0SEpDx8UklEnAD1Q9qjGClNuYbR9TjzZRLoL00y13aNslWxJmMuA3sGytXTcf33+Wxcc0sQdn2O44CECjMkZce2IuWkSCiKGcmK3ViSCOEh6pOOhiEKiHTSSfTMvNCMb/a40C9U5oT9v5GiQObptDNAaiAXtZxcpXVi1btzUhpGsSIhnh7qxcxU3Mx7MH0qCFYs0QBhQXVWEw+QQFjptuavsD7XhkGQraYpznRp9mJFy6B5VbFvKtd13d49mE4BnIBzcAlscAuq4BHUQANgMAIv4BW8wXf4AT/h99S6Bmc7x2Bu4M8f5X6q7g==</latexit>y1
<latexit sha1_base64="9kBrMxeHz4pnk0DOD3YmP8dJ+kw=">AAACKXicbVDLSgMxFE3qq9ZXq0tFBovgqswUUZdFNy5bsA9oy5DJpG1oMhmSTGEYZulfuNWNP9DfcKduXfoTpo+FfVwIOZxzLvdwvJBRpW37C2Y2Nre2d7K7ub39g8OjfOG4oUQkMaljwYRseUgRRgNS11Qz0golQdxjpOkNHyZ6c0SkoiJ40nFIuhz1A9qjGGlDufl8xxPMVzE3XxKnbtnNF+2SPR1rFThzUKycjWu/z+fjqluAsOMLHHESaMyQUm3HDnU3QVJTzEia60SKhAgPUZ+0DQwQJ6qbTKOn1qVhfKsnpHmBtqbs/40EcTVJZ5wc6YFa1ibkOq0d6d5dN6FBGGkS4NmhXsQsLaxJD5ZPJcGaxQYgLKnJauEBkghr09biFdYXxjDg6Xqa4tSU5ixXtAoa5ZJzU7qumfbuwWyy4BRcgCvggFtQAY+gCuoAgxF4Aa/gDb7DD/gJv2fWDJzvnICFgT9/5zKq7w==</latexit>y2

<latexit sha1_base64="/s9yIQHcoAbUF4aTb2mYNFsH53o="></latexit>

ŷ
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Backprop

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Given an input 𝒙 to a function 𝑓, representing a feed forward 
network, information propagate forward to yield prediction 7𝑦.

v During the training, this prediction 7𝑦 is plugged into the 
objective function to evaluate the model.

v To update the model parameter through a gradient-based 
scheme, we need to compute the gradient of objective with 
respect to each parameter.

<latexit sha1_base64="kW84K0XVSgy7s14/oMLZlQ+OSyw=">AAACJXicbVDLSgMxFE3qq46vVpdugkVwVWZE1I1YdOOygn1AO5ZMJm1DM5MhyYhlmP9wqy78FFfuRHHlr5hpu7CPCyGHc87lHo4Xcaa0bf/A3NLyyupaft3a2Nza3ikUd+tKxJLQGhFcyKaHFeUspDXNNKfNSFIceJw2vMF1pjceqFRMhHd6GFE3wL2QdRnB2lD3bU9wXw0D8yWPaadQssv2aNA8cCagdPluXUSv31a1U4Sw7QsSBzTUhGOlWo4daTfBUjPCaWq1Y0UjTAa4R1sGhjigyk1GsVN0aBgfdYU0L9RoxP7fSHCgsmzGGWDdV7NaRi7SWrHunrsJC6NY05CMD3VjjrRAWQfIZ5ISzYcGYCKZyYpIH0tMtGlq+grvCWPoB+limpGsNGe2onlQPy47p+WTW7tUuQLjyYN9cACOgAPOQAXcgCqoAQIkeALP4AW+wQ/4Cb/G1hyc7OyBqYG/f3i5qa4=</latexit>x

<latexit sha1_base64="ssyQGZJWluKjwUgDaPhpRa4s7Zc="></latexit>

�,W 0,1
<latexit sha1_base64="7CUJkvdxNA0xXdi5ynWDQ0BLioo=">AAACHHicbVDLSgMxFE3qq9ZXq0s3wSK4KjMi6kYsunFZwWkL7VAyaaYNTTJDkhHKMN/gVjdu/BXBhbhV/BvTx8I+DgQO55zLvTlBzJk2jvMLcyura+sb+c3C1vbO7l6xtF/XUaII9UjEI9UMsKacSeoZZjhtxopiEXDaCAa3I7/xSJVmkXwww5j6AvckCxnBxkpeuxsZ3SmWnYozBlok7pSUrz8KV/HbT6HWKUFoB0kiqDSEY61brhMbP8XKMMJpVmgnmsaYDHCPtiyVWFDtp+NrM3RslS4KI2WfNGis/p9IsdB6KAKbFNj09bw3Epd5rcSEl37KZJwYKslkUZhwZCI0+jrqMkWJ4UNLMFHM3opIHytMjC1odgvvRTbQF9lymZHMlubOV7RI6qcV97xydu+Uqzdggjw4BEfgBLjgAlTBHagBDxDAwBN4Bi/wFb7DT/g1iebgdOYAzAB+/wFYtaVn</latexit>. . .

<latexit sha1_base64="nQurDsdQW/S6vdoG3TwftqhWhqk="></latexit>

�,W 2,3
<latexit sha1_base64="mNSaZm5t18B+0jkIjKnXGy/kRec=">AAACNXicbVC7SgNBFJ3x/TZqqcVgFCwk7AZRS9HGUsEYIVmW2dlJMjiPZWY2EJZt/BpbLfQD/AoLO7G10trZxMKYXBjmcM653HtPlHBmrOe9wonJqemZ2bn5hcWl5ZXV0tr6tVGpJrRGFFf6JsKGciZpzTLL6U2iKRYRp/Xo9qzQ612qDVPyyvYSGgjclqzFCLaOCktbTcPaAu+jZqR4bHrCfVk9DzN/v5qHpbJX8fqFRoH/C8onO19PL93F74twDcJmrEgqqLSEY2MavpfYIMPaMsJpvtBMDU0wucVt2nBQYkFNkPXPyNGuY2LUUto9aVGf/duRYWGKDZ1TYNsx/7WCHKc1Uts6DjImk9RSSQaDWilHVqEiExQzTYnlPQcw0cztikgHa0ysS254Cm8rZ+iIfDzNSBGa/z+iUXBdrfiHlYNLl94pGNQc2ATbYA/44AicgHNwAWqAgDtwDx7AI3yGb/AdfgysE/C3ZwMMFfz8AaWZr/E=</latexit>

�,W 1,2<latexit sha1_base64="rnwg/Ko9VYi8XLWjKHY2G1AXfCc=">AAACKXicbVDLSsNAFJ3xWesr1aUiwSK4KomIuiy6cdmCfUAbwmQybYdOMmFmUgghS//CrW78gf6GO3Xr0p9w0nZhHxeGOZxzLvdwvIhRqSzrC66tb2xubRd2irt7+weHRumoKXksMGlgzrhoe0gSRkPSUFQx0o4EQYHHSMsbPuR6a0SEpDx8UklEnAD1Q9qjGClNuYbR9TjzZRLoL00y13aNslWxJmMuA3sGytXTcf33+Wxcc0sQdn2O44CECjMkZce2IuWkSCiKGcmK3ViSCOEh6pOOhiEKiHTSSfTMvNCMb/a40C9U5oT9v5GiQObptDNAaiAXtZxcpXVi1btzUhpGsSIhnh7qxcxU3Mx7MH0qCFYs0QBhQXVWEw+QQFjptuavsD7XhkGQraYpznRp9mJFy6B5VbFvKtd13d49mE4BnIBzcAlscAuq4BHUQANgMAIv4BW8wXf4AT/h99S6Bmc7x2Bu4M8f5X6q7g==</latexit>y1
<latexit sha1_base64="9kBrMxeHz4pnk0DOD3YmP8dJ+kw=">AAACKXicbVDLSgMxFE3qq9ZXq0tFBovgqswUUZdFNy5bsA9oy5DJpG1oMhmSTGEYZulfuNWNP9DfcKduXfoTpo+FfVwIOZxzLvdwvJBRpW37C2Y2Nre2d7K7ub39g8OjfOG4oUQkMaljwYRseUgRRgNS11Qz0golQdxjpOkNHyZ6c0SkoiJ40nFIuhz1A9qjGGlDufl8xxPMVzE3XxKnbtnNF+2SPR1rFThzUKycjWu/z+fjqluAsOMLHHESaMyQUm3HDnU3QVJTzEia60SKhAgPUZ+0DQwQJ6qbTKOn1qVhfKsnpHmBtqbs/40EcTVJZ5wc6YFa1ibkOq0d6d5dN6FBGGkS4NmhXsQsLaxJD5ZPJcGaxQYgLKnJauEBkghr09biFdYXxjDg6Xqa4tSU5ixXtAoa5ZJzU7qumfbuwWyy4BRcgCvggFtQAY+gCuoAgxF4Aa/gDb7DD/gJv2fWDJzvnICFgT9/5zKq7w==</latexit>y2

<latexit sha1_base64="/s9yIQHcoAbUF4aTb2mYNFsH53o="></latexit>

ŷ
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Backprop

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To compute the derivative of objective function, we use an 
algorithm called error backpropagation, or in short backprop.

v In this algorithm, derivatives of the loss function are 
propagated backward through the network to compute the 
gradient of objective with respect to the weight parameters in 
the earlier layers.

<latexit sha1_base64="kW84K0XVSgy7s14/oMLZlQ+OSyw=">AAACJXicbVDLSgMxFE3qq46vVpdugkVwVWZE1I1YdOOygn1AO5ZMJm1DM5MhyYhlmP9wqy78FFfuRHHlr5hpu7CPCyGHc87lHo4Xcaa0bf/A3NLyyupaft3a2Nza3ikUd+tKxJLQGhFcyKaHFeUspDXNNKfNSFIceJw2vMF1pjceqFRMhHd6GFE3wL2QdRnB2lD3bU9wXw0D8yWPaadQssv2aNA8cCagdPluXUSv31a1U4Sw7QsSBzTUhGOlWo4daTfBUjPCaWq1Y0UjTAa4R1sGhjigyk1GsVN0aBgfdYU0L9RoxP7fSHCgsmzGGWDdV7NaRi7SWrHunrsJC6NY05CMD3VjjrRAWQfIZ5ISzYcGYCKZyYpIH0tMtGlq+grvCWPoB+limpGsNGe2onlQPy47p+WTW7tUuQLjyYN9cACOgAPOQAXcgCqoAQIkeALP4AW+wQ/4Cb/G1hyc7OyBqYG/f3i5qa4=</latexit>x

<latexit sha1_base64="ssyQGZJWluKjwUgDaPhpRa4s7Zc="></latexit>

�,W 0,1
<latexit sha1_base64="7CUJkvdxNA0xXdi5ynWDQ0BLioo=">AAACHHicbVDLSgMxFE3qq9ZXq0s3wSK4KjMi6kYsunFZwWkL7VAyaaYNTTJDkhHKMN/gVjdu/BXBhbhV/BvTx8I+DgQO55zLvTlBzJk2jvMLcyura+sb+c3C1vbO7l6xtF/XUaII9UjEI9UMsKacSeoZZjhtxopiEXDaCAa3I7/xSJVmkXwww5j6AvckCxnBxkpeuxsZ3SmWnYozBlok7pSUrz8KV/HbT6HWKUFoB0kiqDSEY61brhMbP8XKMMJpVmgnmsaYDHCPtiyVWFDtp+NrM3RslS4KI2WfNGis/p9IsdB6KAKbFNj09bw3Epd5rcSEl37KZJwYKslkUZhwZCI0+jrqMkWJ4UNLMFHM3opIHytMjC1odgvvRTbQF9lymZHMlubOV7RI6qcV97xydu+Uqzdggjw4BEfgBLjgAlTBHagBDxDAwBN4Bi/wFb7DT/g1iebgdOYAzAB+/wFYtaVn</latexit>. . .

<latexit sha1_base64="nQurDsdQW/S6vdoG3TwftqhWhqk="></latexit>

�,W 2,3
<latexit sha1_base64="mNSaZm5t18B+0jkIjKnXGy/kRec=">AAACNXicbVC7SgNBFJ3x/TZqqcVgFCwk7AZRS9HGUsEYIVmW2dlJMjiPZWY2EJZt/BpbLfQD/AoLO7G10trZxMKYXBjmcM653HtPlHBmrOe9wonJqemZ2bn5hcWl5ZXV0tr6tVGpJrRGFFf6JsKGciZpzTLL6U2iKRYRp/Xo9qzQ612qDVPyyvYSGgjclqzFCLaOCktbTcPaAu+jZqR4bHrCfVk9DzN/v5qHpbJX8fqFRoH/C8onO19PL93F74twDcJmrEgqqLSEY2MavpfYIMPaMsJpvtBMDU0wucVt2nBQYkFNkPXPyNGuY2LUUto9aVGf/duRYWGKDZ1TYNsx/7WCHKc1Uts6DjImk9RSSQaDWilHVqEiExQzTYnlPQcw0cztikgHa0ysS254Cm8rZ+iIfDzNSBGa/z+iUXBdrfiHlYNLl94pGNQc2ATbYA/44AicgHNwAWqAgDtwDx7AI3yGb/AdfgysE/C3ZwMMFfz8AaWZr/E=</latexit>

�,W 1,2<latexit sha1_base64="rnwg/Ko9VYi8XLWjKHY2G1AXfCc=">AAACKXicbVDLSsNAFJ3xWesr1aUiwSK4KomIuiy6cdmCfUAbwmQybYdOMmFmUgghS//CrW78gf6GO3Xr0p9w0nZhHxeGOZxzLvdwvIhRqSzrC66tb2xubRd2irt7+weHRumoKXksMGlgzrhoe0gSRkPSUFQx0o4EQYHHSMsbPuR6a0SEpDx8UklEnAD1Q9qjGClNuYbR9TjzZRLoL00y13aNslWxJmMuA3sGytXTcf33+Wxcc0sQdn2O44CECjMkZce2IuWkSCiKGcmK3ViSCOEh6pOOhiEKiHTSSfTMvNCMb/a40C9U5oT9v5GiQObptDNAaiAXtZxcpXVi1btzUhpGsSIhnh7qxcxU3Mx7MH0qCFYs0QBhQXVWEw+QQFjptuavsD7XhkGQraYpznRp9mJFy6B5VbFvKtd13d49mE4BnIBzcAlscAuq4BHUQANgMAIv4BW8wXf4AT/h99S6Bmc7x2Bu4M8f5X6q7g==</latexit>y1
<latexit sha1_base64="9kBrMxeHz4pnk0DOD3YmP8dJ+kw=">AAACKXicbVDLSgMxFE3qq9ZXq0tFBovgqswUUZdFNy5bsA9oy5DJpG1oMhmSTGEYZulfuNWNP9DfcKduXfoTpo+FfVwIOZxzLvdwvJBRpW37C2Y2Nre2d7K7ub39g8OjfOG4oUQkMaljwYRseUgRRgNS11Qz0golQdxjpOkNHyZ6c0SkoiJ40nFIuhz1A9qjGGlDufl8xxPMVzE3XxKnbtnNF+2SPR1rFThzUKycjWu/z+fjqluAsOMLHHESaMyQUm3HDnU3QVJTzEia60SKhAgPUZ+0DQwQJ6qbTKOn1qVhfKsnpHmBtqbs/40EcTVJZ5wc6YFa1ibkOq0d6d5dN6FBGGkS4NmhXsQsLaxJD5ZPJcGaxQYgLKnJauEBkghr09biFdYXxjDg6Xqa4tSU5ixXtAoa5ZJzU7qumfbuwWyy4BRcgCvggFtQAY+gCuoAgxF4Aa/gDb7DD/gJv2fWDJzvnICFgT9/5zKq7w==</latexit>y2

<latexit sha1_base64="/s9yIQHcoAbUF4aTb2mYNFsH53o="></latexit>

ŷ
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Backprop

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v To compute the derivative of objective function, we use an 
algorithm called error backpropagation, or in short backprop.

v In this algorithm, derivatives of the loss function are 
propagated backward through the network to compute the 
gradient of objective with respect to the weight parameters in 
the earlier layers.

v Backprop takes advantage of chain rule of calculus to 
efficiently compute derivatives of a function.

<latexit sha1_base64="kW84K0XVSgy7s14/oMLZlQ+OSyw=">AAACJXicbVDLSgMxFE3qq46vVpdugkVwVWZE1I1YdOOygn1AO5ZMJm1DM5MhyYhlmP9wqy78FFfuRHHlr5hpu7CPCyGHc87lHo4Xcaa0bf/A3NLyyupaft3a2Nza3ikUd+tKxJLQGhFcyKaHFeUspDXNNKfNSFIceJw2vMF1pjceqFRMhHd6GFE3wL2QdRnB2lD3bU9wXw0D8yWPaadQssv2aNA8cCagdPluXUSv31a1U4Sw7QsSBzTUhGOlWo4daTfBUjPCaWq1Y0UjTAa4R1sGhjigyk1GsVN0aBgfdYU0L9RoxP7fSHCgsmzGGWDdV7NaRi7SWrHunrsJC6NY05CMD3VjjrRAWQfIZ5ISzYcGYCKZyYpIH0tMtGlq+grvCWPoB+limpGsNGe2onlQPy47p+WTW7tUuQLjyYN9cACOgAPOQAXcgCqoAQIkeALP4AW+wQ/4Cb/G1hyc7OyBqYG/f3i5qa4=</latexit>x

<latexit sha1_base64="ssyQGZJWluKjwUgDaPhpRa4s7Zc="></latexit>

�,W 0,1
<latexit sha1_base64="7CUJkvdxNA0xXdi5ynWDQ0BLioo=">AAACHHicbVDLSgMxFE3qq9ZXq0s3wSK4KjMi6kYsunFZwWkL7VAyaaYNTTJDkhHKMN/gVjdu/BXBhbhV/BvTx8I+DgQO55zLvTlBzJk2jvMLcyura+sb+c3C1vbO7l6xtF/XUaII9UjEI9UMsKacSeoZZjhtxopiEXDaCAa3I7/xSJVmkXwww5j6AvckCxnBxkpeuxsZ3SmWnYozBlok7pSUrz8KV/HbT6HWKUFoB0kiqDSEY61brhMbP8XKMMJpVmgnmsaYDHCPtiyVWFDtp+NrM3RslS4KI2WfNGis/p9IsdB6KAKbFNj09bw3Epd5rcSEl37KZJwYKslkUZhwZCI0+jrqMkWJ4UNLMFHM3opIHytMjC1odgvvRTbQF9lymZHMlubOV7RI6qcV97xydu+Uqzdggjw4BEfgBLjgAlTBHagBDxDAwBN4Bi/wFb7DT/g1iebgdOYAzAB+/wFYtaVn</latexit>. . .

<latexit sha1_base64="nQurDsdQW/S6vdoG3TwftqhWhqk="></latexit>

�,W 2,3
<latexit sha1_base64="mNSaZm5t18B+0jkIjKnXGy/kRec=">AAACNXicbVC7SgNBFJ3x/TZqqcVgFCwk7AZRS9HGUsEYIVmW2dlJMjiPZWY2EJZt/BpbLfQD/AoLO7G10trZxMKYXBjmcM653HtPlHBmrOe9wonJqemZ2bn5hcWl5ZXV0tr6tVGpJrRGFFf6JsKGciZpzTLL6U2iKRYRp/Xo9qzQ612qDVPyyvYSGgjclqzFCLaOCktbTcPaAu+jZqR4bHrCfVk9DzN/v5qHpbJX8fqFRoH/C8onO19PL93F74twDcJmrEgqqLSEY2MavpfYIMPaMsJpvtBMDU0wucVt2nBQYkFNkPXPyNGuY2LUUto9aVGf/duRYWGKDZ1TYNsx/7WCHKc1Uts6DjImk9RSSQaDWilHVqEiExQzTYnlPQcw0cztikgHa0ysS254Cm8rZ+iIfDzNSBGa/z+iUXBdrfiHlYNLl94pGNQc2ATbYA/44AicgHNwAWqAgDtwDx7AI3yGb/AdfgysE/C3ZwMMFfz8AaWZr/E=</latexit>

�,W 1,2<latexit sha1_base64="rnwg/Ko9VYi8XLWjKHY2G1AXfCc=">AAACKXicbVDLSsNAFJ3xWesr1aUiwSK4KomIuiy6cdmCfUAbwmQybYdOMmFmUgghS//CrW78gf6GO3Xr0p9w0nZhHxeGOZxzLvdwvIhRqSzrC66tb2xubRd2irt7+weHRumoKXksMGlgzrhoe0gSRkPSUFQx0o4EQYHHSMsbPuR6a0SEpDx8UklEnAD1Q9qjGClNuYbR9TjzZRLoL00y13aNslWxJmMuA3sGytXTcf33+Wxcc0sQdn2O44CECjMkZce2IuWkSCiKGcmK3ViSCOEh6pOOhiEKiHTSSfTMvNCMb/a40C9U5oT9v5GiQObptDNAaiAXtZxcpXVi1btzUhpGsSIhnh7qxcxU3Mx7MH0qCFYs0QBhQXVWEw+QQFjptuavsD7XhkGQraYpznRp9mJFy6B5VbFvKtd13d49mE4BnIBzcAlscAuq4BHUQANgMAIv4BW8wXf4AT/h99S6Bmc7x2Bu4M8f5X6q7g==</latexit>y1
<latexit sha1_base64="9kBrMxeHz4pnk0DOD3YmP8dJ+kw=">AAACKXicbVDLSgMxFE3qq9ZXq0tFBovgqswUUZdFNy5bsA9oy5DJpG1oMhmSTGEYZulfuNWNP9DfcKduXfoTpo+FfVwIOZxzLvdwvJBRpW37C2Y2Nre2d7K7ub39g8OjfOG4oUQkMaljwYRseUgRRgNS11Qz0golQdxjpOkNHyZ6c0SkoiJ40nFIuhz1A9qjGGlDufl8xxPMVzE3XxKnbtnNF+2SPR1rFThzUKycjWu/z+fjqluAsOMLHHESaMyQUm3HDnU3QVJTzEia60SKhAgPUZ+0DQwQJ6qbTKOn1qVhfKsnpHmBtqbs/40EcTVJZ5wc6YFa1ibkOq0d6d5dN6FBGGkS4NmhXsQsLaxJD5ZPJcGaxQYgLKnJauEBkghr09biFdYXxjDg6Xqa4tSU5ixXtAoa5ZJzU7qumfbuwWyy4BRcgCvggFtQAY+gCuoAgxF4Aa/gDb7DD/gJv2fWDJzvnICFgT9/5zKq7w==</latexit>y2

<latexit sha1_base64="/s9yIQHcoAbUF4aTb2mYNFsH53o="></latexit>

ŷ
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Chain Rule
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v In calculus, chain rule is used to compute derivative of a 
function 𝑓, which is composed of other functions and variables 
with known derivatives.

v Let

where 𝑓:ℝ → ℝ and 𝑔:ℝ → ℝ are two functions.

<latexit sha1_base64="GQ9mesL6CJGLfbrMUii2P4lNDsI=">AAACD3icbVA9SwNBEN2LXzF+RS1tFoOSNOFOgtoEgjaWEUwUkhD29vaSJXt75+6ceB75Bzb+FRsLRWxt7fw3bpIr/How8Hhvhpl5biS4Btv+tHJz8wuLS/nlwsrq2vpGcXOrrcNYUdaioQjVlUs0E1yyFnAQ7CpSjASuYJfu6HTiX94wpXkoLyCJWC8gA8l9TgkYqV/cv6v75aTSvb6OiYe7wG4hxUR6eJxJSX1Qvq30iyW7ak+B/xInIyWUodkvfnS9kMYBk0AF0brj2BH0UqKAU8HGhW6sWUToiAxYx1BJAqZ76fSfMd4ziof9UJmSgKfq94mUBFongWs6AwJD/dubiP95nRj8417KZRQDk3S2yI8FhhBPwsEeV4yCSAwhVHFzK6ZDoggFE2HBhOD8fvkvaR9UncNq7bxWapxkceTRDtpFZeSgI9RAZ6iJWoiie/SIntGL9WA9Wa/W26w1Z2Uz2+gHrPcvi6KbuQ==</latexit>

z = f(y) and y = g(x)
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v In calculus, chain rule is used to compute derivative of a 
function 𝑓, which is composed of other functions and variables 
with known derivatives.

v Let

where 𝑓:ℝ → ℝ and 𝑔:ℝ → ℝ are two functions.

v We can use chain rule to compute the derivative of 𝑧 with 
respect to 𝑥.

<latexit sha1_base64="GQ9mesL6CJGLfbrMUii2P4lNDsI=">AAACD3icbVA9SwNBEN2LXzF+RS1tFoOSNOFOgtoEgjaWEUwUkhD29vaSJXt75+6ceB75Bzb+FRsLRWxt7fw3bpIr/How8Hhvhpl5biS4Btv+tHJz8wuLS/nlwsrq2vpGcXOrrcNYUdaioQjVlUs0E1yyFnAQ7CpSjASuYJfu6HTiX94wpXkoLyCJWC8gA8l9TgkYqV/cv6v75aTSvb6OiYe7wG4hxUR6eJxJSX1Qvq30iyW7ak+B/xInIyWUodkvfnS9kMYBk0AF0brj2BH0UqKAU8HGhW6sWUToiAxYx1BJAqZ76fSfMd4ziof9UJmSgKfq94mUBFongWs6AwJD/dubiP95nRj8417KZRQDk3S2yI8FhhBPwsEeV4yCSAwhVHFzK6ZDoggFE2HBhOD8fvkvaR9UncNq7bxWapxkceTRDtpFZeSgI9RAZ6iJWoiie/SIntGL9WA9Wa/W26w1Z2Uz2+gHrPcvi6KbuQ==</latexit>

z = f(y) and y = g(x)

<latexit sha1_base64="8+ckdW3XwEvbeE4JA9vI6eKKSxY=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCWoAhakChbGItGH1EaV4zitVceJbAcRovwCC7/CwgBCrGxs/A1umqG0HMnSuefcq+t73IhRqSzrxyitrK6tb5Q3K1vbO7t75v5BR4axwKSNQxaKnoskYZSTtqKKkV4kCApcRrru5Hrqd++JkDTkdyqJiBOgEac+xUhpaWjWBr5AOPUes9R7yC7nqiQriiS3hmbVqls54DKxC1IFBVpD83vghTgOCFeYISn7thUpJ0VCUcxIVhnEkkQIT9CI9DXlKCDSSfOLMniiFQ/6odCPK5ir8xMpCqRMAld3BkiN5aI3Ff/z+rHyL5yU8ihWhOPZIj9mUIVwGg/0qCBYsUQThAXVf4V4jHQOSodY0SHYiycvk85p3T6rN24b1eZVEUcZHIFjUAM2OAdNcANaoA0weAIv4A28G8/Gq/FhfM5aS0Yxcwj+wPj6BZY4n2c=</latexit>

dz

dx
=

dz

dy

dy

dx
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v In calculus, chain rule is used to compute derivative of a 
function 𝑓, which is composed of other functions and variables 
with known derivatives.

v Let

where 𝑓:ℝ → ℝ and 𝑔:ℝ → ℝ are two functions.

v We can use chain rule to compute the derivative of 𝑧 with 
respect to 𝑥.

v This can be extended to multivariate functions.

<latexit sha1_base64="GQ9mesL6CJGLfbrMUii2P4lNDsI=">AAACD3icbVA9SwNBEN2LXzF+RS1tFoOSNOFOgtoEgjaWEUwUkhD29vaSJXt75+6ceB75Bzb+FRsLRWxt7fw3bpIr/How8Hhvhpl5biS4Btv+tHJz8wuLS/nlwsrq2vpGcXOrrcNYUdaioQjVlUs0E1yyFnAQ7CpSjASuYJfu6HTiX94wpXkoLyCJWC8gA8l9TgkYqV/cv6v75aTSvb6OiYe7wG4hxUR6eJxJSX1Qvq30iyW7ak+B/xInIyWUodkvfnS9kMYBk0AF0brj2BH0UqKAU8HGhW6sWUToiAxYx1BJAqZ76fSfMd4ziof9UJmSgKfq94mUBFongWs6AwJD/dubiP95nRj8417KZRQDk3S2yI8FhhBPwsEeV4yCSAwhVHFzK6ZDoggFE2HBhOD8fvkvaR9UncNq7bxWapxkceTRDtpFZeSgI9RAZ6iJWoiie/SIntGL9WA9Wa/W26w1Z2Uz2+gHrPcvi6KbuQ==</latexit>

z = f(y) and y = g(x)

<latexit sha1_base64="8+ckdW3XwEvbeE4JA9vI6eKKSxY=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCWoAhakChbGItGH1EaV4zitVceJbAcRovwCC7/CwgBCrGxs/A1umqG0HMnSuefcq+t73IhRqSzrxyitrK6tb5Q3K1vbO7t75v5BR4axwKSNQxaKnoskYZSTtqKKkV4kCApcRrru5Hrqd++JkDTkdyqJiBOgEac+xUhpaWjWBr5AOPUes9R7yC7nqiQriiS3hmbVqls54DKxC1IFBVpD83vghTgOCFeYISn7thUpJ0VCUcxIVhnEkkQIT9CI9DXlKCDSSfOLMniiFQ/6odCPK5ir8xMpCqRMAld3BkiN5aI3Ff/z+rHyL5yU8ihWhOPZIj9mUIVwGg/0qCBYsUQThAXVf4V4jHQOSodY0SHYiycvk85p3T6rN24b1eZVEUcZHIFjUAM2OAdNcANaoA0weAIv4A28G8/Gq/FhfM5aS0Yxcwj+wPj6BZY4n2c=</latexit>

dz

dx
=

dz

dy

dy

dx
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v Let

where 𝑓:ℝ- → ℝ and 𝑔:ℝ, → ℝ- are two multivariate 
functions.

<latexit sha1_base64="RIKvAvdySZ5K0Nbpueu/13HWs/s="></latexit>

z = f(y) and y = g(x)
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v Let

where 𝑓:ℝ- → ℝ and 𝑔:ℝ, → ℝ- are two multivariate 
functions.

v We can use chain rule to compute the derivatives

<latexit sha1_base64="RIKvAvdySZ5K0Nbpueu/13HWs/s="></latexit>

z = f(y) and y = g(x)

<latexit sha1_base64="pfr6hIHcuJDO3esJV0so7Z9KIpc=">AAACH3icbVBLS8NAGNzUV62vqEcvi0XwVBIp1YtQ9OKxgn1AE8Jms2m33TzY3Yg15J948a948aCIeOu/cdPmUFsHFmZn5mP3GzdmVEjDmGqltfWNza3ydmVnd2//QD886ogo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO77N/e4j4YJG4YOcxMQO0CCkPsVIKsnRG5bPEU695yz1nhyaXVsiCZzRgjpxRllxzek85uhVo2bMAFeJWZAqKNBy9B/Li3ASkFBihoTom0Ys7RRxSTEjWcVKBIkRHqMB6SsaooAIO53tl8EzpXjQj7g6oYQzdXEiRYEQk8BVyQDJoVj2cvE/r59I/8pOaRgnkoR4/pCfMCgjmJcFPcoJlmyiCMKcqr9CPESqC6kqragSzOWVV0nnomY2avX7erV5U9RRBifgFJwDE1yCJrgDLdAGGLyAN/ABPrVX7V370r7n0ZJWzByDP9Cmvy+TpY8=</latexit>

dz

dxi
=

X

j

dz

dyj

dyj
dxi
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v Let

where 𝑓:ℝ- → ℝ and 𝑔:ℝ, → ℝ- are two multivariate 
functions.

v We can use chain rule to compute the derivatives

v In vector notation

<latexit sha1_base64="RIKvAvdySZ5K0Nbpueu/13HWs/s="></latexit>

z = f(y) and y = g(x)

<latexit sha1_base64="pfr6hIHcuJDO3esJV0so7Z9KIpc=">AAACH3icbVBLS8NAGNzUV62vqEcvi0XwVBIp1YtQ9OKxgn1AE8Jms2m33TzY3Yg15J948a948aCIeOu/cdPmUFsHFmZn5mP3GzdmVEjDmGqltfWNza3ydmVnd2//QD886ogo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO77N/e4j4YJG4YOcxMQO0CCkPsVIKsnRG5bPEU695yz1nhyaXVsiCZzRgjpxRllxzek85uhVo2bMAFeJWZAqKNBy9B/Li3ASkFBihoTom0Ys7RRxSTEjWcVKBIkRHqMB6SsaooAIO53tl8EzpXjQj7g6oYQzdXEiRYEQk8BVyQDJoVj2cvE/r59I/8pOaRgnkoR4/pCfMCgjmJcFPcoJlmyiCMKcqr9CPESqC6kqragSzOWVV0nnomY2avX7erV5U9RRBifgFJwDE1yCJrgDLdAGGLyAN/ABPrVX7V370r7n0ZJWzByDP9Cmvy+TpY8=</latexit>

dz

dxi
=

X

j

dz

dyj

dyj
dxi

<latexit sha1_base64="dbTMCIaYC0Y9ju8mNURzXuxMiUM="></latexit>

rxz =

✓
@y

@x

◆T

ryz
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v Let

where 𝑓:ℝ- → ℝ and 𝑔:ℝ, → ℝ- are two multivariate 
functions.

v We can use chain rule to compute the derivatives

v In vector notation

<latexit sha1_base64="RIKvAvdySZ5K0Nbpueu/13HWs/s="></latexit>

z = f(y) and y = g(x)

<latexit sha1_base64="pfr6hIHcuJDO3esJV0so7Z9KIpc=">AAACH3icbVBLS8NAGNzUV62vqEcvi0XwVBIp1YtQ9OKxgn1AE8Jms2m33TzY3Yg15J948a948aCIeOu/cdPmUFsHFmZn5mP3GzdmVEjDmGqltfWNza3ydmVnd2//QD886ogo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO77N/e4j4YJG4YOcxMQO0CCkPsVIKsnRG5bPEU695yz1nhyaXVsiCZzRgjpxRllxzek85uhVo2bMAFeJWZAqKNBy9B/Li3ASkFBihoTom0Ys7RRxSTEjWcVKBIkRHqMB6SsaooAIO53tl8EzpXjQj7g6oYQzdXEiRYEQk8BVyQDJoVj2cvE/r59I/8pOaRgnkoR4/pCfMCgjmJcFPcoJlmyiCMKcqr9CPESqC6kqragSzOWVV0nnomY2avX7erV5U9RRBifgFJwDE1yCJrgDLdAGGLyAN/ABPrVX7V370r7n0ZJWzByDP9Cmvy+TpY8=</latexit>

dz

dxi
=

X

j

dz

dyj

dyj
dxi

<latexit sha1_base64="dbTMCIaYC0Y9ju8mNURzXuxMiUM="></latexit>

rxz =

✓
@y

@x

◆T

ryz

Gradient

<latexit sha1_base64="6aBRqahtWpb6JwCEawAcUAmYoTI="></latexit>

}
<latexit sha1_base64="6aBRqahtWpb6JwCEawAcUAmYoTI="></latexit>

}

Jacobian
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v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.
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Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
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Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
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Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾 b

𝐻

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝐻

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}

<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝑈"

𝐻

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>

+<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝑈"

𝐻

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>

+

<latexit sha1_base64="u5SQF2Q2HBGguUoU47L0o2zMIAs="></latexit>

relu

<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝑈"

𝐻

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
<latexit sha1_base64="70xn6jsI3IWeK7XDVq24XvV0PrI="></latexit>

�
P

i w
2
i

<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}
<latexit sha1_base64="jwrtD0T8ko+qfhK0HEZ3Mq6OCfg="></latexit>

ŷ = wx

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>

+

<latexit sha1_base64="u5SQF2Q2HBGguUoU47L0o2zMIAs="></latexit>

relu

<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝑈"

𝐻

𝒘𝒙 𝜆
<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy

<latexit sha1_base64="70xn6jsI3IWeK7XDVq24XvV0PrI="></latexit>

�
P

i w
2
i

<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}
<latexit sha1_base64="jwrtD0T8ko+qfhK0HEZ3Mq6OCfg="></latexit>

ŷ = wx

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>

+

<latexit sha1_base64="u5SQF2Q2HBGguUoU47L0o2zMIAs="></latexit>

relu

<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+

+𝑦
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Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝑈"

𝐻

𝒘𝒙

+𝑦

𝜆
<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy

<latexit sha1_base64="70xn6jsI3IWeK7XDVq24XvV0PrI="></latexit>

�
P

i w
2
i

<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}
<latexit sha1_base64="jwrtD0T8ko+qfhK0HEZ3Mq6OCfg="></latexit>

ŷ = wx

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>

+

<latexit sha1_base64="u5SQF2Q2HBGguUoU47L0o2zMIAs="></latexit>

relu

<latexit sha1_base64="rTzspYQQE2kcsd03Uf8BzWDDva8="></latexit>

dot
<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+



57

Computational Graph

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝑈"

𝐻

𝒘𝒙

𝑢!+𝑦

𝜆
<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy

<latexit sha1_base64="70xn6jsI3IWeK7XDVq24XvV0PrI="></latexit>

�
P

i w
2
i

<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}
<latexit sha1_base64="jwrtD0T8ko+qfhK0HEZ3Mq6OCfg="></latexit>

ŷ = wx

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>

+

<latexit sha1_base64="u5SQF2Q2HBGguUoU47L0o2zMIAs="></latexit>

relu

<latexit sha1_base64="5XSb/UffC6l7pQbvJpr5BGBvI/0="></latexit>sqr<latexit sha1_base64="rTzspYQQE2kcsd03Uf8BzWDDva8="></latexit>

dot
<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝑈"

𝐻

𝒘𝒙

𝑢!+𝑦

𝑢"

𝜆
<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy

<latexit sha1_base64="70xn6jsI3IWeK7XDVq24XvV0PrI="></latexit>

�
P

i w
2
i

<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}
<latexit sha1_base64="jwrtD0T8ko+qfhK0HEZ3Mq6OCfg="></latexit>

ŷ = wx

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>

+

<latexit sha1_base64="u5SQF2Q2HBGguUoU47L0o2zMIAs="></latexit>

relu

<latexit sha1_base64="5XSb/UffC6l7pQbvJpr5BGBvI/0="></latexit>sqr<latexit sha1_base64="rTzspYQQE2kcsd03Uf8BzWDDva8="></latexit>

dot
<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul

<latexit sha1_base64="3s5Di6vNiHLkGgQ14WwE6pSAYkc="></latexit>sum

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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v Backprop can best be demonstrated using computational 
graph.

v We can use graphs to describe computations and operations

v An operation is a function that takes one or more variables as 
input and returns a single output.

𝑥 𝑦

𝑧

𝑿 𝑾

𝑈!

b

𝑈"

𝐻

𝒘𝒙

𝑢!+𝑦

𝑢"

𝜆

𝑢#

<latexit sha1_base64="rVD1fgHycFv6MhYC428k3JABgR0="></latexit>z = xy
<latexit sha1_base64="70xn6jsI3IWeK7XDVq24XvV0PrI="></latexit>

�
P

i w
2
i

<latexit sha1_base64="dAeeDWF+2ppR4q4epcS8q7kjSnM="></latexit>

H = max{0,WX + b}
<latexit sha1_base64="jwrtD0T8ko+qfhK0HEZ3Mq6OCfg="></latexit>

ŷ = wx

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>

+

<latexit sha1_base64="u5SQF2Q2HBGguUoU47L0o2zMIAs="></latexit>

relu

<latexit sha1_base64="5XSb/UffC6l7pQbvJpr5BGBvI/0="></latexit>sqr<latexit sha1_base64="rTzspYQQE2kcsd03Uf8BzWDDva8="></latexit>

dot
<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul

<latexit sha1_base64="3s5Di6vNiHLkGgQ14WwE6pSAYkc="></latexit>sum

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+

<latexit sha1_base64="eGWFlwirVZXml08GLQeoBLkp9zA="></latexit>+
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v Let’s define a feedforward network using

v We can represent the computational graph of the network as

<latexit sha1_base64="9s9dv9q/Ct1/oJoxODH9L5YSy2Y="></latexit>

y` = � (z`)

z` = w`�1,`y`�1

<latexit sha1_base64="kR4/D7igjjqN8NEaatM+9k9V/yk="></latexit>

@L
@w2

=
@L
@y3

@y3

@z3

@z3
@y2

@y2

@z2

@z2
@w2

ℒ
<latexit sha1_base64="0D4R9Wuxzw/zo+yT1x1AIkyseO8="></latexit>y3

<latexit sha1_base64="dYSzTAxlDA2ZA6EqpA3Cfk30ueo="></latexit>y2
<latexit sha1_base64="mEv9n/PWDWNQ6xESoYeV/qxqgCc="></latexit>z3

<latexit sha1_base64="ve/we/ZVP8K3eaSKf9CVUfPV4W0="></latexit>z2
<latexit sha1_base64="S3NJBYvwTc3UWS1GoI6Cd4U/t0k="></latexit>y1

<latexit sha1_base64="eMS4GRZsMjDGt+Iq60D/jnPAWeY="></latexit>z1
<latexit sha1_base64="mKnNzlA0uwUeQyU8dx+HRFG6WBk="></latexit>x

<latexit sha1_base64="U4VqSxYmNLBRJhDontKgNq9tR6o="></latexit>

W 1
<latexit sha1_base64="FZenDICJOPgF0awQChREzVTaeKk="></latexit>

W 2
<latexit sha1_base64="IecBRIQajm5rD+1FDKd8l/6BxGg="></latexit>

W 3

<latexit sha1_base64="Du9DgI5k3PUyyHmIlDAeT4vx24s="></latexit>

ŷ

<latexit sha1_base64="MOKjHiUnKVoC/fndwolX3aqhaNE="></latexit>� <latexit sha1_base64="MOKjHiUnKVoC/fndwolX3aqhaNE="></latexit>� <latexit sha1_base64="MOKjHiUnKVoC/fndwolX3aqhaNE="></latexit>�

<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul
<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul
<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul
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v Let’s define a feedforward network using

v We can represent the computational graph of the network as

<latexit sha1_base64="9s9dv9q/Ct1/oJoxODH9L5YSy2Y="></latexit>

y` = � (z`)

z` = w`�1,`y`�1

<latexit sha1_base64="kR4/D7igjjqN8NEaatM+9k9V/yk="></latexit>

@L
@w2

=
@L
@y3

@y3

@z3

@z3
@y2

@y2

@z2

@z2
@w2

ℒ
<latexit sha1_base64="0D4R9Wuxzw/zo+yT1x1AIkyseO8="></latexit>y3

<latexit sha1_base64="dYSzTAxlDA2ZA6EqpA3Cfk30ueo="></latexit>y2
<latexit sha1_base64="mEv9n/PWDWNQ6xESoYeV/qxqgCc="></latexit>z3

<latexit sha1_base64="ve/we/ZVP8K3eaSKf9CVUfPV4W0="></latexit>z2
<latexit sha1_base64="S3NJBYvwTc3UWS1GoI6Cd4U/t0k="></latexit>y1

<latexit sha1_base64="eMS4GRZsMjDGt+Iq60D/jnPAWeY="></latexit>z1
<latexit sha1_base64="mKnNzlA0uwUeQyU8dx+HRFG6WBk="></latexit>x

<latexit sha1_base64="U4VqSxYmNLBRJhDontKgNq9tR6o="></latexit>

W 1
<latexit sha1_base64="FZenDICJOPgF0awQChREzVTaeKk="></latexit>

W 2
<latexit sha1_base64="IecBRIQajm5rD+1FDKd8l/6BxGg="></latexit>

W 3

<latexit sha1_base64="Du9DgI5k3PUyyHmIlDAeT4vx24s="></latexit>

ŷ

<latexit sha1_base64="MOKjHiUnKVoC/fndwolX3aqhaNE="></latexit>� <latexit sha1_base64="MOKjHiUnKVoC/fndwolX3aqhaNE="></latexit>� <latexit sha1_base64="MOKjHiUnKVoC/fndwolX3aqhaNE="></latexit>�

<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul
<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul
<latexit sha1_base64="c9kbl1iEZ/hevkyFbG4t258BoaU="></latexit>

matmul
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v To analyze data that resides on a grid-like topology, we use a 
group of networks named convolutional neural networks.

Ø Audio, Images



63

Convolutional Networks
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v To analyze data that resides on a grid-like topology, we use a 
group of networks named convolutional neural networks.

Ø Audio, Images

v Convolutional neural networks, include layers that instead of 
matrix multiplication, use convolution operations on input 
data.

v The filter used in convolution operations is small, which 
reduces the number of unknown parameters in the model.
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v Using finite length vectors, one can represent convolution on 
1D space.

v Let 𝒘 be a weight vector on domain 0,… , 𝐿 − 1 and 𝒙 be a 
signal on the domain 0,… , 𝑁 − 1 .

v Then, the convolution between 𝒙 and 𝒘 is defined as
<latexit sha1_base64="QcfPDPNC91C9aWWY937MyUqo7Xw="></latexit>

[w ~ x]i =
L�1X

m=0

wmxi+m
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v Using finite length vectors, one can represent convolution on 
1D space.

v Let 𝒘 be a weight vector on domain 0,… , 𝐿 − 1 and 𝒙 be a 
signal on the domain 0,… , 𝑁 − 1 .

v Then, the convolution between 𝒙 and 𝒘 is defined as

Ø

<latexit sha1_base64="QcfPDPNC91C9aWWY937MyUqo7Xw="></latexit>

[w ~ x]i =
L�1X

m=0

wmxi+m

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~0 1 2 3 4 5 6 1 2
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v Using finite length vectors, one can represent convolution on 
1D space.

v Let 𝒘 be a weight vector on domain 0,… , 𝐿 − 1 and 𝒙 be a 
signal on the domain 0,… , 𝑁 − 1 .

v Then, the convolution between 𝒙 and 𝒘 is defined as

Ø

<latexit sha1_base64="QcfPDPNC91C9aWWY937MyUqo7Xw="></latexit>

[w ~ x]i =
L�1X

m=0

wmxi+m

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~0 1 2 3 4 5 6 1 2
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v Using finite length vectors, one can represent convolution on 
1D space.

v Let 𝒘 be a weight vector on domain 0,… , 𝐿 − 1 and 𝒙 be a 
signal on the domain 0,… , 𝑁 − 1 .

v Then, the convolution between 𝒙 and 𝒘 is defined as

Ø

<latexit sha1_base64="QcfPDPNC91C9aWWY937MyUqo7Xw="></latexit>

[w ~ x]i =
L�1X

m=0

wmxi+m

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~0 1 2 3 4 5 6 1 2 2
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v Using finite length vectors, one can represent convolution on 
1D space.

v Let 𝒘 be a weight vector on domain 0,… , 𝐿 − 1 and 𝒙 be a 
signal on the domain 0,… , 𝑁 − 1 .

v Then, the convolution between 𝒙 and 𝒘 is defined as

Ø

<latexit sha1_base64="QcfPDPNC91C9aWWY937MyUqo7Xw="></latexit>

[w ~ x]i =
L�1X

m=0

wmxi+m

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~0 1 2 3 4 5 6 1 2 2 5
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v Using finite length vectors, one can represent convolution on 
1D space.

v Let 𝒘 be a weight vector on domain 0,… , 𝐿 − 1 and 𝒙 be a 
signal on the domain 0,… , 𝑁 − 1 .

v Then, the convolution between 𝒙 and 𝒘 is defined as

Ø

<latexit sha1_base64="QcfPDPNC91C9aWWY937MyUqo7Xw="></latexit>

[w ~ x]i =
L�1X

m=0

wmxi+m

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~0 1 2 3 4 5 6 1 2 2 5 8
<latexit sha1_base64="5E2t2obbnbGMNn+ZnenUb8k8ZQU="></latexit>

11
<latexit sha1_base64="ZybamOK0w1gMv6ctcuHDJXCDtyo="></latexit>

14
<latexit sha1_base64="zx+LT7mBWuRUrZfokZsb640eOqo="></latexit>

17
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v Similar to the 1D case, convolutions can be applied on 2D 
signals.

v Let 𝑾 be a 2D filter with size 𝑀×𝑁 and 𝑿 be a signal on the 
2D domain.

v Then, the 
<latexit sha1_base64="/+E717QEvrNmL8eULm6Mg7RDs04="></latexit>

[W ~X]ij =
M�1X

m=0

N�1X

n=0

WmnXi+m,j+n
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v Similar to the 1D case, convolutions can be applied on 2D 
signals.

v Let 𝑾 be a 2D filter with size 𝑀×𝑁 and 𝑿 be a signal on the 
2D domain.

v Then, the 

Ø

<latexit sha1_base64="/+E717QEvrNmL8eULm6Mg7RDs04="></latexit>

[W ~X]ij =
M�1X

m=0

N�1X

n=0

WmnXi+m,j+n

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~
0 1 2
3 4 5
6 7 8

0 1
2 3
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v Similar to the 1D case, convolutions can be applied on 2D 
signals.

v Let 𝑾 be a 2D filter with size 𝑀×𝑁 and 𝑿 be a signal on the 
2D domain.

v Then, the 

Ø

<latexit sha1_base64="/+E717QEvrNmL8eULm6Mg7RDs04="></latexit>

[W ~X]ij =
M�1X

m=0

N�1X

n=0

WmnXi+m,j+n

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~
0 1 2
3 4 5
6 7 8

0 1
2 3
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v Similar to the 1D case, convolutions can be applied on 2D 
signals.

v Let 𝑾 be a 2D filter with size 𝑀×𝑁 and 𝑿 be a signal on the 
2D domain.

v Then, the 

Ø

<latexit sha1_base64="/+E717QEvrNmL8eULm6Mg7RDs04="></latexit>

[W ~X]ij =
M�1X

m=0

N�1X

n=0

WmnXi+m,j+n

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~
0 1 2
3 4 5
6 7 8

0 1
2 3

<latexit sha1_base64="maLnCqBAIL9TORfOxxGeABhVDqo="></latexit>

19
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v Similar to the 1D case, convolutions can be applied on 2D 
signals.

v Let 𝑾 be a 2D filter with size 𝑀×𝑁 and 𝑿 be a signal on the 
2D domain.

v Then, the 

Ø

<latexit sha1_base64="/+E717QEvrNmL8eULm6Mg7RDs04="></latexit>

[W ~X]ij =
M�1X

m=0

N�1X

n=0

WmnXi+m,j+n

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~
0 1 2
3 4 5
6 7 8

0 1
2 3

<latexit sha1_base64="maLnCqBAIL9TORfOxxGeABhVDqo="></latexit>

19
<latexit sha1_base64="/5ht0wAHSoSUVzlcqsqkmzQ8B/o="></latexit>

25
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v Similar to the 1D case, convolutions can be applied on 2D 
signals.

v Let 𝑾 be a 2D filter with size 𝑀×𝑁 and 𝑿 be a signal on the 
2D domain.

v Then, the 

Ø

<latexit sha1_base64="/+E717QEvrNmL8eULm6Mg7RDs04="></latexit>

[W ~X]ij =
M�1X

m=0

N�1X

n=0

WmnXi+m,j+n

<latexit sha1_base64="icHUz5A8u3s/Spjdg00cgJY6RKk="></latexit>~
0 1 2
3 4 5
6 7 8

0 1
2 3

<latexit sha1_base64="maLnCqBAIL9TORfOxxGeABhVDqo="></latexit>

19
<latexit sha1_base64="/5ht0wAHSoSUVzlcqsqkmzQ8B/o="></latexit>

25
<latexit sha1_base64="aNKbOTw72LbMYFpCJMShxXWelSs="></latexit>

37
<latexit sha1_base64="I/f0R5fUq+j7PoyZ6U2PTLiU6YM="></latexit>

43



76

Output Unit

ACMS 80770: Deep Learning with Graphs, Navid Shervani-Tabar

v An output activation function determines the form of the 
model’s output.

v An output activation takes features extracted by the hidden 
layers and transforms it to the desired output form.

v The choice of the cost function is closely related to the choice 
of the output layer.

v In the regression problems, the output layer only includes a 
linear transformation with no non-linearity.
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v A 2 class classification problem requires predicting a binary 
variable.

v In the maximum likelihood approach, we define a Bernoulli
distribution over variable 𝑦 conditioned on 𝑥.

v We only need to define 𝑝(𝑦 = 1|𝑥).
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Output Unit
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v A 2 class classification problem requires predicting a binary 
variable.

v In the maximum likelihood approach, we define a Bernoulli
distribution over variable 𝑦 conditioned on 𝑥.

v We only need to define 𝑝(𝑦 = 1|𝑥).

v Consider using 
max{0,min{1, 𝑤.ℎ + 𝑏}}
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Output Unit
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v A 2 class classification problem requires predicting a binary 
variable.

v In the maximum likelihood approach, we define a Bernoulli
distribution over variable 𝑦 conditioned on 𝑥.

v We only need to define 𝑝(𝑦 = 1|𝑥).

v Consider using 
max{0,min{1, 𝑤.ℎ + 𝑏}}

v While between 0 and 1, it does have zero gradients outside 
[0, 1].

v This makes it impractical as use with gradient-based 
optimization methods.
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v Another approach is to use sigmoid.

v A sigmoid function is defined as

v Given the extracted features from the layer before last 

as input, the sigmoid output unit is defined as

<latexit sha1_base64="Yt7/b3U3XvM7Tgxdi7wQl+RjJKY="></latexit>

zL = WL�1,LyL�1

<latexit sha1_base64="rS5uUNZHCTnTAH1UgITiJTAwztk="></latexit>

yL = sigmoid(WL�1,LyL�1)

<latexit sha1_base64="wb3R79xr/QcMB0Cb8zP1Aehgd+A="></latexit>

sigmoid(x) =
1

1 + exp(�x)
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v When computing the probability districbution on a discrete 
variable y with n possible values, we can use softmax function. 

v A softmax function takes a vector of real values as input and 
returns a vector of probability values, 

where softmax:ℝ/ → 0, 1 / with 𝐶 total number of possible 
outcomes.

v Given the extracted features from the layer before last 

as input, the sigmoid output unit is defined as

<latexit sha1_base64="AQynGTcDCTKCjSx0LN+E0jHxo9I="></latexit>

softmax(x) :=

"
exp(x1)PC
c=1 exp(xc)

, . . . ,
exp(xC)PC
c=1 exp(xc)

#

<latexit sha1_base64="Yt7/b3U3XvM7Tgxdi7wQl+RjJKY="></latexit>

zL = WL�1,LyL�1

<latexit sha1_base64="Cz94kZ95Jo8sPwXtjmLom1gTgcQ="></latexit>

yL = softmax(WL�1,LyL�1)
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v Shallow embedding

v Neural Networks

v Training

v Optimization

v Stochastic Gradient Descent

v Backprop

v Chain rule of calculus

v Computational graph

v Convolutional networks

v Output unit


